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Abstract
We consider the problem of learning mixtures of distributions via spectral methods and derive a tight
characterization of when such methods are useful. Specifically, given a mixture-sample, let µi , C i , wi
denote the empirical mean, covariance matrix, and mixing weight of the i-th component. We prove
that a very simple algorithm, namely spectral projection followed by single-linkage clustering, properly
classifies every point in the sample when each µi is separated from all µj by kC i k2 (1/wi +1/wj )1/2 plus
a term that depends on the concentration properties of the distributions in the mixture. This second term
is very small for many distributions, including Gaussians, Log-concave, and many others. As a result,
we get the best known bounds for learning mixtures of arbitrary Gaussians in terms of the required mean
separation. On the other hand, we prove that given any k means µi and mixing weights wi , there are
(many) sets of matrices Ci such that each µi is separated from all µj by kCi k2 (1/wi + 1/wj )1/2 , but
applying spectral projection to the corresponding Gaussian mixture causes it to collapse completely, i.e.,
all means and covariance matrices in the projected mixture are identical.
Keywords: learning mixtures of distributions, spectral methods, singular value decomposition, gaussians mixtures, log-concave and concentrated distributions.
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Introduction

P
A mixture of k distributions D1 , . . . , Dk with mixing weights w1 , . . . , wk , where i w1 = 1, is the distribution in which each sample is drawn from Di with probability wi . Learning mixtures of distributions
is a classical problem in statistics and learning theory (see [4, 5]). Perhaps the most studied case is that
of learning Gaussian mixtures. In such a mixture, each constituent distribution is a multivariate Gaussian,
characterized by a mean vector µi ∈ Rd and an arbitrary covariance matrix Ci CiT ∈ Rd×d . That is, a sample
from the i-th Gaussian is a vector µi + Ci x, where x ∈ Rd is a vector whose components are i.i.d. N (0, 1)
random variables. We let σi2 = kCi CiT k denote the maximum directional variance of each Gaussian, where
k · k denotes the matrix spectral norm. In the following, we discuss earlier works on learning Gaussian
mixtures, which serve as the motivation (and canonical model) for our work.
A generally fruitful approach to learning mixtures of Gaussians is to start by projecting the samples
onto a low dimensional space. This idea, originated in non-parametric statistics in the 60s, is motivated by
the fact that reducing the dimensionality of the host space, dramatically reduces the number of potential
component separators, thus affording a more complete search among them. Moreover, it is well-known that
the projection of a Gaussian mixture onto a fixed subspace is also a Gaussian mixture, one in which the
means and mixing weights behave in the obvious way, while the covariance matrices get transformed to new
matrices of no greater maximum directional variance.
Dasgupta [2] pioneered the idea of projecting Gaussian mixtures onto random low-dimensional subspaces. For a typical subspace, the separation of each mean µi from the other means shrinks at the same rate
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as E[kCi xk2 ], i.e., in proportion to the reduction in dimension. Thus, the random projection’s main feature
is to aid clustering algorithms that are exponential in the dimension. But, in order for a mixture to not
collapse under a typical projection the separation between means µi , µj needs to grow as (σi + σj ) × d1/2 ,
i.e., not only must the Gaussians not touch but, in fact, they must be pulled further and further apart as their
dimensionality grows. In [3], Dasgupta and Schulman reduced this requirement to (σi + σj ) × d1/4 for
spherical Gaussians by showing that, in fact, under this conditions the EM algorithm can be initialized so as
to learn the µi in only two rounds. Arora and Kannan [1] combined random projections with sophisticated
distance-concentration arguments in the context of learning mixtures of general Gaussians. In their work,
mean-separation is not the only relevant parameter and their results apply to many cases where a worst-case
mixture with the same separation characteristics is not learnable by any algorithm. That said, the worst case
separation required by the results in [1] is also (σi + σj ) × d1/4 .
Rather than projecting the mixture onto a random subspace, we could dream of projecting it onto the
subspace spanned by the mean vectors. This greatly enhances the “contrast” in the projected mixture since
E[kCi xk2 ] is reduced as before, but the projected means remain fixed and, thus, at the same distance. Recently, Vempala and Wang [6] did just this, by exploiting the fact that in the case of spherical Gaussians, the
subspace spanned by the top singular vectors of the data set converges to the subspace spanned by the mean
vectors. As a result, they gave a very simple and elegant algorithm for learning spherical Gaussians which
works as long as means are separated by (σi + σj ) × k 1/4 , i.e., independent of the original dimensionality.
Unfortunately, convergence of the singular vector subspace to the subspace spanned by the means is not
the case for non-spherical Gaussians. Vempala and Wang observed this and asked if spectral projections can
be useful for distributions that are not weakly isotropic, e.g. non-spherical Gaussians.
Here we show that while the two subspaces needn’t coincide, the difference between the means and
their projections is sufficiently small that standard clustering algorithms can recover Gaussian mixtures that
are separated in the following sense: if one were to take each Gaussian and rotate it adversarialy, the
overlapping probability mass of each pair would still be vanishingly small. This requirement is, in general,
incomparable to the previous best known results [1] for general Gaussians. Specifically, the mean-separation
we require is independent of d, unlike [1]. On the other hand, the results of [1] apply to certain configurations
which do not satisfy the requirement of “separation under adversarial rotation”.
An equally important contribution of our work is proving that “separation under adversarial rotation” is
necessary for spectral methods to be useful. That is, we prove that for any set of mixing weights w1 , . . . , wk ,
there is an arrangement of identical Gaussians, with maximal directional variance σ, such that every pair
of means µi , µj is separated by σ(1/wi + 1/wj )1/2 , yet the spectral projection of the mixture is arbitrary.
Finally, another implication of our results is that whenever spectral projections can be used, per our characterization, they can be followed by single-linkage, arguably the simplest known clustering algorithm.
We note that in recent related work, Kannan, Salmasian, and Vempala [8] show how to use spectral
projections to learn mixtures of Log-concave distributions in which each pairs of means µi , µj is separated
2 . This does not match the lower bound we establish but establishes several useful
by (σi + σj )k 3/2 /wmin
properties of Log-concave distributions that we draw in to our approach.

2

Our Techniques and Results

From this point on, we adopt the convention of viewing the data set as a collection of samples with hidden
labels, rather than samples from a pre-specified mixture of distributions. This will let us describe sufficient
conditions for correct clustering that are independent of properties of the distributions. Of course, we must
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eventually determine the probability that a specific distribution yields samples with the requisite properties,
but deferring this discussion clarifies the results, and aids in their generality.
Our exposition uses sample statistics: µi , σ i , and wi . Each are the empirical analogues of µi , σi , and wi ,
computed from a d × n matrix of labelled samples A. The advantages of sample statistics are twofold: i)
they allow for more concise and accurate proofs, and ii) they yield pointwise bounds that may be applied to
arbitrary sets of samples. We will later discuss the convergence of the sample statistics to their distributional
equivalents, but for now the reader may think of them as equivalent.

2.1

Spectral Projection and Perturbation

We start our analysis with an important tool from linear algebra: the optimal rank k column projection. For
every matrix A and integer k ≥ 0, there exists a rank k projection matrix PA such that for any other matrix
X of rank at most k,
kA − PA Ak ≤ kA − Xk .

(1)

The matrix PA is spanned by the top k left singular vectors of A, read from A’s singular value decomposition.
Our key technical result is that
P the sample means µi are only slightly perturbed when projected through
PA . We use the notation σ 2 = i wi σ 2i for the weighted maximum directional variance.
1/2

Theorem 1 For any set A of labelled samples, for all i, kµi − PA µi k ≤ σ/wi .
Proof: Let xi ∈ {0, 1/ni }n be the scaled characteristic vector of samples in A with label i. Thus, µi = Axi
and
1/2
kµi − PA µi k = k(A − PA A)xi k ≤ kA − PA Ak kxi k ≤ kA − PA Ak/ni .
(2)
Let B be the d × n matrix that results by replacing each sample (column) in A by the corresponding mean.
B has rank at most k, and so by (1)
kA − PA Ak ≤ kA − Bk .

(3)

Write D = A − B and let Dj be the d × nj submatrix of samples with label j, so that kDj DjT /nj k = σ 2j .
Then
X
X
X
kDk2 = kDDT k = k
σ 2j nj = σ 2 n .
(4)
Dj DjT k ≤
kDj DjT k =
j

j

j
1/2
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Combining (2),(3) and (4) we get kµi − PA µi k ≤ σ(n/ni )1/2 = σ/wi .

Theorem 1 and the triangle inequality immediately imply that for every i, j the separation of µi , µj is
reduced by the projection onto PA by no more than
1/2

k(µi − µj ) − PA (µi − µj )k ≤ σ(1/wi

1/2

+ 1/wj ) .

(5)
√
In Theorem 2 below we sharpen (5) slightly (representing an improvement of no more than a factor of 2).
As we will prove in Section 4, the result of Theorem 2 is tight.
Theorem 2 For any set A of labeled samples, for all i, j, k(µi −µj )−PA (µi −µj )k ≤ σ(1/wi +1/wj )1/2 .
Proof: Analogously to Theorem 1, we now choose xij ∈ {0, 1/ni , −1/nj }n so that µi − µj = Axij and
kxij k = (1/ni + 1/nj )1/2 . Recall that by (3) and (4) we have k(A − PA A)k ≤ σn1/2 . Thus,
k(µi − µj ) − PA (µi − µj )k = k(A − PA A)xij k ≤ kA − PA Ak(1/ni + 1/nj )1/2 = σ(1/wi + 1/wj )1/2 .
2
3

2.2

Combining Spectral Projection and Single-Linkage

We now describe a simple partitioning algorithm combining spectral projection and single-linkage that takes
as input a training set A, a set to separate B, and a parameter k. The algorithm computes an optimal rank k
projection for the samples in A which it applies to the samples in B. Then, it applies single-linkage to the
projected samples, i.e., it computes their minimum spanning tree and removes the longest edge from it.
Separate(A, B, k):
1. Construct the MST on PA B with respect to the 2-norm.
2. Cut the longest edge, and return the connected components.
Separate will be the core primitive we build upon in the following sections, and so it is important to understand the conditions under which it is guaranteed to return a proper cut.
Theorem 3 Assume that A, B are sets of samples containing the same set of labels and that the sample
statistics of A satisfy, with i = arg maxi σ i ,
∀j 6= i :

kµi − µj k > σ i (1/wi + 1/wj )1/2 + 4 max kPA (xu − µu )k .

(6)

xu ∈B

If B contains at least two labels, then Separate(A, B, k) does not separate samples of the same label.
Proof: The proof idea is that after projecting B on PA , the samples in B with label i will be sufficiently
distant from all other samples so that the following is true: all intra-label distances are shorter than the
shortest inter-label distance involving label i. As a result, by the time an inter-label edge involving label i is
added to the MST, the samples of each label already form a connected component.
By the triangle inequality, the largest intra-label distance is at most 2 maxxv ∈B kPA (xv − µv )k. On the
other hand, also by the triangle inequality, all inter-label distances are at least
kPA (xi − xj )k ≥ kPA (µi − µj )k − 2 max kPA (xv − µv )k .

(7)

xv ∈B

To bound kPA (µi − µj )k from below we first apply the triangle inequality one more time to get (8). We
then bound the first term in (8) from below using (6) and the second term using Corollary 2, thus getting
kPA (µi − µj )k ≥ kµi − µj k − k(I − PA )(µi − µj )k
1/2

> σ i (1/wi + 1/wj )

(8)
1/2

+ 4 max kPA (xv − µv )k − σ(1/wi + 1/wj )
xv ∈B

.

(9)

As σ i ≥ σ, combining (7) and (9) we see that all inter-label distances involving label i have length exceeding
2 maxxv ∈B kPA (xv − µv )k, the upper bound on intra-label distances.
2

2.3

k-Partitioning the Full Sample Set

Given two sets of samples A, B and a parameter k, Separate bisects B by projecting it onto the optimal rank
k subspace of A and applying single-linkage clustering. Now, we show how to use Separate recursively and
build an algorithm Segment which on input A, B, k outputs a full k-partition of B. To classify n sample
points from a mixture of distributions we simply partition them at random into two sets X, Y and invoke
Segment twice, with each set being used once as the training set and once as the set to be partitioned.
4

Applying Separate recursively is non-trivial. Imagine that we are given sets A, B meeting the conditions
of Theorem 3 and by running Separate(A, B, k) we now have a valid bipartition B = B1 ∪ B2 . Recall that
one of the conditions in Theorem 3 is that the two sets given as input to Separate contain the same set of
labels. Therefore, if we try to apply Separate to either B1 or B2 using A as the training set we are guaranteed
to not meet that condition! Another, more technical, problem is that we would like each recursive invocation
to succeed or fail independently of the rest. Using the same training set for all invocations introduces
probabilistic dependencies among them that are very difficult to deal with.
To address these two problems we will need to be a bit more sophisticated in our use of recursion: given
sets A, B rather than naively running Separate(A, B, k), we will instead first subsample A to get a training
set A1 and then invoke Separate(A1 , A ∪ B − A1 , k). The idea is that if A1 is big enough it will have all the
good statistical properties of A (as demanded by Theorem 3) and Separate will return a valid bipartition of
A ∪ B − A1 . The benefit, of course, is that each part of B will now be accompanied by the subset of A − A1
of same labels. Therefore, we can now simply discard A1 and proceed to apply the same idea to each of the
two returned parts, as we know which points in each part came from A and which came from B.
Our algorithm Segment will very much follow the above idea, the only difference being that rather than
doing subsampling with each recursive call we will fix a partition of A = A1 ∪ · · · ∪ Ak at the outset
and use it throughout the recursion. More specifically, we will think of the execution of Segment as a full
binary tree with 2k − 1 nodes, each of which will correspond to an invocation of Separate. In each level
1 ≤ ` ≤ k of the tree, all invocations will use A` as the training set and they will partition some subset of
A`+1 ∪ · · · ∪ Ak ∪ B. So, for example, at the second level of the tree, there will be two calls to Separate,
both using A2 as the training set and each one partitioning the subset of A ∪ B − A1 that resulted by the
split at level 1. Clearly, one of these two parts can already consist of samples from only one label, in which
case the invocation at level 2 will produce a bipartition which is arbitrary (and useless). Nevertheless, as
long as these are the only invocations in which samples with the same label are split, there exists a subset of
k nodes in the tree which corresponds exactly to the labels in B. As we will see, we will be able to identify
this subset in time O(k 2 min(n, 2k )) by dynamic programming.
Formally, Segment takes as input a sample set S ⊆ A ∪ B and a parameter ` indicating the level. Its
output is the hierarchical partition of S as captured by the binary tree mentioned above. To simplify notation
below, we assume that the division of A into A1 , . . . , Ak is known to the algorithm.
Segment(S, `)
1. Let [L, R] = Separate(A` ∩ S, S \ A` , k).
2. If ` < k invoke Segment(L, ` + 1) and Segment(R, ` + 1).
To state the conditions that guarantee the success of Segment we need to introduce some notation.
For each i, `, let µ`i , σ `i , and w`i be the sample statistics associated with label i in A` . For each vector
v
v
v ⊆ {1, . . . , k} let
S A` denote the set of samples from A` with labels from v, and let B` denote the set
of samples from m>` Am ∪ B with labels from v. Finally, we say that a hierarchical clustering is labelrespecting if for any set of at least two labels, the clustering does not separate samples of the same label.
Theorem 4 Assume that A1 , . . . , Ak and B each contain the same set of labels and that for every pair
(`, v), with i = arg maxi∈v σ `i , we have:
∀j ∈v−i:

kµ`i − µ`j k ≥ σ `i (1/w`i + 1/w`j )1/2 + 4 maxv kPAv` (xu − µ`u )k .
xu ∈B`

The hierarchical clustering Segment(A ∪ B, 1) produces will be label-respecting.
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Proof: The proof is inductive, starting with the inductive hypothesis that in any invocation of Segment(S, `)
v for some v. Therefore, we need to prove that
where S contains at least two labels, the set S equals B`−1
v
v
Separate(A` ∩ S, S \ A` , k) = Separate(A` , B` , k) will produce sets L and R that do not share labels.
For every (v, `), our assumed separation guarantees that the label i = arg maxi∈v σ `i satisfies
∀j ∈v−i:

kµ`i − µ`j k ≥ σ `i (1/w`i + 1/w`j )1/2 + 4 maxv kPAv` (xu − µ`u )k .
xu ∈B`

While the above separation condition refers to the sample statistics of A` , when we restrict our attention to
Av` , the samples means and standard deviations do not change and the sample mixing weights only increase.
Therefore, the requirements of Theorem 3 hold for Av` , B`v concluding the proof.
2
Given the hierarchical clustering generated by Segment we must still determine which set of k − 1
splits is correct. We will, in fact, solve a slightly more general problem. Given an arbitrary function scoring
subsets of B, score : 2B → R, we will find the k-partition of the samples with highest total (sum) score.
For many distributions, such as Gaussians, there are efficient estimators of the likelihood that a set of data
was generated from the distribution and such estimators can be used as the score function. For example,
in cross training log-likelihood estimators, the subset under consideration is randomly partitioned into two
parts. First, the parameters of the distribution are learned using one part and then the likelihood of the other
part given these parameters is computed.
We will use dynamic programming to efficiently determine which subset set of k − 1 splits corresponds
to a k-partition for which the sum of the scores of its parts is highest. As one of the options in the k − 1
splits by labels, our result will score at least as high as the latent partition. The dynamic program computes,
for every node S in the tree and integer i ≤ k, the quantity opt(S, i), the optimal score gained by budgeting
i parts to the subset S. If we let S = L ∪ R be the cut associated with S, the dynamic program is defined by
the rules
opt(S, 1) = score(S)

and

opt(S, i) = max[opt(L, j) + opt(R, i − j)] .
j<i

We are ultimately interested in opt(B, k) which we can be computed efficiently in a bottom up fashion in
time O(k 2 min(n, 2k )).
Finally, all of the techniques that we have used to partition B can be used to partition A. We can divide
B into k sets B1 , . . . Bk to use as training in the classification of A. For all but the most obtuse sets of
B
samples, a random partition into A and B will yield samples for which kµA
i − µj k is minimized at i = j
allowing us to merge the partition of A with the partition of B. We avoid stating a theorem generally about
the combination of these three steps, but do so in the next section with concrete distributions.

3

Results for Gaussian, Log-Concave, and Concentrated Mixtures

We now examine how our results apply to specific distributions, such as Gaussian and Log-concave distributions, as well as a more general class that we define below. In fact, we will start with the more general
class, and instantiate the other two from it.
First, we say that a distribution x is f -concentrated for a function f : R → R if for every unit vector v


Pr kv T (x − E[x])k > f (δ) ≤ δ .
(10)
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In words, when we project the distribution onto any fixed line, a random sample will be within f (δ) of the
mean with probability 1 − δ. Second, we say that a distribution is g-convergent for a function g : R → R if
a sample of size g(δ) with probability 1 − δ satisfies
kµ − µk ≤ σ/8

and

σ/2 ≤ σ ≤ 2σ ,

(11)

where µ and σ 2 denote the sample mean and the sample maximum directional variance, respectively.
Before proceeding, we prove an extension of f -concentration to low dimensional projections:
Lemma 5 Let x be a distribution that is f -concentrated. For any fixed k dimensional projection P ,
h
i
Pr kP (x − E[x])k > k 1/2 f (δ/k) ≤ δ .
Proof:PGiven any set of k orthogonal basis vectors v1 , . . . , vk for the space associated with P , we can write
P = i vi viT . As the vi are orthonormal, we can use the Pythagorean equality
X
X
(12)
kP (x − E[x])k2 = k
vi viT (x − E[x])k2 =
kviT (x − E[x])k2 .
i

i

Taking a union bound, the probability that any of the k terms in the last sum exceeds f (δ/k)2 is at most δ,
giving a squared distance of at most kf (δ/k)2 and completing the proof.
2
With these definitions in hand, we now state and prove a result about the classification of concentrated,
convergent distributions.
Theorem 6 For any mixture of k distributions whereeach distribution i is fi -concentrated and gi -convergent,
if A contains at least maxi gi (δ/k 2 ) + 8 log(k 2 /δ) k/wi samples, B contains n samples, and


δ
1/2
1/2
∀ i, ∀ j 6= i : kµi − µj k > 4σi (1/wi + 1/wj ) + 4k
max fv
σv <4σi
nk2k
then with probability at least 1 − 3δ, the hierarchical clustering produced by Segment(A ∪ B, 1) will be
label-respecting.
Proof: We argue that with probability 1 − 3δ the sets A1 , . . . , Ak , B meet the conditions of Theorem 4.
As A is broken uniformly into A1 , . . . , Ak , each of these k sets will contain a number of samples that
is at least maxi gi (δ/k 2 )/wi + 8 log(k 2 /δ)/wi . Importantly, the first term is sufficient to ensure that with
probability 1 − δ each of the mixtures in each of A` have “converged”, in the sense of (11). The second term
ensures that with probability 1 − δ we have w`i ≥ wi /2 for each i, `.
δ
Given these bounds relating the sample statistics to their limits, and letting s = nk2
k to simplify notation,
the assumed separation of kµi − µj k ensures that for all `


∀i, ∀j 6= i : kµ`i − µ`j k > σ `i (1/w`i + 1/w`j )1/2 + 4 max k 1/2 fu (s) + kµu − µ`u k
(13)
σu <4σi

As there are at most k2k matrices Av` , the fi -concentration of the distributions ensures that with probability
at least 1 − δ, for all Av` , B`v
max kPAv` (xu − µu )k ≤ k 1/2 max fj (s) .

xu ∈B`v

j∈v
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(14)

By the triangle inequality and submultiplicativity,


maxv kPAv` (xu − µ`u )k ≤ max k 1/2 fj (s) + kµj − µ`j k

xu ∈B`

j∈v

(15)

Now, for each `, v, from (11) we have that for any σ `j ≤ σ `i , it is the case that σj ≤ 4σi . Specifically,
considering i = arg maxi∈v σ `i we have that




≤ max k 1/2 fu (s) + kµu − µ`u k .
(16)
max k 1/2 fj (s) + kµj − µ`j k
σu ≤4σi

j∈v

Combining (14), (15), and (16) with (13), we bound for all `, v, for i = arg maxi∈v σ `i
∀j ∈ v − i kµ`i − µ`j k > σ `i (1/w`i + 1/w`j )1/2 + 4 maxv kPAv` (xu − µ`u )k .
xu ∈B`

(17)
2

3.1

Gaussian and Log-concave Mixtures

We now show that for mixtures of both Gaussian and Log-concave distributions, Segment produces a hierarchical clustering that is label-respecting, as desired. From this, using dynamic programming as discussed
in Section 2.3, we can efficiently find the k-partition that maximizes any scoring function which scores each
part independently of the others. For example, in the case of Gaussians, this allows us to find a k-partition
with cross-training log-likelihood at least as high as the latent partition in time O(k 2 min(n, 2k )).
Theorem 7 Given a mixture of k Gaussian distributions with parameters {(µi , σi , wi )} assume that for
some fixed n  k(d + log k)/wmin the following holds:
∀i ∀j :

kµi − µj k ≥ 4σi (1/wi + 1/wi )1/2 + 4σi (k log(nk) + k 2 )1/2 .

Let A and B each contain n samples from the mixture and partition A = A1 ∪ . . . ∪ Ak randomly. With
high probability, the hierarchical clustering produced by Segment(A ∪ B, 1) will be label-respecting.
Proof: Standard results show that any Gaussian is f -concentrated for f (δ) = σ(2 log(1/δ))1/2 . Using
techniques from Soshnikov [7] describing concentration of the median of σi` for various sample counts,
one can show that a d-dimensional Gaussian with maximum directional variance σ 2 is g-convergent for
g(δ) = cd log(1/δ) for a universal constant c.
2
A recent related paper of Kannan et al. [8] shows that Log-concave distributions, those for which the
logarithm of the probability density function is concave, are also reasonably concentrated and convergent.
Theorem 8 Given a mixture of k Log-concave distributions with parameters {(µi , σi , wi )} assume that for
some fixed n  k(d(log d)5 + log k)/wmin the following holds:
∀i ∀j :

kµi − µj k ≥ 4σi (1/wi + 1/wi )1/2 + 4σi k 1/2 (log(nk) + k) .

Let A and B each contain n samples from the mixture and partition A = A1 ∪ . . . ∪ Ak randomly. With
high probability, the hierarchical clustering produced by Segment(A ∪ B, 1) will be label-respecting.
Proof: Lemma 2 of [8] shows that any Log-concave distribution is f -concentrated for f (δ) = σ log(1/δ).
Lemma 4 of [8] shows that for any Log-concave distribution there is a constant c such that the distribution
is g-convergent for g(δ) = cd(log(d/δ))5 .
2
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4

Lower Bounds

We now argue that for any set of mixing weights w1 , . . . , wk , there is an arrangement of identical Gaussians
for which spectral projection is not an option. This also demonstrates that the bound in Theorem 1 is tight.
P
Theorem 9 For any i wi = 1, there exists a mixture of Gaussians with kCi k = σ 2 satisfying
kµi − µj k = σ(1/wi + 1/wj )1/2

(18)

for which the optimal rank k subspace for the distribution is arbitrary.
1/2

Proof: We choose the µi to beP
mutually orthogonal and of norm σ/wi . To each we assign the common
covariance matrix C = σ 2 I − i wi µi µTi . The optimal rank k subspace for the distribution is the optimal
rank k subspace for the expected outer product of a random sample x from the mixture which is
X
X
E[xxT ] =
wi µi µTi +
wi C = σ 2 I .
i

i

Since the identity matrix favors no dimensions for its optimal approximation, the proof is complete.

2

Remark: The theorem above only describes a mixture for which there is no preference for a particular
subspace. By diminishing the norms of the µi ever so slightly, we can set the optimal rank k subspace
arbitrarily and ensure that it does not intersect the span of the means.
Remark: One can construct counterexamples
with covariance matrices of great generality, so long as they
P
discount the span of the means i wi µi µTi , and promote some other k dimensions. In particular, the d − 2k
additional dimensions can have 0 variance, demonstrating that the maximum variance σ 2 = kCk22 is the
parameter of interest, as opposed to the average variance kCk2F /d, or any other function that depends on
more than the first k singular values of C.
Remark: If one is willing to weaken Theorem 9P
slightly by dividing the RHS of (18) by 2, then we can take
as the common covariance matrix C = 2σ 2 I − i wi µi µTi , which has eccentricity bounded by 2. Bounded
eccentricity was an important assumption of Dasgupta [2], who used random projections, but we see here
that it does not substantially change the lower bound.
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