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Abstract. The interpolation method, originally developed in statistical physics,
transforms distributions of random CSPs to distributions of much simpler problems while bounding the change in a number of associated statistical quantities
along the transformation path. After a number of further mathematical developments, it is now known that, in principle, the method can yield rigorous unsatisfiability bounds if one “plugs in an appropriate functional distribution”. A drawback
of the method is that identifying appropriate distributions and plugging them in
leads to major analytical challenges as the distributions required are, in fact, infinite dimensional objects. We develop a variant of the interpolation method for
random CSPs on arbitrary sparse degree distributions which trades accuracy for
tractability. In particular, our bounds only require the solution of a 1-dimensional
optimization problem (which typically turns out to be very easy) and as such can
be used to compute explicit rigorous unsatisfiability bounds.

1

Introduction

The problem of determining the satisfiability of Boolean formulas is central to the understanding of computational complexity. Moreover, it is of tremendous practical interest as it arises naturally in numerous settings. Random CNF formulas have emerged as
a mathematically tractable vehicle for studying the performance of satisfiability algorithms and proof systems. For a given set of n Boolean variables, let Bk denote the set
of all possible disjunctions of k distinct, non-complementary literals from its variables
(k-clauses). A random k-SAT formula Fk (n, m) is formed by selecting uniformly and
independently m clauses from Bk and taking their conjunction. Such random formulas have been shown to be hard both for proof systems, e.g., in the seminal work of
Chvátal-Szemérdi on resolution [7], and, more recently, for some of the most sophisticated satisfiability algorithms known [8].
More generally, in Random Constraint Satisfaction Problems (RCSPs) one has a set
of n variables all with the same (small) domain D and a set of m = rn constraints,
for some constant r > 0, each of which binds a randomly selected subset of O(1)
variables. Canonical examples are finding large independent sets and colorings sparse
random graphs, variations of satisfiability, and systems of random linear equations. We
will be interested in random CSPs (RCSPs) from an asymptotic point of view, i.e., as the
?
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number of variables grows. In particular, we will say that a sequence of random events
En occurs with high probability (w.h.p.) if lim Pr[En ] = 1. The ratio of constraints-tovariables, r = m/n, known as density, plays a fundamental role here as most interesting
monotone properties are believed to exhibit 0-1 laws with respect to density. Perhaps
the best known example is the satisfiability property for random k-CNF formulas. Let
gk (n, r) denote the probability that Fk (n, rn) is satisfiable.
Conjecture 1 (Satisfiability Threshold Conjecture). For each k ≥ 3, there exists a constant rk such that for any  > 0,
lim gk (n, rk − ) = 1, and

n→∞

lim gk (n, rk + ) = 0 .

n→∞

The satisfiability threshold conjecture, which motivates our work, has attracted a lot of
attention in computer science, mathematics and statistical physics [17,18,16]. At this
point, neither the value, nor even the existence of rk has been established. For k = 3,
the best known bounds are 3.52 < r3 < 4.49, due to results in [9] and [13], respectively.
The last decade has seen a great deal of rigorous results on random CSPs, including
a proliferation of upper and lower bounds for the satisfiability threshold of a number
of problems. Equally importantly, random CSPs have been the domain of an extensive
exchange of ideas between computer science and statistical physics [15], including the
positing of the clustering phenomenon, establishing it rigorously, and relating it to algorithmic performance. In this work we take another step in this direction by taking
a technique from mathematical physics, the interpolation method of Guerra [12], and
using it to show how to derive end-to-end rigorous explicit upper bounds for the satisfiability threshold of a number of problems. To do so, we introduce a new version of the
interpolation method that can be made computationally effective and give a new, much
simpler, extension of the method to CSPs with arbitrary degree distributions.
Our method can be used to prove among other things the following result [5] regarding the satisfiability of mixtures of 2- and 3-clauses.
Theorem 1 ([5]). Let F be a random CNF formula on n variables with (1−)n random
2-clauses, and (1 + )n random 3-clauses. W.h.p. F is unsatisfiable for  = 10−4 .
Theorem 1, combined with the methods of [3], implies that a number of DPLL
algorithms require exponential time on easily satisfiable random 3-CNF formulas. For
example, ORDERED DLL requires exponential time for all r ≥ 2.78, while GUC for all
r ≥ 3.1. Similar results hold for a host of other algorithms, including, for example, all
algorithms analyzed in [2] and [1].

2

Motivation and Past Work

Perhaps the simplest possible upper bound on the satisfiability threshold comes from
taking the union bound over all assignments σ ∈ {0, 1}n of the probability they satisfy
a random formula F = Fk (n, rn). That is,
X

n
Pr[Fk (n, rn) is satisfiable] ≤
Pr[σ satisfies Fk (n, rn)] = 2(1 − 2−k )r → 0 ,
σ
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for all r > rk∗ , where 2(1 − 2−k )rk = 1. For example, r3∗ = 5.19.., but a long series of
increasingly sophisticated results has culminated with the bound r3 < 4.48... by Díaz et
al. [9]. At the same time, statistical physics results by Mertens et al. [14] give evidence
that r3 < 4.26....
2.1

Past Work on the Interpolation Method for Random CSPs

The interpolation method is a remarkable tool originally developed by Guerra and
Toninelli [12] to deal with the Sherrignton Kirkpatrick model (SK) of statistical physics.
Following their breakthrough, Franz and Leone [10], in a very important paper, applied
the interpolation method to random k-SAT and random k-XOR-SAT to prove that certain expressions derived via the non-rigorous replica method of statistical physics for
these problems can, in principle, be used to derive upper bounds for the satisfiability
threshold of each problem. As we will see, though, doing so involves the solution of certain functional equations that appear beyond analytical penetration. In [20], Panchenko
and Talagrand showed that the results of [10] can be derived in a simpler and uniform
way, unifying the treatment of different levels of Parisi’s Replica Symmetry Breaking.
A crucial ingredient in all the above proofs is a Poissonization device exploiting
that in Erdős-Renyi (hyper)graphs the degrees of the vertices behave, essentially, like
independent, Poisson random variables. Franz, Leone, and Tonnineli [11] extended the
interpolation method to other degree sequences, but at the cost of introducing another
level of complexity (multi-overlaps), thus placing the method even further out of reach
in terms of explicit computations. In [19], Montanari gave a simpler method for dealing
with degree sequences in the context of error-correcting codes, which proceeds by approximating the intended degree distribution “in chunks”. This, unfortunately, requires
the number of approximation steps to go to infinity (so that the chunk size goes to zero)
in order to give results for the original problem.
Finally, in a recent paper, Bayati, Gamarnik and Tetali [6], showed that a combinatorial analogue of the interpolation method can be used to elegantly derive an approximate subadditivity property for a number of CSPs on Erdős-Renyi and regular random
graphs. This allowed them to prove the existence of a number of limits in these problems. The simplicity of that approach, though, comes at the cost of losing the capacity
to give bounds for the associated limiting quantities.

3

Highlights of the Interpolation Method on RCSPs

For simplicity of exposition we focus on the case where all constraints have the same
arity k ≥ 2. It is very easy to see that the proof goes through transparently for CSPs
that are mixtures of constraints of different arities. Let Ck,n denote the set of all possible k-constraints on n variables for the CSP at hand and let
 D denote the domain of
k n
each variable. So, for
example,
C
could
contain
all
2
k,n
k clauses of length k on n

n
variables, or all 2 D! possible unique-games constraints on a graph with n vertices.
A random CSP instance Ik (n, r) is a conjunction of m constrains taken independently
with replacement from the set Ck,n , where m is a Poisson random variable with mean
E[m] = rn. Note that in the more standard models of random CSPs m is fixed (not a
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random variable). Since, though, the standard deviation of the Poisson distribution is the
square root of its mean we have m = (1+o(1))rn w.h.p., thus not affecting any asymptotic results regarding densities. At the same time, along with the Poissonization of the
variable degrees, this is key to the original development of the method. Eliminating the
need for Poisson variable degrees and allowing arbitrary (sparse) degree sequence, as
we do in Section 5, is part of the technical contribution in our work.
We shall work with the random variable Hn,r (σ), known as the Hamiltonian, counting the number of unsatisfied constraints in the instance for each σ ∈ Dn . (The randomness of H being in the random choice of the instance). We will sometimes refer to
Hn,r (σ) as the energy function. The goal is to compute lower bounds for the following
quantity as a function of β ≥ 0,
"
!#
X
fr = fr (β) = n−1 E log
exp (−βHn,r (σ))
.
(1)
σ∈D n

For each fixed value of β > 0, the sum in fr (β) is dominated by those value assignment having energy (violated constraints) in some narrow window that depends on β.
(The idea being that assignments violating more constraints are penalized too heavily to
contribute significantly to the sum, while assignment violating even fewer constraints
are too rare to have substantial contribution.) Thus, fr (β) effectively counts the number
of assignments at each energy level is known as the free entropy density. Note that as
β is increased fr (β) places more and more weight to assignments violating fewer constraints, recovering the number of solutions as β → ∞ (writing β = 1/T this is also
known as the zero-temperature limit). Standard martingale arguments imply that if any
finite β > 0 we have limn→∞ fr (β) < 0, then w.h.p. no solutions exist. The goal of
the interpolation method is to give negative upper bounds for fr (β) and since fr is the
free entropy, we refer to this as entropic interpolation.
Given σ = (x1 , x2 , . . . , xn ) we will write Hn,r (σ) as the sum of m functions
θa (xa1 , ..., xak ), one for each constraint. That is, θa (xa1 , ..., xak ) = 1 if the associated
constraint is not satisfied and 0 otherwise. For example, for k-SAT, we take the domain
of the variables to be {+1, −1}n and for each k-clause ca (xa1 , ..., xak ) we let
θa (xa1 , ..., xak ) =

k
Y
1 + Jaj xaj
,
2
j=1

(2)

where Ja,j ∈ {+1, −1} represents the sign of literal aj in clause ca : +1 if the literal is
negated and −1 otherwise.
The basic object of the interpolation method is a modified energy function that
interpolates between Hn,r (σ) and the energy function of a dramatically simpler and
fully tractable model. Specifically, for t ∈ [0, 1], let
βHn,r,t (x1 , . . . , xn ) =

mt
X
m=1

βθam (xam,1 , ..., xam,k ) +

ki,t
n X
X

log (v̂i,j (xi )) , (3)

i=1 j=1

where mt is a Poisson random variable with mean E[mt ] = trn, the ki,t ’s are i.i.d.
Poisson random variables with mean E[ki,t ] = (1 − t)kr, and the functions v̂i,j (·) are
i.i.d. random functions distributed as the function defined in (5) below.
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Before delving into the meaning of the random functions v̂i,j (·), which are the heart
of the method, let us first make a few observations about (3). First, note that (3) is simply
the energy function of the original model when t = 1. On the other hand, when t < 1,
we expect that (1 − t)m of the original k-clauses will be replaced by k times as many
functions each of which takes as input a single variable. A helpful way to think about
this replacement is as a decombinatorialization of the energy function wherein k-ary
functions are replaced by univariate, and therefore, independent functions. As one can
imagine, for t = 0 the model is fully tractable. In particular, letting
"
!#
X
−1
fr (t) = n E log
exp (−βHn,r,t (σ))
,
(4)
σ∈D n

one can readily compute fr (0) since one can compute Hn,r,0 (σ) by examining one
variable at a time. To relate the two models the plan is to give a lower bound for the
change in fr as t goes from 1 to 0, hence the name interpolation, thus bounding fr (1)
by fr (0) plus a term depending on our bound on the derivative.
The main idea of the interpolation method is to select the (still mysterious) univariate functions v̂i,j (·) independently, from a probability distribution that reflects aspects
of the geometry of the underlying solution space. The more accurate the reflection, the
better the bound. One, of course, needs to guess this geometry and here is where the
insights from statistical physics are most valuable. A beautiful aspect of the interpolation method is that it projects all information about the geometry of the solution space
into a single object, a distribution γ as defined below. With that in mind, we now define
the random univariate functions, but without specifying the all-important distribution γ.
This is because the method gives a valid bound for any γ, i.e., the choice of γ affects
the quality but not the validity of the derived bound.
Let v(x) denote the density function of a random variable over D, where the probabilities p1 , . . . , p|D| are themselves chosen at random from a distribution γ with support
on the unit (|D| − 1)-dimensional simplex. Let v̂(x) be a random univariate function
defined as follows
v̂(x) =

X
y1 ,...,yk−1

exp (−βθ(y1 , ..., yk−1 , x))

k−1
Y

vj (yj ) ,

(5)

j=1

where θ(·) is a random constraint-function and the functions vi (·) are i.i.d. with the
same distribution as v(x).
To interpret the function in (5) it helps to think of its argument x as corresponding to
a particular occurrence of a variable in a constraint c, e.g., a literal occurrence in a random k-clause. The idea is for (5) to simulate the biases that this particular occurrence
of x “feels” from its presence in c. To do this we replace c with a brand new random
constraint (appearing as θ in (5)) containing k −1 new variables y1 , . . . , yk−1 which are
“private” to θ, i.e., which will occur in no other constraint in the interpolating energy
function. To simulate the statistical joint behavior of the k − 1 original variables in c
due to their participation in clauses other than c, we assume that since the underlying
random hypergraph is sparse, these k − 1 new variables are independent in the absence
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of θ, hence the product in (5). Finally, specifying the probability distribution γ governing the behavior of each ersatz variable is precisely what reflects our beliefs about the
geometry of the space of solutions. Statistical physics considerations suggest candidate
distributions as solutions to distributional equations.
To see how the geometry of the space of solutions enters the distribution γ, consider
two dramatically different settings, precisely those separated by the so-called shattering
(or clustering, or dynamical) transition. In one setting, the set of solutions has the property that if a solution is chosen uniformly at random, changing the value of any variable
to any other value can be accommodated by changing, in expectation, the value of O(1)
other variables, i.e., by “local repair”. In such a world, γ is a single density function
over the (|D| − 1)-dimensional simplex. In contrast, after shattering occurs [4] the set
of solutions consists of exponentially many clusters (connected components of solutions), separated by linear Hamming distance. In each cluster, a constant fraction of all
variables take the same value in all solutions in the cluster, while all other variables are
locally repairable. In this world, γ becomes a distribution over densities, the different
densities corresponding to different clusters.
3.1

Why an Energetic Interpolation Method

What motivates our derivation of a different, so-called energetic, interpolation method
is that dealing with the shattered case above leads to massive analytical obstacles, rendering the derivation of explicit, mathematically rigorous bounds problematic. In the
realm of statistical mechanics, these are addressed via a numerical stochastic method
known as population dynamics, used to derive the estimates in [14] for random k-SAT.
In contrast, we will see that the energetic approach leads to bounds which can be derived analytically, precisely because we dramatically collapse the information captured
by γ. In particular, in our bounds γ will be specified by a single real number, while the
bound itself is expressed by truncating an infinite sum to a finite one (at any desired
degree of accuracy) and adding up the corresponding explicit terms, each involving the
joint behavior of a finite number of Poisson random variables.
The reason this approach works is that in bivariate binary CSPs, such as random
[MAX] 2-SAT, random MAX 2-LIN-2, and random (2 + p)-SAT, whenever a frozen
variable appears in a constraint “the wrong way” (the freezing being due to its participation in other constraints) this necessarily causes the other variable in the constraint to
also freeze. This percolative type of behavior causes the fraction of frozen variables to
take off smoothly in such problems, a situation that can be captured by a simple model
for the distribution γ if one focuses on states of lowest energy. This is precisely what
we exploit in deriving our new upper bounds for these problems.

4

Energetic Interpolation for General CSPs

To develop an energetic interpolation method we replace the (far richer) free entropy
density of the previous section with the following much simpler quantity


ξr = n−1 E minn Hn,r (σ) ,
(6)
σ∈D
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known as ground-state energy density, which simply tells us the fraction of violated
constraints in the optimal (least-violating) assignments. By standard martingale arguments the random variable minσ Hn,r (σ) concentrates around its expectation (consider
the martingale exposing the constraints one by one and note that changing any one constraint cannot change its value by more than 1). Therefore, if lim inf n→∞ ξr > 0 we
can conclude that the satisfiability threshold is upper bounded by r.
The univariate factors in the energy interpolation method are given as follows:
– For 1 ≤ j ≤ |D|, let “j” denote the indicator function that the input is j, i.e., “j” is
1 if its input is j and 0 otherwise.
– Let “*” denote the function that assigns 0 to all elements of D.
– Let h(x) be a random function in {“1”, . . . , “|D|”, “ ∗ ”} with Pr(h(·) = “ ∗ ”) =
1 − p and Pr(h(·) = “j”) = p/|D|.
The analogue of (5) is now
(
ĥ(x) =

min

y1 ,...,yk−1

θ(y1 , .., yk−1 , x) +

k−1
X

)
hi (yi )

,

(7)

i=1

where θ(·) is a random constraint-function as before while the functions hi (·) are i.i.d.
random functions distributed as h(x).
Observe that the energy interpolation method models all information about the geometry of the solution space into a single probability p, which can be interpreted as the
probability that a variable picked at random will be frozen, i.e., have the same value
in all optimal assignments. If that occurs for all k − 1 variables y1 , .., yk−1 and they
all happen to be frozen the wrong way as far as θ is concerned, then unless variable x
takes the value desired by θ the function ĥ(x) will evaluate to 1. When, at the end of the
interpolation, we will have replaced all k-ary constraints with univariate random functions ĥ, the optimal overall assignment is simply found by assigning to each variable
the value that makes the majority of its ĥ functions evaluate to 0. The method delivers
a valid bound for any choice of p ∈ [0, 1] and the bound is then optimized by choosing
the best value of p, i.e., performing a single-parameter search.
While we could give lower bounds on (6) for RCSPs defined on Erdős-Renyi (hyper)graphs by exploiting the same Poissonization device as in earlier works, we will
instead show how to carry out the method in arbitrary sparse degree distributions.

5

The Interpolation Method on Sparse Degree Sequences

Let di denote the number of times variable i should appear in the random instance and
di
denote the set of occurrences corresponding to variable i. Note that
let Li = {li,j }j=1
the occurrences can be decorated so that, for example in k-SAT, we can specify how
many of the Li occurrences correspond to positive occurrences of the variables and
how many to negative occurrences. It will be helpful to think of each occurrence as
a piece of paper carrying the index of the underlying variable along with any desired
decoration. To form a random instance with m = rn constraints we simply choose a
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random permutation of the krn elements of L = {Li }ni=1 and consider the first k to
specify the first constraint, the next k to specify the second constraint etc.
Consider now the following algorithm to build a random Hamiltonian composed of
a mixture of k-ary constraint-factors of the desired CSP and of univariate functions as
in (5). The algorithm has three inputs: The collection of occurrences L, an integer t,
and a sequence x ∈ {b, c}t .
1. Set H = ∅, set L = L, and set j = 1.
2. Select a random permutation π of the elements of L.
3. While j ≤ min{t, |L|} do:
(a) If xj = b then
i. Add a random univariate factor to H with argument π(j).
ii. j ← j + 1
(b) If xt = c then with probability 1/k
i. Add a random k-constraint to H on occurrences π(j), . . . , π(j + k − 1).
ii. j ← j + k
Let H(L, x) denote the family of energy functions produced by the above algorithm.
Observe that when t = |L| and x = u · · · u, the energy functions produced by the
algorithm have variable degree distribution given by L and consist of univariate factors
only. On the other hand when t = |L| and x = c · · · c the resulting energy functions
consist of m̃ energy constraint functions of arity k where m̃ is a Binomial random
variable with km trials and probability of success 1/k, conditioned on being at most
m. In other words, w.h.p. the instance generated will have the desired degree sequence
except for o(n) variables (and, therefore, o(n) constraints). Since we are interested in
establishing a non-vanishing lower bound for (6) this will not affect any of our results.
The goal now is to relate the ground state energy of these two extreme cases. A
key property, which will allow us to establish such relation, is that H(L, x) is invariant
under any permutation π(x) of the elements in x.
Lemma 1. For every sequence x, and every permutation π, the families H(L, x) and
H(L, π(x)) have the same distribution.
Proof. The very first step of our construction is to take a uniformly random permutation
of the elements of L.
For any L and any s ≤ t, since the order of the steps in x does not matter, let us write
H(L, t, s) to denote the distribution of energy functions generated by the algorithm
when we take t steps in total, t − s of which are additions of a univariate factor. Let


ξL (t, s) = n−1 E minn HL,t,s (σ) .
σ∈D

Observe that if t = km and s = km, then ξL = ξL (km, km) corresponds to the
original ground state energy, whereas ξL (km, 0) corresponds to the ground state energy
of the model composed of univariate factors only.
Our lower bounds come from the following theorem.
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Theorem 2. For any choice of p ∈ [0, 1], if m = rn then
ξL ≥ ξr (km, 0) − r(k − 1)E [hc ] −o(1) ,

(8)

where
(
hc = min

y1 ,...,yk

θ(y1 , .., yk ) +

k
X

)
hi (yi )

.

i=1

To prove this we will prove that as s goes from t to 0, we can control the change of
ξr (t, s). Specifically,
Lemma 2. If m = rn then for any  > 0, all t ∈ [0, (kr − )n], and all 1 ≤ s ≤ t,
E [min{HL,t,s−1 (σ)}] − (k − 1)k −1 E [hc ] ≤ E [min{HL,t,s (σ)}] + o(1) .
Iteratively applying Lemma 2 so that we can increase the number of univariate factors
from 0 to t = (kr − )n and letting  → 0 yields Theorem 2.
Proof (Lemma 2). Let H0 be an energy function from the family H(L, t − 1, s − 1),
that is, the energy function resulting from executing t − 1 steps of the algorithm where
s − 1 of such steps correspond to adding a univariate factor. The key observation is that
HL,t,s−1 (σ) and HL,t,s (σ) can be obtained from H0 by execution an additional step of
the algorithm: HL,t,s−1 (σ) corresponds to the processing of a c symbol and HL,t,s (σ)
corresponds to the precessing of a u symbol.
We will show that conditional on any realization of H0 we have
E [min{HL,t,s−1 (σ)}|H0 ]−(k−1)k −1 E [hc ] ≤ E [min{HL,t,s (σ)}|H0 ] +o(1) . (9)
That is, the proof reduces to comparing the effect of adding a single univariate factor
to the effect of adding, with probability 1/k, a single constraint. As one can imagine,
the proof of (9) is problem specific. Below we prove it for random k-SAT and random
Max-k-Lin-2. For all other random CSPs with binary domains the proof is very similar.

6
6.1

Applying Energetic Interpolation to Random CSPs
Random k-SAT

Let C ∗ ⊆ {0, 1}n be the set of optimal assignments in H0 . A variable xi is frozen
if its value is the same in all optimal assignments. The processing of a c symbol will
increase the value of the minimum by at most 1 only if the following two conditions
hold: 1) a new clause is added, which occurs with probability 1/k, and 2) all the literals
appearing in the new random factor correspond to a frozen variables. By the principle
of deferred decisions we can think of the permutation π as generated on-the-fly, i.e., as
we need occurrences to consume. Therefore, if the number of remaining occurrences
is Ω(n) and f denotes the fraction of them that are associated with frozen variables
corresponding to H0 , then
E [min{HL,t,s (σ)}|H0 ] − min{H0 } = k −1 2−k f k + O(1/n) ,

9
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where the last term is due to the fact that we are selecting without replacement.
Similarly, the processing of a u symbol will increase the value of the minimum by
1 if the chosen literal correspond to a frozen variable x and x must take the opposite of
its frozen value to minimize the added factor ĥ(x). Thus the expected change is
E [min{HL,t,s−1 (σ)}|H0 ] − min{H0 } = 2−k pk−1 f .
Finally,
"
E [hc ] = E

min {θ(y1 , .., yk ) +

y1 ,...,yk

k
X

#
hi (yi )} = 2−k pk .

i=1

By combining the above equations and adding −(k − 1)k −1 2−k pk we get
E [min{HL,t,s−1 (σ)}|H0 ] − (k − 1)k −1 2−k pk − E [min{HL,t,s (σ)}|H0 ]

= k −1 2−k kpk−1 f − f k − (k − 1)pk + O(1/n) .
Finally, the polynomial F (x, p) = kpk−1 x+xk −(k−1)pk ≤ 0 for all 0 ≤ x, p ≤ 1.
To see this last statement note that (i) F (0, p), F (1, p), F (x, 0), F (x, 1) ≤ 0 and, (ii)
the derivative of F with respect to p is 0 only when p = x, in which case F (x, x) = 0.
6.2

Random Max-k-Lin-2

The constraints in the Max-k-Lin-2 problem are chosen uniformly from the set of all
2nk possible boolean equations on n variables, i.e., the k variables are chosen at random
with replacement and the required parity is equally likely to be 0 or 1. Let C ∗ ⊆ {0, 1}n
be the set of optimal assignments in H0 . A variable xi is frozen if its value is the same
in all optimal assignments. The processing of a c symbol will increase the value of the
minimum by at most 1 only if the following three conditions hold: 1) a new Boolean
equation is added, which occurs with probability 1/k, 2) all the literals appearing in
the new random factor correspond to frozen variables and 3) the parity of the frozen
variables is different from the one required by the new equation. As in the proof for
random k-SAT above, if the number of remaining occurrences is Ω(n) and f denotes
the fraction of them that are associated with frozen variables corresponding to H0 , then,
E [min{HL,t,s (σ)}|H0 ] − min{H0 } = k −1 2−1 f k + O(1/n) .
where the last term is due to the fact that we are selecting without replacement. Similarly, the processing of a c symbol can increase the value of the minimum by 1 if the
chosen literal correspond to a frozen variable x and and x must take the opposite of its
frozen value to minimize the added factor ĥ(x). Thus the expected change is given by
E [min{HL,t,s−1 (σ)}|H0 ] − min{H0 } = 2−1 pk−1 f .
Finally,
"
E [hc ] = E

min {θ(y1 , .., yk ) +

y1 ,...,yk

k
X
i=1

#
hi (yi )} = 2−1 pk .
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Combining the above equations and adding −(k − 1)k −1 2−1 pk we get
E [min{HL,t,s−1 (σ)}|H0 ] − (k − 1)k −1 2−k pk − E [min{HL,t,s (σ)}|H0 ]

= k −1 2−1 kpk−1 f − f k − (k − 1)pk + O(1/n) ,
where the r.h.s. of the equality entails the same polynomial as for random k-SAT.
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Computing Explicit Energetic Interpolation Bounds for k-SAT

Applying Theorem 2 on a Poisson degree sequence we get that



s
X
ξr (0) = E  min 
ĥj (x) ,
x∈{0,1}

(10)

j=1

where s is a Poisson random variable with mean kr, and the functions ĥj (·), i.e., random
functions in {“0”, “1”, “ ∗ ”} with Pr(ĥj (·) = “1”) = Pr(ĥj (·) = “0”) = 2−k pk−1 .
Let l0 , l1 , and l∗ denote the number “0”, “1”, and “*” functions respectively among
the ĥj (·) functions inside the summation of equation (10). Conditional on the value
of s, the random vector (l0 , l1 , l∗ ) is distributed as a multinomial random vector and,
therefore,
ξr (0) =

x x−l
∞ X
X0
X

min{l0 , l1 } × Poi(kr, x)Multi(l0 , l1 , x − l0 − l1 ) ,

x=0 l0 =0 l1 =0

where Multi(·, ·, ·) denotes the multinomial density function.
Changing the limits of all summations to infinity, does not change the value of ξr (0),
since Multi(·, ·, ·) evaluates to zero for negative numbers, hence, we can interchange the
order of the summations to get
ξr (0) =

∞ X
∞
X
l0 =0 l1 =0

min{l0 , l1 } ×

∞
X

Poi(kr, x)Multi(l0 , l1 , x − l0 − l1 ) .

x=0

The last equation can be simplified by summing out the randomness in the Poisson
random variable. The result is that l0 and l1 become two independent Poisson random
variables with mean 2kk rpk−1 . Thus,




∞ X
∞
X
k k−1
k k−1
ξr (0) =
min{l0 , l1 } × Poi
rp
, l0 × Poi
rp
, l1 ,
2k
2k
l0 =0 l1 =0

i.e., ξr (0) is the expected value of the minimum of two independent Poisson random
variables l0 , l1 with mean λ = 2kk rpk−1 . Finally, we note that




∞
i−1
X
X
2
Poi(λ, j) − (Poi(λ, i))  . (11)
E [min{l0 , l1 }] =
i 2Poi(λ, i) 1 −
i=0

j=0

To compute a rigorous lower bound for (11) one now simply truncates the sum at any
desired level of accuracy.
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