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Abstract. We consider a natural convolution kernel deﬁned by a directed graph. Each edge contributes an input. The inputs along a path
form a product and the products for all paths are summed. We also have
a set of probabilities on the edges so that the outﬂow from each node
is one. We then discuss multiplicative updates on these graphs where
the prediction is essentially a kernel computation and the update contributes a factor to each edge. Now the total outﬂow out of each node
is not one any more. However some clever algorithms re-normalize the
weights on the paths so that the total outﬂow out of each node is one
again. Finally we discuss the use of regular expressions for speeding up
the kernel and re-normalization computation. In particular we rewrite
the multiplicative algorithms that predict as well as the best pruning of
a series parallel graph in terms of eﬃcient kernel computations.

1

Introduction

Assume we have a directed graph with a source and a sink node. A weight ve
is associated with each edge e of the graph so that the total outﬂow from each
non-sink node is one. The weighting
on the edges extends to a weighting on the

source-to-sink paths: wP = e∈P ve . Each such path contributes a feature wP
to a feature vector w = Φ(v) (see Figure 1) and in this paper we focus on
the kernel associated with the path features of directed graphs. The predictions
of the algorithms are often determined by kernel computations, i.e. there is a
second weighting xe on the edges and the prediction of the algorithm is based
on:

ve xe .
K(v, x) = Φ(v) · Φ(x) =
P e∈P

Similar related kernels that are built from regular expressions or pair-HMMs were
introduced in [Hau99, Wat99] for the purpose of characterizing the similarity
between strings. Any path kernel can easily be used for additive algorithms such
as the Perceptron algorithm and Support Vector Machines. Such algorithms
compute a linear model in a feature space, i.e. the weight vector wt at trial t is
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Fig. 1. An example of a digraph. If the weight of ei is vi , then its feature vector is Φ(v) = {v2 v7 , v1 v5 v8 , v2 v3 v5 v8 , v1 v4 v5 v8 , v1 v5 v6 v7 , v2 v3 v4 v5 v8 , v2 v3 v5 v6 v7 ,
v1 v4 v4 v5 v8 , v1 v5 v6 v3 v5 v8 , . . .}
a linear combination of the expanded past inputs Φ(xq ) (1 ≤ q ≤ t − 1). The
linear predictions wt · xt can be computed via the dot products Φ(xq ) · Φ(xt ).
In this paper we are particularly concerned with multiplicative update algorithms where each path is an expert or a feature. Typically there are exponentially (sometimes inﬁnitely) many features and maintaining one weight per
feature is prohibitive. However in this paper we manipulate the exponentially
many path weights via eﬃcient kernel computations. A key requirement for our
methods is that the loss of a path P decomposes into a sum of the losses over
its edges. Except for a normalization, the updates multiply each path weight wP
by an exponential factor whose exponent decomposes into a sum over the edges
of P . Thus the path weights are multiplied by a product containing a factor per
edge of the path. Viewed diﬀerently, the updates multiply each edge by a factor.
We want three properties for the weightings on the paths.

= e∈P ve .
1. The weighting should be in product form, i.e. wP 
2. The outﬂow from each node u should be one, i.e. u :(u,u )∈E(G) v(u,u ) = 1,
where E(G) denotes the set of edges
 of G.
3. The total path weight is one, i.e. P wP = 1.
The three properties make it trivial to generate random paths: Start at the
source and iteratively pick an outgoing edge from the current node according to
the prescribed edge probabilities until the sink is reached.
The additional factors on the edges that are introduced by the multiplicative
update mess up these properties. However there is an algorithm that rearranges
the weights on the edges so that the weights on the path remain unchanged but
again have the three properties. This algorithm is called the Weight Pushing
algorithm. It was developed by Mehryar Mohri in the context of speech recognition [Moh98].
One of the goals of this paper is to show that multiplicative updates nicely
mesh with path kernels. The algorithms can easily be described by “direct” algorithms that maintain exponentially many path-weights. The algorithms are then
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simulated by “indirect” algorithms that maintain only polynomially many edgeweights. There is a lot of precedents for this type of research
[HS97, MW98, HPW02, TW99]. In this paper we hope to give a unifying view
and make the connection to path kernels. We will also re-express many of the
previously developed indirect algorithms using our methods.
In the next section we review the Weight Pushing algorithm which reestablishes the properties of the edge weights after each edge received a factor. We
also give the properties of the update that we need so that the updated weights
contribute a factor to each edge. We then apply our methods to a dynamic routing problem (Section 3) and to an on-line shortest path problem (Section 4). We
prove bounds for the algorithm that decay with the length of the longest path
in the graph. However we also give an example graph where the length of the
longest path does not enter into the bound. The set of paths associated with
this graph can be concisely presented as a regular expression and was implicitly
used in the BEG algorithm for learning disjunctions [HPW02]. In Section 5 we
introduce path sets deﬁned as regular expressions and give an eﬃcient implementation for the Weight Pushing algorithm in this case. Finally we rewrite the
algorithms for predicting as well as the best pruning of Series Parallel graph
using the methods just introduced (Section 5.2).

2

Preliminaries

Let G be a directed graph with a source and a sink node. Assume that the
edge weights ve and the path weights wP fulﬁll the three properties given in the
introduction.
Now each edge receives a factor be and the new weights of the paths become


wP e∈P be
e∈P ve be




w̃P =
=
.
(1)
w
b
P P
e∈P e
P
e∈P ve be
The normalization needs to be non-zero, i.e. we need the following property:

4. The edge factors be are non-negative and for some path P , e∈P ve be > 0.
Our goal is to ﬁnd new edge weights ṽe such that the ﬁrst two properties are
maintained. Note that Property 3 is maintained because the path weights in (1)
are normalized.
We begin by introducing a kernel. For any node u, let P(u) denote the set of
paths from the node u to the sink. Assume that input vectors v and x to edges
are given. For any node u, let
 
 

ve
xe =
ve xe .
Ku (v, x) =
P ∈P(u) e∈P

e∈P

P ∈P(u) e∈P

Clearly Ksource (v, x) gives the dot product Φ(v) · Φ(x) given in the introduction
that is associated with the whole graph G.
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The computation of K depends on the complexity of the graph G. If G is
acyclic, then the functions Ku (v, x) can be recursively calculated as
Ksink (v, x) = 1
and in the bottom up order


Ku (v, x) =

v(u,u ) x(u,u ) Ku (v, x).

u :(u,u )∈E(G)

Clearly this takes time linear in the number of edges.
In the case when G is an arbitrary digraph then Ku can be computed using
a matrix inversion or via dynamic programming using essentially the FloydWarshal all-pairs shortest path algorithm [Moh98]. The cost of these algorithms
is essentially cubic in the number of vertices of G. Speedups are possible for
sparse graphs.
A straight-forward way to normalize the edge weights would be to divide the
weights of the edges leaving a vertex by the total weight of all edges leaving the
vertex. However this usually does not give the correct path weights (1) because
the product of the normalization factors along diﬀerent paths is not the same.
Instead, the Weight Pushing algorithm [Moh98] assigns the following new weight
to the edge e = (u, u ):
ve be Ku (v, b)
.
(2)
ṽe =
Ku (v, b)
It is easy to see that the new weights ṽe are normalized, i.e.

ṽ(u,u ) = 1.
u :(u,u )∈E(G)

Property 1 is proven as follows: Let P = {(u0 , u1 ), (u2 , u3 ), . . . , (uk−1 , uk )} be
any path from the source u0 to the sink uk . Then


ṽe =

k

v(ui−1 ,ui ) b(ui−1 ,ui ) Kui (v, b)

Kui−1 (v, b)

i=1

e∈P



ve be Ksink (v, b)
Ksource (v, b)

wP e∈P be
=
Ksource (v, b)

wP e∈P be

= 
.
P wP
e∈P be

=

e∈P

The last expression equals w̃P (See (1)).
Typically the multiplicative weights updates have the form
wP exp(−ηL(P ))
w̃P = 
P wP exp(−ηL(P ))

or

)
wP exp(−η ∂L(P
∂wP )
w̃P = 
,
∂L(P )
P wP exp(−η ∂wP )
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where L(P ) is the loss of path P . So ifthe loss L(P ) can be decomposed into
a sum over the edges of P , i.e. L(P ) = e∈P l(e), then these update rules have
the form of (1) and so they can be eﬃciently simulated by the edge updates
using the Weight Pushing algorithm. Property 4 is also easily satisﬁed. In most
cases, however, the loss is given by

L(P ) = L(y, Φ(x)P ) = L(y, e∈P xe )
for some loss function L, which cannot be decomposed into a sum over the
edges in general. Actually, Khardon, Roth and Servedio show that simulating
Winnow (a multiplicative update algorithm) with the monomial kernel (which
is a path kernel) is #P -hard [KRS01]. Still certain problems can be solved using
multiplicative updates of the form of (1). In the subsequent sections we will give
some examples. In the full paper we will also discuss in more detail how the
eﬃcient disjunction learning algorithm (such as Winnow with one weight per
variable) may be seen as examples of the same method.

3

A Dynamic Routing Problem

In this section we regard the digraph G as a probabilistic automaton and consider
a dynamic routing problem based on G. At trial t = 1, 2, . . . we want to send
a packet Xt from the source to the sink and assign transition probabilities vt,e
to the edges that deﬁne a probabilistic routing. Starting from the source we
choose a random path to the sink according to the transition probabilities and
try to send the packet along the path. But some edges may reject the request
with a certain probability that is given by nature and the current trial may fail.
The goal is make the success probability as large as possible. Below we give the
problem formally.
In each trial t = 1, 2, . . . , T , the following happens:
1. The algorithm assigns transition probabilities vt,e ∈ [0, 1] to all edges e.
2. Real numbers dt,e ∈ [0, 1] for all edges are given. The number dt,e is interpreted as the probability that the edge e “accepts” the packet Xt . A path P
“accepts” Xt if all the edges e of P accept Xt and the probability of this is

dt,e .
Pr(Xt | P ) =
e∈P

We assume that Pr(Xt | P ) > 0 for at least one path P , so that Property 4
holds. Moreover, this probability is independent for all trials.
3. The probability that the current probabilistic automaton accepts Xt is

wt,P Pr(Xt | P ),
At =
P

where wt,P =


e∈P

vt,e is the probability that the path P is chosen.
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The goal is to make the total success probability Tt=1 At as large as possible.
In the feature space we can employ the Bayes algorithm. The initial weight
w1,P is a prior of path P . Then the Bayes algorithm sets the weight wt+1,P as
a posterior of P given the input packets X1 , . . . , Xt observed so far. Speciﬁcally
the Bayes algorithm updates weights so that
wt+1,P = Pr(P | X1 , . . . , Xt )
w1,P Pr(X1 , . . . , Xt | P )
= 
P w1,P Pr(X1 , . . . , Xt | P )
wt,P Pr(Xt | P )
= 
P wt,P Pr(Xt | P )

wt,P e∈P dt,e

.
= 
P wt,P
e∈P dt,e

(3)

It is well known that the Bayes algorithm guarantees that
T


At =

t=1



w1,P Pr(X1 , . . . , XT | P ) ≥ max w1,P Pr(X1 , . . . , XT | P ).
P

P

This implies that the probability that the Bayes algorithm succeeds to send the
all packets X1 , . . . , XT is at least the probability for the path P that attains the
maximum of the success probability.
It is easy to check that the Bayes update rule (3) has the multiplicative form
(1). So we can run the Bayes algorithm eﬃciently using the Weight Pushing
algorithm.

4

On-Line Shortest Path Problem

We consider an on-line version of the shortest path problem. The problem is
similar to the previous one, but now dt,e is the distance of the edge e at trial t.
Furthermore we assume that the given graph G is acyclic, so that any path has
a bounded length.
In each trial t = 1, 2, . . . , T , the following happens:
1. The algorithm assigns transition probabilities vt,e ∈ [0, 1] to all edges e.
2. Then distances dt,e ∈ [0, 1] for all edges are given.
3. The algorithm incurs a loss Lt which is deﬁned as the expected length of
path of G. That is,

Lt =
wt,P lt,P ,
P ∈P(G)

where
lt,P =



dt,e

e∈P

is the length of the path P , which is interpreted as the loss of P .

(4)
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Note that the length lt,P of path P at each trial is upper bounded by the number
of edges in P . Letting D denote the depth (maximum number of edges of P )
of G, we have lt,P ∈ [0, D]. Note that the path P minimizing the total length
T

t=1

lt,P =

T 

t=1 e∈P

dt,e =

T


dt,e

e∈P t=1

can be
interpreted as the shortest path based on the cumulative 
distances of
edges: Tt=1 dt,e . The goal of the algorithm is to make its total loss Tt=1 Lt not
much larger than the length of the shortest path.
Considering each path P as an expert, we can view the problem above as a
dynamic resource allocation problem [FS97] introduced by Freund and Schapire.
So we can apply their Hedge algorithm which is a reformulation of the Weighted
Majority algorithm (see WMC and WMR of [LW94]). The Hedge algorithm
works over the feature space. Let w1,P be initial weights for paths/experts that
sum to 1. At each trial t, when given losses lt,P ∈ [0, D] for paths/experts, the
algorithm incurs loss

Lt =
wt,P lt,P
P

and updates weights according to
wt+1,P = 

wt,P β lt,P /D
,
lt,P  /D
P  wt,P  β

(5)

where 0 ≤ β < 1 is a parameter. It is shown in [LW94, FS97] that for any
sequence of loss vectors for experts, the Hedge algorithm guarantees1 that


T
T

1
D
ln(1/β) 
ln
Lt ≤ min
lt,P +
.
(6)
P
1 − β t=1
1 − β w1,P
t=1

Since lt,P =
e∈P dt,e , the update rule (5) is the multiplicative form of (1).
So we can employ the Weight Pushing algorithm to run the Hedge algorithm
eﬃciently. Below we give a proof of (6).


Let Wt = P w1,P β l1..t−1,P /D , where l1..t−1,P is shorthand for t−1
q=1 lq,P .
Note that W1 = 1. It is not hard to see that the update rule (5) implies wt,P =
w1,P β l1..t−1,P /D /Wt . So


l1..t,P /D
Wt+1
P w1,P β
ln
= ln
Wt
Wt

 w1,P β l1..t−1,P /D 
= ln
β lt,P /D
Wt
P

= ln
wt,P β lt,P /D .
P
1

In [FS97] losses of experts are upper bounded by 1 at each trial, while in our case
they are upper bounded by D. So the second term of the loss bound in (6) has the
factor D.
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Since lt,P /D ∈ [0, 1] and 0 ≤ β < 1, we have β lt,P /D ≤ 1 − (1 − β)lt,P /D.
Plugging this inequality into the above formula, we have
ln


Wt+1
≤ ln
wt,P (1 − (1 − β)lt,P /D)
Wt
P

= ln (1 − (1 − β)Lt /D)
≤ −(1 − β)Lt /D.
Summing the both sides over all t’s, we get
T

t=1

D(ln W1 − ln WT +1 )
1−β

D ln P w1,P β l1..T ,P /D
=−
1−β
D ln w1,P ∗ β l1..T ,P ∗ /D
≤−
1−β
1
ln 1/β
D
l1..T,P ∗ +
ln
=
,
1−β
1 − β w1,P ∗

Lt ≤

where P ∗ is any path. This proves (6).
Unfortunately, the loss bound in (6) depends on the depth D of G. Thus the
graphs of large depth or for cyclic graphs the bound is vacuous. In some cases,
however, we have a bound where D does not appear in the bound although the
depth can be arbitrarily large. We give an example of such graphs in Figure 2.
The graph has n+1 nodes and each node i (1 ≤ i ≤ n) has two outgoing edges ei
and ei to node i + 1. Let vt,i and 1 − vt,i denote the weights of these edges at
trial t, respectively. Let dt,i and dt,i be the distances assigned to these edges at
trial t. Note that the depth of the graph is n.
e1
vt,1

e2
vt,2

en
vt,n

1−vt,1

1−vt,2

1−vt,n

e1

e2

en

Fig. 2. An example graph whose depth D does not appear in the loss bound
Now we give a loss bound of the Hedge algorithm when applied to this graph.
In this case we use the following update rule
wt+1,P = 

wt,P β lt,P
lt,P 

P  wt,P β

(7)

82

Eiji Takimoto and Manfred K. Warmuth

instead of (5). The key property we use in the analysis is that ln(Wt+1 /Wt ) is
decomposed into n independent sums:
ln


Wt+1
= ln
wt,P β lt,P
Wt
P





dt,i
dt,i
vt,i β
= ln
(1 − vt,i )β
A⊆{1,...,n}

= ln

n


i∈A

i∈A
/


vt,i β dt,i + (1 − vt,i )β dt,i

i=1

=

n




ln vt,i β dt,i + (1 − vt,i )β dt,i .

i=1

 


Here we used the following formula: A i∈A ai i∈A
/ bi =
i (ai + bi ). Using
the approximation β x ≤ 1 − (1 − β)x for x ∈ [0, 1] as before, we have

Wt+1
ln
≤
ln 1 − (1 − β)(vt,i dt,i + (1 − vt,i )dt,i )
Wt
i=1
n

≤ −(1 − β)

n


(vt,i dt,i + (1 − vt,i )dt,i )

i=1

= −(1 − β)

n


Lt ,

i=1

which ends up in the following tighter bound


T
T

1
1
ln(1/β) 
ln
Lt ≤ min
lt,P +
.
P
1 − β t=1
1 − β w1,P
t=1
So why did the ratio WWt+1
decompose into a product? This is because the
t
graph of Figure 2 may be seen as sequential composition of n two-node graphs,
where there are always two edges connecting the pairs of nodes. As you go from
the source to the sink (from left to write), the choices at each node (top versus
bottom edge) are “independent” of the previous choices of the edges. In the next
section we will make this precise. A sequential composition will cause the kernel
computation to decompose into a product (And conveniently logs of products
become sums of logs). The graph of Figure 2 represents n sequential binary
choices, i.e. a product of Bernoulli variables and this was used to model the
BEG algorithm for learning disjunctions [HPW02] (A literal in the disjunction
is either on or oﬀ). The direct algorithm maintains one weight per disjunction
(subset of {0, 1, . . . , n}). If the loss of a disjunction is measured with the attribute loss then the loss of a disjunction is the sum of the losses of its literals.
We obtain an eﬃcient indirect algorithm by maintaining only one weight per
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Fig. 3. An example of an SP digraph and its syntax tree

literal and the analysis decomposes as shown above. In this case the WeighPushing algorithm converts the update (7) for the path weights to an update for
the edge/literal weights, resulting in the standard BEG algorithm for learning
disjunctions [HPW02].

5

Regular Expressions for Digraphs

In this section we consider a digraph as an automaton by identifying the source
and the sink with the start and the accept state, respectively. The set of all
source-sink paths is a regular language and can be expressed as a regular expression. For example the set of paths of the digraph given in Figure 1 is expressed
as
e2 e7 + (e1 + e2 e3 )e∗4 e5 (e6 e3 e∗4 e5 )∗ (e8 + e6 e7 ).
The convolution kernel based on regular expressions is introduced by Haussler [Hau99] and is used to measure the similarity between strings. Here we show
that the kernel computation gives an eﬃcient implementation for the Weight
Pushing algorithm. For the sake of simplicity we assume that the source has no
incoming and the sink no outgoing edges, respectively.
5.1

Series Parallel Digraphs

First let us consider the simple case where regular expressions do not have the
∗-operation. In this case the prescribed graphs are series parallel digraphs (SP
digraphs, for short). See an example of SP digraphs with its regular expression
(in terms of the syntax tree) in Figure 3. Note that any edge symbol ei appears
exactly once in the regular expression that represents an SP digraph. The syntax
tree is used to compute the dot product Φ(v) · Φ(x): Replace the leaves labeled
edge ei by the input product vi xi and + by plus (+) and ◦ by times (·) (See
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+
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+

v6 x6
+

v2 x2 v3 x3v4 x4 v5 x5

x5

Fig. 4. The dot product Φ(v) · Φ(x)
Fig. 4). Now the value of the dot product is computed by a postorder traversal
of the tree. This takes time linear in the size of the tree (number of edges).
Although SP digraphs seem a very restricted class of acyclic digraphs, they
can deﬁne some important kernels such as the polynomial kernel: Φ(z) · Φ(x) =
(1 + z · x)k , for some degree k. This is essentially the path kernel deﬁned by the
regular expression
(" + e1,1 + · · · + e1,n )(" + e2,1 + · · · + e2,n ) · · · (" + ek,1 + · · · + ek,n ),
where any set of k edges e1,i , . . . ek,i happen to receive the same input values zi
and xi and the edges labeled with " always receive one as input. Note that z does
not necessarily represent edge weights that deﬁne a probability distribution over
the paths. But if all zi ’s are non-negative, then the Weight Pushing algorithm
when applied to the weights zi produces the edge weights vj,i = zi /(1 + z1 + · · ·+
zn ) for the edges ej,i and and v0,i = 1/(1 + z1 + · · · + zn ) for all " edges. The edge
weights v of resulting kernel now satisfy Property 1 and 2, and Φ(v) · Φ(x) =
Φ(z) · Φ(x)/(1 + z1 + · · · + zn )k . This kernel (without the " edges) is the path
kernel underlying the Normalized Winnow algorithm [HPW02]. Also the case
k = 2 (related to the kernel associated with Figure 2) is perhaps the simplest
kernel of this type:
Φ(z) · Φ(x) =





A⊆{1,...,n} i∈A

zi xi =

n

(1 + zi xi ).
i=1

This is the “subset kernel” introduced in [KW97] (also the “monomial kernel”
of [KRS01]) which was the initial focal point of this research.
Now we give an eﬃcient implementation for the Weight Pushing algorithm
that guarantees normalized updates (1), namely,



ve be
e∈P ve be
(8)
ṽe =  
= e∈P
Φ(v) · Φ(b)
P
e∈P  ve be
e∈P
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for any path P . Each node of the syntax tree corresponds to a regular expression which represents a component of the given SP digraph G. Note that the
root of the tree corresponds to the entire graph G. For any component regular
expression H of G, let P(H) denote the set
of all paths
 that H generates. For
values x on the edges of H, let ΦH (x) = P ∈P(H) e∈P xe . Furthermore, we
deﬁne the kernel associated with H as
 
ve be .
K H (v, b) = ΦH (v) · ΦH (b) =
P ∈P(H) e∈P

As stated in the beginning of this section, this is recursively calculated as follows.

if H = e for some single edge e,
 ve be
k
H
Hi
K (v, b) if H = H1 ◦ · · · ◦ Hk ,
K (v, b) =
 i=1
k
Hi
(v, b) if H = H1 + · · · + Hk .
i=1 K
Now we give an update rule for v. For any edge e in H, let ṽeH be deﬁned
recursively as

1
if H = e for some single edge e,





 K Hi (v,b)
Hi if H = H1 + · · · + Hk and e is the preﬁx of some path
ṽeH =
K H (v,b) ṽe P ∈ P(H ),
i




otherwise,
where Hi is a child node of H for which

 ṽeHi
e ∈ P for some path P ∈ P(Hi ).
Finally the weights on the edges are given by ṽe = ṽeG . The next theorem shows
that this update assures (8).
Theorem 1. For any component graph H of G and any path P ∈ P(H),


ve be
H
.
ṽe = e∈P
H
K (v, b)
e∈P

Proof. We show the theorem by an induction on the depth of the syntax tree.
In the case where H consists of a single edge, the theorem trivially holds.
Consider the case where H = H1 ◦ · · · ◦ Hk . In this case any path P ∈ P(H)
is a union P = P1 ∪ · · · ∪ Pk for some Pi ∈ P(Hi ) for 1 ≤ i ≤ k. So


ṽeH =

e∈P

=
=

k 

i=1 e∈Pi
k 


ṽeHi

i=1 e∈Pi
k 

e∈Pi ve be
K Hi (v, b)
i=1



=

ṽeH

e∈P ve be
.
K H (v, b)

by the deﬁnition of ṽeH
by the induction hypothesis

86

Eiji Takimoto and Manfred K. Warmuth

Finally for the case where H = H1 + · · · + Hk , any path P ∈ P(H) is a path
in some P(Hi ). Moreover only the preﬁx edge of P changes its weight. Therefore,

e∈P

K Hi (v, b)  Hi
ṽe
K H (v, b)
e∈P

K Hi (v, b) e∈P ve be
by the induction hypothesis
= H
K (v, b) K Hi (v, b)

ve be
= e∈P
,
K H (v, b)

ṽeH =

which completes the proof.



It is not hard to see that the weights ṽ can be calculated in linear time.
5.2

Predicting Nearly as Well as the Best Pruning

One of the main representations of Machine Learning is decision trees. Frequently
a large tree is produced initially and then this tree is pruned for the purpose
of obtaining a better predictor. A pruning is produced by deleting some nodes
in the tree and with them all their successors. Although there are exponentially many prunings, a recent method developed in coding theory and machine
learning makes it possible to maintain one weight per pruning. In particular,
Helmbold and Schapire [HS97] use this method to design an elegant multiplicative algorithm that is guaranteed to predict nearly as well as the best pruning
of a decision tree in the on-line prediction setting. Recently, the authors [TW99]
generalizes the pruning problem to the much more general class of acyclic planar
digraphs. In this section we restate this result in terms of path kernels on SP
digraphs.
A pruning of an SP digraph G is a minimal set of edges (a cut) that interrupts
all paths from the source to the sink. In the example of Fig. 3, all the prunings
of the graph are {e1 , e2 , e3 , e6 }, {e1 , e4 , e5 , e6 }, {e1 , e7 }. The key property we use
below is that for any path P and pruning R, the intersection always consists of
exactly one edge. Let P ∩ R denote the edge.
First we describe an algorithm working on the feature space that performs
nearly as well as the best pruning of a given SP digraph. The algorithm maintains
a weight wt,R per pruning R. Previously an input vector xt at trial t is given
to all edges. Now an input vector xt is given only to the edges of a single
path Pt . In the decision tree example this path is produced by some decision
process that passes down the tree. We do not need to be concerned with how the
path Pt at trial t is produced. Each pruning R predicts as the edge that cuts the
predicts with
path Pt , i.e. the prediction of R is xt,R = xt,Pt ∩R . The algorithm

the weighted average of predictions of prunings, i.e. ŷt = R wt,R xt,R . Then an
outcome yt is given and the algorithm suﬀers loss Lt = L(yt , ŷt ) for a previously
ﬁxed loss function L, say, L(yt , ŷt ) = (yt − ŷt )2 . Similarly pruning R suﬀers loss
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L(yt , xt,R ). Finally the algorithm updates weights so that
wt,R exp(−ηL(yt , xt,R ))
wt+1,R = 
R wt,R exp(−ηL(yt , xt,R ))
holds for all R.
Now we express this algorithm in terms of path kernels and weight updates
on the edges. Consider the dual SP digraph GD which is deﬁned by swapping
the + and ◦ operations in the syntax tree. Note that prunings and paths in G
are swapped in GD , namely, a pruning R in G is a path in GD and the path Pt
in G is a pruning in GD . The algorithm works on the dual graph GD and
maintains weights
v t on the edges of GD that represent the weight of path R

as wt,R = e∈R vt,e . At trial t the input vector xt is assigned to the edges of
a pruning Pt . The xt,e for which e ∈
/ Pt are set to one. Let ΦD (xt ) denote the
vector of all feature values corresponding to the paths in GD . Then the value of
feature/path R is

xt,e = xt,Pt ∩R = xt,R .
ΦD (xt )R =
e∈R

So the prediction ŷt of the algorithm is expressed as ŷt = ΦD (v t ) · ΦD (xt ), which
is eﬃciently computed by a path kernel.
Moreover, since the loss of path R at trial t is L(yt , xt,R ) = L(yt , xt,Pt ∩R ),
letting

exp(−ηL(yt , xt,e )) if e ∈ Pt ,
bt,e =
1
otherwise,
we have



vt+1,e

e∈R


e∈R vt,e bt,e
=  
.
R
e∈R vt,e bt,e

This is the same form as (8) and hence can be eﬃciently calculated as shown in
the previous section.
Note that in each trial t only the edges in the input path Pt are “relevant”
to computing the prediction value ŷt and the new edge weights v t+1 . Maintaining K H (v t , bt ) for each component expression H, we can compute ŷt and v t+1 in
time linear in the size of Pt [TW99], which can be much smaller than the number
of all edges. So when the given graph is series-parallel, the implementation we
give in this section can be exponentially faster than the original Weight Pushing
algorithm.
5.3

Allowing ∗-Operations

Now we consider the general case where regular expressions have ∗-operations.
First let us clarify how the digraph is deﬁned by ∗-operations. Let H1 be any
digraph that is deﬁned by a regular expression. Then we deﬁne the digraph for
H = H1∗ as in Figure 5: add a new source with an "-edge from it to the old
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H = H1∗

3
H1

1
1
vH2

1

2

Fig. 5. The digraph deﬁned by H1∗ . The
solid box represents H1 , where its
source and sink are designated as  and , respectively
source, add a new sink with an "-edge from the old source to the new sink, and
add an "-edge from the old sink back to the old source. For convenience we call
them "1 , "2 and "3 , respectively. All "-edges are assumed to always receive one
as input, namely, bi = 1. Let vHi denote the weight for the edge "i . Clearly it
always holds that vH3 = 1. 

The kernel K H (v, b) = P ∈P(H) e∈P ve be can be calculated in the same
way as stated in Section 5.1 when H is a concatenation or a union. When H = H1∗
for some regular expression H1 , it is not hard to see that
K H (v, b) = vH1

∞


K H1 (v, b)

k

vH2 = vH1 vH2 / 1 − K H1 (v, b)

k=0

if K H1 (v, b) < 1 and K H (v, b) = ∞ otherwise.
Similarly the update rule for v is computed through ṽeH . The deﬁnition of
H
ṽe is the same as in Section 5.1 when H is a concatenation or a union. When
H = H1∗
 H
v1
if e = "1 ,



 K H1 (v, b)ṽ H1
if e is the preﬁx of some path P ∈ P(H1 ),
e
ṽeH =
H
H
1
 v2 / 1 − K (v, b) if e = "2


 H1
ṽe
otherwise.
Then we can show that the weights ṽeH satisfy


ve be
ṽeH = e∈P
K H (v, b)
e∈P

for any path P ∈ P(H).

6

Conclusion

In this paper we showed that path kernels can be used to indirectly maintain exponentially many path weights. Multiplicative updates give factors to the edges
and the Weight Pushing algorithm renormalizes the edge weights so that the
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outﬂow out of each vertex is one. We also showed that it is often convenient to
express the path sets as regular expressions, leading to eﬃcient implementations
of path kernels and the Weight Pushing algorithm. We gave the path kernels that
interpret BEG and normalized Winnow as direct algorithms over exponentially
many paths. A similar interpretation for Winnow is unknown [HPW02].
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