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Abstract here we consider the issue of in—plane rotational invaganc
We begin by describing in Sec. 2 how maximal rank rota-
In this paper we analyze the effect of rotational invariant tional invariant operators can be computed in exact form for
operators for texture recognition using cross-validat®t  texture features extracted by steerable filter banks ubkimg t
periments with different sample sizes. This work presents| je group approach. In Sec. 3 we extend the notion of rota-
three main contributions. First, invariant operators for tion invariance by considerimgndomized invariantsRan-
steerable filter banks are derived analytically using the Li  domized invariants are obtained by artificially perturbing
group approach. Second, the use of “randomized invari- descriptor according to the same type of transformation for
ants” for steerable texture analysis is introduced. Random which invariance is sought. The idea of randomized invari-
ized invariants produce classification rates that are imer ance is interesting for two main reasons. First, it allows
diate between those of non-invariant and of invariant fea- one to approximate an actual invariant without the need for
tures. Third, a thorough quantitative analysis is presénte  deriving an analytical expression of it, which may be a dif-
highlighting the relationship between classification perf  ficult and sometime impossible task. Second, randomized
mances and training sample size, textural characterisifcs  invariants are parameterizable, meaning that the amount of

the data set, and classification algorithm. induced variance can be controlled.
] In order to provide an experimental assessment of the ef-
1. Introduction fect of rotational invariant and randomized invariant @per

tors, we tested two different classification algorithmdweit
cross—validation procedure over three different imags. set
Two classes were defined for each data set. Both classi-
fiers operate on the features obtained by a bank of multi—
scale steerable filters. The two classification algorithms

ever, this is not necessarily the case for all vision tasks. 5re respectively: a Maximum Likelihood classifier based
While removing the effect of nuisance parameters, invari- o \jixture—of-Gaussian modeling of the class—conditional

ance may also destroy relevant information, thus increas-jiejihgods; and an AdaBoost classifier [5]. In particular,
ing ambiguity. When is invariance beneficial then? Previ- 5 featyre selections scheme was used in conjunction with

ous work [9] argued that a critical factor determining the aqaBoost when dealing with randomized invariants. This
need for invariance is the size of th(_a training data. When algorithm, inspired by the popular feature selection sahem
a large amount of well-representative data, under all €x-4¢ 130 pyilds a combination of weak classifiers based on
pected realizations of the nuisance parameters, is al@ilab gjterent randomized invariants. The idea is that a classi-
then, in principle, a classifier should have enough informa- i that uses both non—invariant and invariant features can

tion to make optimal (in Bayesian sense) decisions, and in- 440t tself naturally to the characteristics of the datar O
variance can be detrimental. If, instead, decisions must be, <5 _validation experiments with different sizes oftirag

taken ba_sed on very little tra_li_ning data (as is the_ case insamples are described in Sec. 4.
many object or scene recognition problems), then it is clear
that invariance can and should be used. . .

In this work, we concentrate on the problem of texture— 2. Rotational Invariance for Texture
based image classification. Our leading application isescen
understanding for outdoor autonomous vehicles [16]. Tex-
ture and color cues may provide important information
about the materials visible in the scene, which can be use
to select optimal paths for a moving robot. In particular,

This paper investigates the properties of invariant opesat
in the context of texture classification. Invariance to *nui
sance” parameters (orientation, scale, illumination,) a&
normally considered beneficial for computer vision. How-

A mainstream approach to texture analysis is based on the
representation of texture patches by low—dimensional loca
Odescriptors. A linear filter bank is normally used for this
purpose. The vector (descriptor) formed by the outputs of
N filters at a certain pixel is a ranR+linear mapping of the
*This work was supported by NSF under contract 11S-0222943. graylevel profile within a neighborhood of that pixel. The




marginal or joint statistics of the descriptors are therduse is a consequence of a very general phenomenon that can be
to characterize the variability of texture appearance. formalized in terms of the classification of a random vari-

It is customary to choose analysis filters that are scaledablez into a pre—determined set of classes as follows [9]:
and rotated version of one or more prototype kernels (with
odd and even symmetry). If the prototype filter kernel is
well localized in both the spatial and frequency domain,
this approach provides an effective sampling of the loca
spectrum along the semantically meaningful axes of scale
and orientation. This representation is also attractive be
cause it transforms in a predictable way under the action of
similarity transformations of the domain (isotropic sogli
in—plane rotation). li(z,y, 0, 0) is the descriptor compo-
nent corresponding to a kernel at scalend orientation
f, one may expect that, after rescaling of the domain cen-
tered at(z,y) by factor Ac and rotation aroundz, y) by

Proposition 1: The Bayes rate under 0—1 loss can never
| decrease as a consequence of a non—invertible transforma-
tion of z.

The Bayes rate represents the minimum achievable mis-

classification rate. Since an invariant operator performs a

non—invertible transformation of the descriptor, accogdi

to Proposition 1 no benefit may derive from it. In fact, it

is easily seen that, if the probability density functionfjpd

. of the descriptor vector is constant along any orbit of the

angleAd, the new output should be approximately equal to transformation group action, then the Bayes rate remains

l(z,y,0 — Ao, 0 — AF) unchanged. This agrees with intuition in the case of generic
Scale and rotation invariance has often been advocated;jewpoint assumption: if there is no reason to believe that

for texture analysis. The quest for invariance stems from 54 patch will be seen at a particular orientation, rotational

the fact that the position and orientation of the camera in jyyariance should do not harm.

the scene or of a surface patch with respect to the camera

cannot be constrained (generic viewpoint assumption). For s invariance useless (at best) as Proposition 1 seems to
example, a rotational invariant texture feature is a qtyanti imply? Years of experience with invariant operators in vi-
that is independent of any rotation of the camera around itS¢5n have shown that, when properly chosen, invariant op-
optical axis, while a scale invariant feature is unaffedtgd  orators are actually very useful. For example, [29] obsgrve
foreshortening. that rotational invariant texture features seem to produce
Is the hypothesis of complete prior ignorance about the petter results than non—invariant features for the CUReT
viewpoint acceptable in this context? It is reasonableo ar database. This apparent contradiction may be resolved by
gue that, at least for some classes of objects and for som@aking into account the small sample size phenomenon. The
specific applications, it is not. As a simple, intuitive exam Bayes rate refers to the Bayes classifier, which assumes
ple, consider the case of an autonomous vehicle that anafull knowledge of the statistical description of the data at
lyzes the terrain in front of itself to figure out which pathto hand. In fact, one usually has only a limited—size sam-
take. The different types of terrain cover that can be ex- ple of data for training, and therefore the issue of gener-
pected in natural environments (grass, soil, gravel, mud)alization plays an important role. A useful statisticalltoo
can, at least in principle, be characterized by their visual the bias—variance theory for classification [2, 6, 7, 27]swa
texture. For example, the texture descriptors of the classadvocated in [9] to describe this phenomenon. Basically,
“grass” would typically have high power at vertical orienta  jnvariant descriptors are “simpler” and therefore general
tion. Of course, grass blades will not always look vertical, jze better than non-invariant ones, meaning that they are
because, for example, the wind may be blowing, or the ve- more resilient to the unavoidable variance in the choice of
hicle may roll left and right. Still, one may expect that, the training sample. Thus, in spite of the fact that invari-
on average, the response at horizontal orientation sh@uld b ance may increase ambiguity and therefore the classifier's
lower than at vertical orientation. In other words, the pfie  bias, for small training samples, which have higher associ-
tation at which a generic texture patch is seen, is not an uni-ated variance (a main cause of misclassification), invagan
form random variable in—, 7]. Note that, if the texture  may increase the effective classification rate. Indeedyen t
orientation of a certain clags uniform, then, for a given  case of recognition or matching from just one image, some
scale, the marginal densities of the filter outputs at d#ffér  sort of invariance has been shown to be necessary [21, 15].
orientations will be identical. However, for other types of tasks and features, this may not
A rotational invariant operator maps all values of the always be the case.
descriptor vector corresponding to the planar rotation of a
given patch (formally, therbit of the rotation group action One of the goals of this paper is to verify this notion by
on the descriptor [28]) onto a single value. The problem means of cross-validation experiments on real-world data
with this operation is that precious information for recegn  using rotational-invariant texture features. The nextisac
tion may be lost in the process. This fairly intuitive notion describes the selected features and invariant operators.



2.1. Invarianceand Lie groups 2.2. Steerability Invariance

Rotational invariance can be enforced in a number of IN its most general form, steerability is defined as the prop-
ways. Perhaps the simpler approach is to choose feature§™Y of a function to transform under the action of a Lie
that are “naturally” invariant, such as differential invar ~ 9roup as a linear combination of a set of fixeaisis func-
ants [1, 14, 21] or integral invariants (moments) [11, 26]. tions[10]. We will consider here only steerable filters with
Another possibility is to start from a given descriptor, and basis functions that are the rotated versions of a prototype
to make it invariant via a suitable transformation. When the kernelh(z,y) (equivariant function spacflL0]). We will
feature can be expressed as an explicit function of orienta-2/S0 assume that the prototype kernel is axially symmetric,
tion (such as the result of projection onto a set of angular SO that only rotations between 0 andare of interest. If
Fourier basis kernels, implemented by the convolution with 7:(2; ), With 0 < i < N, is the version of the kernel ro-

a bank of oriented filters), then, referred to the orientatio tated byiN/m, thenthe rotated version afz, y) by angled
axis, a rotation of the input data transforms into a cyclic ¢an be written as a linear combination of thgz, ), with
shift. Simple translation—invariant operators can then be coefficients that only depend @n This also implies that, if
used, such as the magnitude of the Fourier transform [8] orl;(z, y) 2 l(z,y,0;) is the filtered version of imaggz, y)
relative phase components [24]. Another approach is to findrotated byi N/, then, for a generic angtg

the “dominating” orientation and normalize the descriptor
with respect toit [13, 12, 20, 15].

A very general approach to the design of invariants was
presented in [28]. The idea is to model the effect of “nui-
sance” parameters (such as rotations) as orbits of Lie grougor suitableinterpolation functions:; (¢) that are indepen-
actions. This theoretical framework has two main advan- dent ofl. We will concentrate on steerable prototype ker-
tages. First, it directly provides the number of independen Nels that are higher order directional derivatives£)nof
invariants, which is equal to the number of independent pa-an isotropic Gaussian functid@#(x, y). Such functions can
rameters needed to fix the position of a point in measure-be written as(—1)" Hy; ()G (z,y), whereHy (z) is the
ment space, minus the orbit dimension. Second, it showsHermite polynomial of ordef/, and M/ is the order of the
that designing invariants is equivalent to finding the solu- derivative. In [4] it was shown thalV = M + 1 basis
tions of a system of partial differential equations (PDE), functions are sufficient to synthesizé,;(z)G(z,y), and
thereby providing a systematic algorithm for the design. that the inte_rpolation functions in this case are trigonbme
Assume that for a given pixék, y), the descriptor vectoris ~ fiC polynomials.

N-1
=0

(lo,...,In_1). Since the group of planar rotatior8Q(2) A “steerability invariant” operator can be applied on
has dimension 1, we should expect thét— 1 indepen-  the output of the basis filter bank, transforming the
dent rotation invariants exist. More precisely, a rotagion ~Vector (lo,...,Iy—1) into the rotational invariant vec-
invariant operator is a mappingfrom the N—dimensional ~ tor (lo,...,In-1), wherel; = fi(lo,...,In-1) and
manifold representing the descriptors’ space t&Va— 1)-  (fo,-.- fv—1) are independent invariant operators. It is
dimensional manifold, that solves the following PDE: easy to prove that, thanks to the equivariant nature of the
chosen filter bank, the PDE in (1) can be expressed in sim-
N_1 ple form as:
Z of oli| - _ 0 1) v/ THL 3)
1=0 Ol 99 =0 where Vf = (af/(r“)ll, ceey Bf/alN_l)T, I =
oL, . ) (lo,...,In—1)T, and H is a Toeplitz antisymmetric
where 55 [,_, represents the incremental ratio of the de- naix. The solutions of (3) turn out to be (functions of)

scriptor component; as the image is rotated around pixel

(z,y). Note in passing that the trivial, rank—0 invariant (a

cor_lstantf) a!so solves (1)._The goal of invariant design is 3. Randomized Steerability Invariants

to find amaximal rankdescriptor [19], such that the rank of

its Jacobian matrix &t is equal toNV — 1. Of course, any  The theory of invariant operators described so far allows

function of an invariant descriptor is invariant as well. only for a dyadic choice: either a feature is invariant to a
Thus, in order to find a rotational invariant, we must be transformation, or it is not. How could one enforce a “soft”

able to (1) express the partial derivatives of the measure-version of invariance? A possible strategy is to add “jit-

ments with respect to a rotation, and (2) solve the PDE tered” versions of the training samples, as in [3, 22, 23]. In

in (1). In the next section we show that steerable filter other words, one may apply random transformations to the

banks, a widely used class of texture descriptors, allow ustraining data, with the transformation parameter (e.da-ro

to accomplish both tasks. tion) moving slightly around the identity (in our cage0).

polynomials in the{l;}.



This strategy was given the namerahdomized invari-  texture features for our classification experiments. Thus,
antin [9]. Randomized invariants can be easily understood the dimension of the feature vector was(3 + 4) = 14 in
if, in the chosen representation of the feature space, the orthe non—invariantcase; (2+3) = 10 in the invariant case.
bits of transformation group actions are parallel to one of  We ran a number of cross—validation experiments, by
the axes. In this case, the invariant operator simply re-randomly selecting a training sample from the pool of all
moves the dimension corresponding to this axis, an oper-features for the labeled image areas, and testing the clas-
ation that corresponds tmarginalization(i.e., integration  sifier designed using such sample on the remaining®data
along that axis) in terms of the pdf of the feature. The For each chosen size of the training sample, we ran 90 tests,
idea of randomized invariants is to substitute marginaliza each time randomly selecting the training data. The average
tion with convolution of the pdf along the chosen axis with correctness rate of the tests, as well as the results’ stdinda
a positive, normalized kernel. As the standard deviation of deviation, was computed and plotted for a number of differ-
this kernel approaches infinity, this convolution is equiva ent training data portions.
lent to marginalization. As it approaches zero, it is leaves  Two different classifier were used for our experiments.
the pdf unchanged. A simple way to realize such a convo-The first one was a Maximum Likelihood (ML) classifier
lution is to add to the training data samples of iid random based on Mixture—of-Gaussians (MoG) modeling of the
noise with pdf equal to the chosen kernel. This operation is conditional likelihoods. The number of Gaussian modes for
equivalent to perturbing the descriptoalong the transfor-  each class and for each training sample size was chosen us-
mation orbit by a random quantity. Note that this operation ing the cross—validation procedure of [25]. A minimum of
is only performed at training time; the data to be classified 2 and a maximum of 5 modes were allowed. The second
is left untouched. classifier was based on the AdaBoost algorithm [5] a well—-

Using equivariant filter banks, it is easy to create ran- known technique based on the combination of a number of
domized invariant features, by using the interpolatiorcfun  “weak classifiers”, which has good generalization proper-
tions to steer all basis functions by the same (random) an-ties.

gle 6. In our experiments, the perturbatiérwas a white The two classifiers were used with identical modalities in
noise with marginal density uniform if-r7,r7|, where cross—validation experiments with both non-invariant and
0 <r < 1istherandomization index invariant features. For the case of randomized invariaait fe
tures, two different approaches were used. For the ML clas-
4. Experiments sifier, we chose a fixed value for the randomization index

(r = 0.25). For the AdaBoost classifier, we used the fol-

We used three different image sets for our experiments,lowing strategy, inspired by the feature selection scheme
all of which containing outdoor images. The first data set of [30]. The randomization index was initially quan-
is the Outex-NS-00000 set in the Outex image datdbase tized in 101 steps between 0 and 1, thus including the non—
[18]. This set contains 20 images, which were origi- invariant and 100 randomized invariant features. A weak
nally hand—labeled into 6 classes. We retained one sucHinear classifier was built for each such feature, and the-cla
class (“road”) and considered one cumulative class (“vege-sifier using the feature with smallest associated misdlassi
tation”) for three other original classes (“trees”, “bushe  cation rate (as tested on the training data set) was chosen,
“grass”). The remaining classes were neglected. while the associated feature was removed from the set. The

The second data set, named ROAD and shown in Fig. 2 training data was then weighted based on the classification
contains 10 images taken by a robot moving in natural envi- results as in the canonical AdaBoost scheme, and the pro-
ronments. These images were used already in [9] for texturecedure was iterated. Convergence was declared when either
classification analysis. The images were hand—labeled into? maximum number of iterations (in our experiments, 20)
two different terrain cover classes: “soil” and “low vege- Was reached, or when the best—performing weak classifier
tation”2. The third data set, named TREES and shown in using any remaining feature was only slightly better than
Fig. 4, contains 14 images taken in a redwood forest. Two random guessing. The main difference with respect to the
classes, “tree trunks” and “undergrowth” were identified. original feature selection scheme of [30] is that the cohcep

Note that the texture of “tree trunks” has very strong direc- Of different “features” only applies to the classifier desig
tionality characteristics. In fact, each weak classifier operates on the same feature

We used combinations of even/(=2) and odd {/=3) space (the reader is reminded that randomized invariamts ar
steerable filters, in their non—invariant, invariant and-ra  only a tool for classifier design, and that the test data is not

domized invariant form, at two different scales, to extract Perturbed). _ o
The results of our experiments are shown in Figs. 1, 3

Ihttp://www.outex.oulu. i
2The label files for the ROAD and TREES image sets are availale SSimilar tests, but using whole images for training, were asn-
request. ducted, obtaining comparable error rates.




and 5. We leave the analysis of such results to the next,..

section.
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Figure 3: Cross—validation classification experimentden t
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5. Discussion and Conclusions

The experiments of the previous section highlighted a num-

ber of interesting properties of rotational invariant agers
for texture. First of all, it is seen that the effect of rota-
tional invariance depends dramatically on the directiyal
characteristics of the texture in the data set. This is lear

Figure 5: Cross—validation classification experimentden t
TREES data set with different proportions of training data
(see caption of Fig. 1).

For the remaining data sets, the ML and the AdaBoost
classifiers showed quite different characteristics. Irctee
of the ML classifier, the correctness rate decreases (as ex-
pected) with the size of the training sample, as a conse-
guence of increased variance. For large enough training
samples, the non—invariant classifier is shown to outper-
form the invariant one. However, the situation is reversed
for smaller training sets. This confirms the intuitive natio
that invariant operator can improve generalization. lagee
a cross—over point can be seen in Figs. 1 and 3 for a certain
training sample size. The situation is very different in the
case of the AdaBoost classifier, which, at least for the train
ing sample sizes considered in this work, always performs
better with the invariant features. The exact reason far thi
discrepancy is the object of current research. Note algo tha
the best AdaBoost classifier for each data set (i.e., using
invariant features in the Outex and ROAD sets, and non—
invariant features in the TREES set) always outperforms the
best ML classifier. On the other hand, the worst AdaBoost
classifier is worse than the worst ML classifier for each set.
Also, AdaBoost seems to be more sensitive to the choice
of the training data, as shown by the higher variance of the

seen in the TREES data set, which contains one class (“tregcorrectness rate results.

trunks”) that has a strong vertical texture. In this case, ro
tational invariance removes important discriminativeoinf
mation, thereby reducing the correct classification rate.

For what concerns the use of randomized invariants, it is
shown that in the ML classification case, randomized in-
variants give intermediate performance between the non-



invariant and the invariant case when the training sample[13] H. Knutsson and G.H. Granlund, “Texture analysis us-

is sufficiently large, but degrade the classification rate fo ing two-dimensional quadrature filterSEEE Workshop on
small samples. For the AdaBoost case, the proposed feature ~ Comp. Arch. Patt. Anal. Image Database Mgr88397,
selection algorithm yields correctness rates that areisons 1983.

tently placed between the non-invariant and the mvangnt 14] J.J. Koenderink and A.J. van Doorn, “Representatiofoof
case for the Outex and the ROAD sets, and almostidentical’ ¢4 geometry in the visual systerBjological Cybernetics

to the non—invariant case for the TREES set. In the latter  55:367375, 1987.

case, inspection of the histogram of the randomization in-

dices chosen by the algorithm shows that only low indices [15] D.G. _Lowe. “Distinctive image features from scaledaniant
were selected. Hence, the proposed randomized invariant ~ Keypoints”, lJCV, 60(2):91-110, November 2004.

feature selection scheme looks like a viable and “safetstra [16] R. Manduchi, A. Castano, A. Talukder, and L. Matthies,
egy when one is uncertain about the textural charactesistic ~  “Opstacle detection and terrain classification for autooosn
of the data to be classified, and thus about whether rota-  off-road navigation” Autonomous Robat&8, 81-102, 2005.

tional invariance should or should not be used. o . .
[17] K. Mikolajczyk and C. Schmid, “ A performance evaluatio

of local descriptors”|EEE CVPR 2003.
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