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Abstract
Molecular motors are small, and, as a result, motor operation is dominated by high-viscous friction and large thermal ﬂuctuations
from the surrounding ﬂuid environment. The small size has hindered, in many ways, the studies of physical mechanisms of molecular
motors. For a macroscopic motor, it is possible to observe/record experimentally the internal operation details of the motor. This is not
yet possible for molecular motors. The chemical reaction in a molecular motor has many occupancy states, each having a different effect
on the motor motion. The overall effect of the chemical reaction on the motor motion can be characterized by the motor potential proﬁle.
The potential proﬁle reveals how the motor force changes with position in a motor step, which may lead to insights into how the chemical
reaction is coupled to force generation. In this article, we propose a mathematical formulation and a robust method for constructing
motor potential proﬁles from time series of motor positions measured in single molecule experiments. Numerical examples based on
simulated data are shown to demonstrate the method. Interestingly, it is the small size of molecular motors (negligible inertia) that makes
it possible to recover the potential proﬁle from time series of motor positions. For a macroscopic motor, the variation of driving force
within a cycle is smoothed out by the large inertia.
r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Molecular motors are very small and operate in a viscous
ﬂuid environment (water). Consequently, the motor motion is dominated by high viscous friction and large
thermal ﬂuctuations (Berg, 1993). The small size of
molecular motors has hindered, in many ways, the studies
of motor mechanisms. It is not yet possible to observe/
record the internal motion of a single molecule motor. Nor
is it possible to observe/record the chemical occupancy
state of a single molecule motor. Because of the small size,
molecular motors have several features that distinguish
themselves from macroscopic motors. The most prominent
feature of molecular motors is that the time scale of inertia
is much smaller than that of chemical reaction cycle in the
motor. On the time scale of motor operation, the effect of
inertia is negligible. Another feature of molecular motors is
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0022-5193/$ - see front matter r 2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jtbi.2006.04.005

that the instantaneous velocity, caused by the bombardments of surrounding ﬂuid molecules, changes drastically
over the time scale of motor operation, and is typically
much larger than the average velocity of the motor. In
comparison, for macroscopic motors, the time scale of
inertia is much larger than that of reaction cycle, and the
instantaneous velocity is almost constant over the time
scale of reaction cycle and is almost the same as the average
velocity. These peculiar features suggest that we may be
able to exploit some advantages of molecular motors that
are not present in macroscopic motors.
The current experimental technologies allow us to
measure forces and motions of a single motor to the
precision of piconewtons and nanometers (Abbondanzieri
et al., 2005; Hunt et al., 1994; Schnitzer and Block, 1997;
Itoh et al., 2004; Hirono-Hara et al., 2005). Time series of
motor positions have been measured for various molecular
motors at various mechanical loads and chemical concentrations (Yasuda et al., 1998; Visscher et al., 1999;
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Sambongi et al., 1999; Block et al., 2003). In the past, only
the average velocity and sometimes the randomness
parameter of the motor were extracted from the measured
time series of motor positions (Visscher et al., 1999; Samuel
and Berg, 1995). In Wang (2003), we proposed the concept
of motor potential proﬁle. The chemical reaction in a
molecular motor has many occupancy states, each having a
different effect on the motor motion. The overall effect of
the chemical reaction on the motor motion can be
characterized by the motor potential proﬁle. At each
motor position, the motor force proﬁle is the average
motor force over all chemical states at that position
weighted by the steady-state probability densities. The
motor force proﬁle is a periodic function of motor position.
The integral of the motor force proﬁle is the motor
potential proﬁle, which is a tilted periodic function. The
motor potential proﬁle does not contain all information
about motor operation. In particular, it does not capture
the full picture of chemical reaction in the motor. The most
important reason we study the motor potential proﬁle is
that, in principle, it can be recovered from measured time
series of motor positions (Wang, 2003). In this sense, the
potential proﬁle is a measurable entity (in addition to
average velocity and randomness parameter). The potential
proﬁle reveals how the motor force changes with position
in a motor step, which provides insights into how the
chemical reaction is coupled to force generation.
In both macroscopic motors and molecular motors, a
unidirectional motion can be produced by generating an
active force at the chemical reaction site and using the
active force to drive the motor forward. This mechanism of
producing a unidirectional motion is called power stroke
motor (Wang and Oster, 1998; Oster and Wang, 2000). In
molecular motors, a unidirectional motion can also be
produced by rectifying thermal ﬂuctuations: if thermal
ﬂuctuations in the backward direction are blocked by a free
energy barrier, then the motor will be effectively carried
forward by thermal ﬂuctuations. This mechanism of
producing a unidirectional motion is called Brownian
ratchet (Peskin et al., 1993; Elston et al., 1998; Mogilner
and Oster, 1999; Astumian, 1997; Reimann, 2002) or
information ratchet (Astumian and Derenyi, 1998). In a
power stroke motor, the chemical reaction generates an
active driving force, which corresponds to a gradually
decreasing potential. In a Brownian ratchet, the chemical
reaction establishes a free energy barrier, which corresponds to a vertical drop followed by a ﬂat step in free
energy. Thus, the potential proﬁle of a Brownian ratchet is
a sequence of vertical free energy drops rectifying forward
ﬂuctuations. The potential proﬁle of a power stroke motor
is a gradually decreasing function of the motor position,
generating an active force to drive the motor. Of course,
Brownian ratchet and power stroke motor are just two
extreme situations. The potential proﬁle of a motor may
have both vertical free energy drops and down hill slopes.
The motor potential proﬁle is the link between the chemical
reaction and the motor motion. We can conceptually
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divide the motor into two parts: ﬁrst the chemical reaction
generates the potential proﬁle; then the potential proﬁle
produces the unidirectional motion.
In this paper, we study the mathematical formulation
and method for constructing the motor potential proﬁle
from time series of motor positions. Below, we will ﬁrst
introduce the mathematical framework for modeling the
continuous motion of molecular motors. Then we will
review the motor potential proﬁle proposed in Wang
(2003), which is deﬁned by averaging motor force at each
position over all chemical states. In principle, the motor
potential proﬁle can be recovered in two steps: (1)
differentiating/differencing the time series to get the total
force of the motor and (2) summing at each motor
position to get rid of the ﬂuctuating Brownian force.
Most of techniques in time series analysis follow roughly
this procedure of differencing a non-stationary time
series (position) to obtain a stationary time series (velocity)
and then ﬁtting models based on the theory of stationary
time series. This allows one to account for the dependency
structure in the data (Brockwell and Davis, 1998;
Fan and Yao, 2005). In this study, our goal is to
recover the motor potential proﬁle and we know (or we
assume) the mathematical framework governing the generation of data. The availability of the mathematical
framework for the underlying physical process allows us
to adopt a more robust mathematical formulation by
rewriting the motor potential proﬁle in terms of the steadystate probability ﬂux and the steady-state probability
density. The steady-state probability ﬂux is related to the
average velocity, which can be calculated reliably from
data. After that we focus on how to estimate the
probability density and how to estimate the statistical
errors associated with the estimated probability density
function. To achieve a good balance between spatial
resolutions and statistical errors, we use an adaptive spatial
resolution based on the data to obtain the optimal result.
The statistical errors are estimated, and based on the
estimated errors the spatial resolution can be tuned to
achieve an optimal result. This is especially important when
we have only a limited amount of data. Finally, numerical
examples based on simulated data are shown to demonstrate the method.
2. Mathematical framework for modeling the continuous
motion of molecular motors
In this section, we discuss the mathematical framework
for modeling the continuous motion of molecular motors.
In many chemical reactions, the mechanical motion
involves only a small conformational change against no
signiﬁcant force, and it occurs at a time scale much smaller
than that of the reaction cycle. These chemical reactions
can be well described by simple kinetic models. In
molecular motors, however, the mechanical motion generally involves a large conformational change against a
signiﬁcant conservative load and/or viscous drag, and it
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occurs over a time scale comparable to that of the reaction
cycle. These special properties of molecular motors require
that the mechanical motion be modeled explicitly as a
continuous motion and be coupled to the chemical
reaction. One advantage of modeling the continuous
motion of molecular motors is that physical quantities of
continuous motion can be incorporated into and discussed
in the model. For example, the drag force, the Stokes
efﬁciency (Wang and Oster, 2002) and the mechanical
coupling of multiple motors can be discussed in the
framework of continuous motion.
In general, the continuous motion of a molecular motor
has many degrees of freedom, of which there is a prominent
one associated with the unidirectional motion of the
motor. For example, the g shaft of the F 0 F 1 ATP synthase
rotates with respect to the a3 b3 hexamer (Abrahams et al.,
1994; Sabbert et al., 1996; Noji et al., 1997; Wang and
Oster, 1998; Menz et al., 2001), a ﬂagellar motor rotates
the ﬂagellar ﬁlament with respect to the cell body
(Block and Berg, 1984; Berg, 2003) and a kinesin dimer
moves along a microtubule (Vale, 1986; Howard et al.,
1989; Visscher et al., 1999; Coppin et al., 1997). The
ﬁrst stage of modeling the continuous motion is to follow
the motor only along the dimension of its unidirectional
motion and include the effects of other degrees of freedom
in the mean ﬁeld potential affecting the unidirectional
motion (Prost et al., 1994; Julicher et al., 1997; Astumian,
1997; Elston et al., 1998). Let us start by looking at the
one-dimensional motion of a small particle in a ﬂuid
environment, subject to a potential, V ðxÞ, where x is the
coordinate along the dimension of unidirectional motion.
The particle is driven by the conservative force derived
from the potential, by the viscous drag, and by the
Brownian force. The stochastic motion of the particle is
governed by the Langevin equation with inertia (Newton’s
second law):
m

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dW ðtÞ
dv
¼ zv V 0 ðxÞ þ 2kB Tz
,
|{z} |ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
dt
dt
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Viscous Force from
drag

potential

(1)

Brownian
force

where m is the mass and v the velocity of the particle. W ðtÞ
is the Weiner process. The viscous drag on the particle,
zv, is always opposing the motion where z is called the
drag coefﬁcient. The magnitude p
ofﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the Brownian
force is
ﬃ
related to the drag coefﬁcient by 2kB Tz, which is a result
of the ﬂuctuation–dissipation theorem (Reif, 1965). Here
kB is the Boltzmann constant, and T the absolute
temperature (Landau et al., 1980).
Because of the small size of molecular motors, motor
operation is dominated by high viscous friction and
thermal ﬂuctuations from the surrounding ﬂuid environment. In Eq. (1), the evolution of particle has two very
different time scales: the very short time scale of the
particle forgetting about its current instantaneous velocity
(the time scale of inertia) and the relatively long time scale
of the particle moving along the potential. In the absence of

the potential, we have
dhvðtÞi
z
¼  hvðtÞi.
dt
m
The time scale of inertia is t0 ¼ m=z. Suppose the particle is
a bead of radius r. The drag coefﬁcient, the mass, and the
time scale of inertia of the particle are, respectively, given
by Berg (1993),
z ¼ 6pZr;

m¼

4
m 2r 2
prr3 ; t0 ¼ ¼
r ,
3
z
9Z

where r is the density of the particle and Z the viscosity of
the surrounding ﬂuid. Since the time scale t0 is proportional to the square of the radius, for a small particle, t0 is
very small. For a particle of radius 0:5 mm in water, we
have t0  56  109 s, which is much smaller than the time
scale of motor reaction cycles. If we are only concerned
with evolution over time scales much larger than t0 , we can
safely ignore the effect of inertia and simplify Eq. (1)
signiﬁcantly. We rewrite Eq. (1) as



pﬃﬃﬃﬃﬃﬃﬃ dW ðtÞ
dv
1
1
¼
v   V 0 ðxÞ þ 2D
,
(2)
dt
t0
z
dt
where D ¼ kB T=z is the diffusion coefﬁcient (Berg, 1993).
When t0 is very small, we have approximately


pﬃﬃﬃﬃﬃﬃﬃ dW ðtÞ
1 0
v   V ðxÞ þ 2D
¼ 0.
(3)
z
dt
Writing (3) as a differential equation for x yields
pﬃﬃﬃﬃﬃﬃﬃ dW ðtÞ
dx
1
¼  ½f þ f0S ðxÞ þ 2D
.
dt
z
dt

(4)

Here for the convenience of discussing motor systems, we
have written the potential V ðxÞ explicitly as a constant
force f and a periodic potential fS ðxÞ, which varies with the
current chemical occupancy state (S) of the motor. Eq. (4)
is the Langevin equation without inertia governing the
stochastic motion of a small particle driven by a constant
external force f and a periodic potential fS ðxÞ that is
coupled to the chemical reaction.
In molecular motors, the motion is driven by switching
among a set of potentials, each corresponding to a
chemical occupancy state. In Eq. (4), the periodic potential
fS ðxÞ changes as the chemical reaction proceeds in the
motor system (Prost et al., 1994; Elston et al., 1998).
Suppose the chemical reaction cycle has N occupancy
states. For ATPase motors, each catalytic site has four
occupancy states (Abrahams et al., 1994; Boyer, 1993,
1997; Weber and Senior, 1997):
½Site þ ATP

! ½Site  ATP

Binding

! ½Site  ADP  Pi 

Hydrolysis

! ½Site  ADP þ Pi

Pi release

! ½Site þ ADP þ Pi .

ADP release

The interaction between a kinesin dimer and a microtubule
has at least two occupancy states: (1) one head bound to
the microtubule and (2) both heads bound to the
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dx = −

S1

1
[− f + φ1′( x)]dt + 2D dW
ζ

þ

x

Pr( S2 → S1)

1
[− f + φ ′2( x )]dt + 2D dW
ζ

Fig. 1. The mechanical motion (horizontal direction) and the chemical
transition (vertical direction) in a two-state motor system.

microtubule. Thus, a kinesin dimer moving along a
microtubule has, at least, N ¼ 4  4  2 ¼ 32 occupancy
states (counting the two ATP catalytic sites and the
interaction with microtubule). We use a discrete Markov
process to model the stochastic evolution of the chemical
occupancy state. Let SðtÞ be the chemical occupancy state
of the motor system at time t. SðtÞ takes values in the set
f1; 2; . . . ; Ng. SðtÞ evolves stochastically according to the
equation below:
Pr½Sðt þ DtÞ ¼ ijSðtÞ ¼ j ¼ kj!i ðxÞDt þ oðDtÞ; iaj,
X
kj!i ðxÞDt þ oðDtÞ, ð5Þ
Pr½Sðt þ DtÞ ¼ jjSðtÞ ¼ j ¼ 1 
iaj

where kj!i ðxÞ is the transition rate from occupancy state j
to state i. Let ~
pðtÞ ¼ ðp1 ðtÞ; . . . ; pN ðtÞÞT where pj ðtÞ ¼
Pr½SðtÞ ¼ j. ~
pðtÞ is governed by the master equation
d~
pðtÞ
¼ KðxÞ  ~
pðtÞ,
dt
where KðxÞ ¼ fkij ðxÞg is the transition matrix. For
jai; kij ðxÞ ¼ kP
j!i ðxÞ and the diagonal elements are deﬁned
as: kjj ðxÞ ¼  iaj kj!i ðxÞ. Thus, the transition matrix
P
always satisﬁes
i kij ðxÞ ¼ 0. In molecular motors, the
chemical reaction is generally coordinated by the motor
position. Correspondingly in the mathematical framework,
the transition rates are functions of the motor position. The
stochastic evolution (mechanical motion and chemical
transition) of a motor system is governed by Langevin
equation (4) coupled with discrete Markov process (5). The
mechanical motion and the chemical transition in a twostate motor system is illustrated in Fig. 1.
Alternatively, we can follow the time evolution of
probability density. Let us consider an ensemble of motors,
each evolving in time independently and stochastically
according to Eqs. (4) and (5). Let rs ðx; tÞ be the probability
density that the motor is at position x and in occupancy
state S at time t. The time evolution of rs ðx; tÞ is governed
by the Fokker–Planck equation corresponding to (4) and
(5) (Risken, 1989; Gardiner, 1985):
0
1
qri
q Bf þ f0i ðxÞ
qri C
C
¼D B
ri þ
@
qx
kB T
qt
qx A
|{z}
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Convection

ð6Þ

Change of
occupancy

x
dx = −

i ¼ 1; 2; . . . ; N.

|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}

= k 2→1( x ) dt

S2

kij ðxÞrj ;

j¼1

Pr( S1 → S2 )

= k1→2 ( x ) dt

N
X
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Diffusion

Eq. (6) is a mathematical framework for modeling the
continuous motion of molecular motors (Prost et al., 1994;
Peskin et al., 1994; Doering et al., 1994; Reimann, 2002;
Dimroth et al., 1999; Wang and Oster, 2002; Oster and
Wang, 2003). In Eq. (6), fS ðxÞ’s are periodic functions with
period equal to L or a multiple of L, where L is one motor
step. In the subsequent sections, we are going to use this
mathematical framework to study the motor potential
proﬁle and to analyze the time series of motor positions.
3. Motor potential proﬁle
In many single molecule experiments, time series of
motor positions were observed and recorded (Visscher et
al., 1999; Yasuda et al., 1998, 2001; Block et al., 2003). In
the past, these measured time series of motor positions
have not been fully utilized to yield all possible information
about motor mechanism. Usually only a value of average
velocity and sometimes a value of randomness parameter
were extracted from each time series (Visscher et al., 1999;
Samuel and Berg, 1995). The extraction of the randomness
parameter from time series of motor positions is a
signiﬁcant addition to the average velocity in deciphering
motor mechanism. In the framework of kinetic models and
under certain assumptions, the reciprocal of the randomness parameter tells us the number of rate-limiting chemical
transitions per motor step (Visscher et al., 1999; Samuel
and Berg, 1995). We believe there is much more information about motor mechanism still buried in these time series
of motor positions. As we will see below, at least, a motor
potential proﬁle can be constructed from time series of
motor positions.
At each position, the motor is driven by (1) the external
load force, (2) the motor force derived from potential fs ðxÞ
corresponding to the current chemical occupancy state
SðtÞ, and (3) the Brownian force from the surrounding
ﬂuid. The motor is also subject to the passive viscous drag.
In the limit of high viscous friction (negligible inertia),
three active forces (1), (2) and (3) are balanced by the
passive viscous drag:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dW ðtÞ
dx
z
¼ f f0S ðxÞ þ 2kB Tz
.
(7)
|{z} |ﬄﬄﬄﬄ{zﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dt
dt
|{z}
Load

Viscous
drag

force

Motor
force

Brownian
force

The external load force is usually a known constant
independent of time, position and chemical state of the
motor. The Brownian force is stochastic. The motor force,
f0s ðxÞ, is also stochastic. Let us consider the sum of the
three active driving forces on the right side of (7). In
principle, the total active force on the motor can be
measured/calculated by differentiating the time path of
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motor position. Then we can average the total active force
at each motor position over long time regardless of
chemical states. In this study, we focus on using a single
potential to characterize the motor motion governed by a
set of N potentials. The proposed algorithm is to recover
this potential from the data. This does not require resolving
different chemical states from the data. If chemical states
can be resolved completely or partially from the data, then
more information about the set of N potentials may be
extracted. In averaging the total active force, the stochastic
Brownian force disappears. The result is the motor force
averaged over chemical states as a function of motor
position, which is periodic and is called the motor force
proﬁle. The integral of the motor force proﬁle is a tilted
periodic function, and is called the motor potential proﬁle.
For recovering the potential proﬁle, there are practical
difﬁculties with the approach of differentiating and
averaging. For molecular motors, the stochastic instantaneous velocity caused by the Brownian force is usually
larger than the average velocity. Consider the situation
where a spherical bead with radius r, drag coefﬁcient z and
mass m, is driven by a constant force F . The deterministic
velocity caused by the constant force F is hV i ¼ F =z. In
addition to the constant driving force F , the bead is also
been bombarded by the surrounding water molecules. At
equilibrium, the one-dimensional root-mean-square velocity of the bead is given by the equi-partition of energy:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kB T
var½V  ¼
.
m
Using the fact that z is proportional to r and m is
proportional to r3 , we have
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
var½V  z kB T
¼
 pﬃﬃ .
F
m
hV i
r
Thus, for small beads, the ﬂuctuations in the velocity are
larger than the average velocity. Speciﬁcally, for a latex
bead
ofﬃ 1 mm in diameter and for F ¼ 1pN, we have
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
var½V =hV i  26:7. It takes about 700–800 data points
per motor position to average out velocity ﬂuctuations of
this magnitude. This difﬁculty is compounded by other
difﬁculties listed below:
 In the above, only the ﬂuctuations caused by the
Brownian force are counted. For molecular motors,
there are additional ﬂuctuations caused by the stochastic
chemical reaction.
 In the time series, motor positions are far from being
uniformly distributed. In the numerical example below,
5000 motor positions from a time series are divided into
20 bins. Even with an adaptive spatial discretization, the
bin of the largest geometric size (used to accommodate
the lowest density region) contains only 50 motor
positions.
 Differentiating the time path of motor position is
sensitive to small errors in position measurements.

In this study, our biggest advantage is that we have the
mathematical framework for the underlying physical
process. To overcome the difﬁculties listed above, we will
ﬁrst deﬁne of the motor potential proﬁle in the mathematical framework of Fokker–Planck equation (6). Then we
express the motor potential proﬁle in terms of the steadystate probability ﬂux and the steady-state probability
density.
Consider the steady state of Eq. (6). Summing over i, we
have


q f þ c0 ðxÞ
qr
rþ
,
(8)
0¼D
qx
kB T
qx
P
where rðxÞ ¼ N
i¼1 ri ðxÞ is the steady-state probability
density regardless of the
P chemical state. In the above we
have used the property N
i¼1 kij ðxÞ ¼ 0 so that the chemical
reaction terms disappear in the sum. The motor potential
proﬁle, cðxÞ, is deﬁned as
c0 ðxÞ ¼

N
1 X
f0 ðxÞri ðxÞ.
rðxÞ i¼1 i

(9)

In Prost et al. (1994), an effective potential for a two-state
model was considered in a similar way. In Eq. (8), the
steady-state probability density rðxÞ behaves as if the
motor were driven by a single potential cðxÞ. In this sense,
the motor potential proﬁle represents the overall effect of
the chemical reaction on the motor motion. Because fi ðxÞ’s
are periodic with period L, c0 ðxÞ is periodic and cðxÞ is a
tilted periodic function. cðxÞ can be written as
cðxÞ ¼ fðxÞ  Dc. =L, where fðxÞ is a periodic function
with period L and Dc ¼ cð0Þ  cðLÞ can be viewed as
the potential energy made available in the chemical
reaction per displacement L for driving the motor
motion. Eq. (9) is a mathematical deﬁnition. It does not
provide us a direct way of calculating the potential proﬁle
cðxÞ since, in practice, both fs ðxÞ and rs ðxÞ are unknown.
To make connection to experimental data, we rewrite
Eq. (8) as


f þ c0 ðxÞ
qr
D
rþ
¼ J,
(10)
kB T
qx
where J is the steady-state probability ﬂux, a constant
independent of motor position x. Dividing (10) by rðxÞ and
integrating with respect to x yields
Z
cðxÞ f  x
J x 1
ds.
(11)
¼
 log½rðxÞ 
kB T kB T
D 0 rðsÞ
Here, we have dropped the integration constant because
the potential is deﬁned up to an additive constant. In
Eq. (11), the external load force f is known and the
probability ﬂux is J ¼ hvi=L, where hvi is the average
velocity of the motor, which can be calculated reliably from
data. Therefore, to construct the motor potential proﬁle
cðxÞ, we only need to extract the steady-state probability
density rðxÞ from the time series of motor positions.
Mathematically and numerically, recovering rðxÞ from the
time series is certainly more viable and reliable than
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differentiating the time path to calculate the stochastic
force.
4. Estimation procedure
In the previous section, we reduced the problem of
constructing motor potential proﬁle to that of recovering
steady-state probability density from the time series of
motor positions. In this section, we describe a robust
method for doing that job.
Consider a time series of M motor positions:
fx1 ; x2 ; . . . ; xM g. The average velocity and the probability
ﬂux are estimated as
hvi 

xM  x1
;
tM  t1

J¼

hvi
.
L

We shift each motor position xj by an integer multiple of L
to make it fall in the interval ½0; LÞ:
yj ¼ xj  kj L 2 ½0; LÞ;

kj ¼ integer; j ¼ 1; 2; . . . ; M.

A straightforward way of recovering probability density is
the histogram method. Let us examine the error of the
histogram method in constructing cðxÞ, and based on the
ﬁndings we are going to propose a robust approach.
Suppose the estimated probability density is rðxÞ þ DrðxÞ
where rðxÞ is the exact probability density and DrðxÞ the
absolute error and DrðxÞ=rðxÞ the relative error in the
estimated probability density. In calculating cðxÞ from rðxÞ
using Eq. (11), part of the corresponding change in cðxÞ is
log½rðxÞ þ DrðxÞ  log½rðxÞ. Using the Taylor expansion
of log function, we obtain


DrðxÞ
DrðxÞ
log½rðxÞ þ DrðxÞ  log½rðxÞ ¼ log 1 þ
.

rðxÞ
rðxÞ
(12)
Eq. (12) shows that the relative error in the estimated rðxÞ
becomes the absolute error in the estimated cðxÞ. The
relative error in the estimated rðxÞ comes from two sources:
the spatial discretization error (affected by the bin size we
use) and the statistical error (affected by how many data
points we have in a bin). Here we focus on the statistical
error. In the histogram method, the relative statistical error
in the estimated rðxÞ is approximately given by (see
Appendix A for details)
DrðxÞ
1
 pﬃﬃﬃﬃﬃ ,
rðxÞ
nx
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same number of data points. The probability density
function estimated in the histogram method is a discontinuous step function. It is not clear how to interpolate this
step function to make it continuous while keeping it
positive and integrating to one. Alternatively, one may
assume that rðxÞ is continuous and piecewise linear,
and use the maximum likelihood method to estimate
rðxÞ. Although the rðxÞ estimated this way is continuous,
in the region where the true value of rðxÞ is very
small, the estimated rðxÞ may be negative, which will be
disaster for constructing cðxÞ using (11). Also given that
the true value of rðxÞ may differ by orders of magnitude
at different locations, linear interpolation does not offer
the best way for representing rðxÞ. To motivate a more
robust and more efﬁcient way of representing rðxÞ, let us
consider the Boltzmann distribution corresponding to
potential fðxÞ:

rðxÞ / exp


fðxÞ
.
kB T

Potential fðxÞ is not constrained to be positive so it is
reasonable to approximate it using a continuous piecewise
linear function. The corresponding rðxÞ is a continuous
piecewise exponential function, which guarantees the
positivity. Also a piecewise exponential probability density
makes the maximum likelihood formulation easy to solve
because multiplying probability densities corresponds to
adding exponents.
Based on the analysis above, we propose the method
described below for estimating rðxÞ and reconstructing
cðxÞ:
Step 1: We divide the interval ½0; LÞ into cells according
to the data fy1 ; y2 ; . . . ; yM g:
0 ¼ a0 oa1 oa2 o    oam1 oam ¼ L.
To keep the relative error uniformly small, we require
that each cell ½aj1 ; aj Þ contains at least m2 data points.
For computational efﬁciency, we also require that
the size of each cell ðaj  aj1 Þ is not smaller than a
prescribed size Dx. In this way, we can avoid having
lots of small cells concentrated in the region where rðxÞ is
large. Speciﬁcally, we start with a0 ¼ 0. Once we have aj ,
we select ajþ1 as
ajþ1 ¼ minfajaXaj þ Dx and ½aj ; aÞ contains at least m2
data points g.

(13)

where nx is the average number of data points (yj ’s) in the
bin around x. If we use bins of equal size, then nx is
approximately proportional to rðxÞ. As a result, the
relative statistical error in the estimated rðxÞ is large in
regions where rðxÞ is small. To keep the relative error
uniformly small, we should use bins of variable sizes
according to the data so that each bin contains about the

Note that m is not prescribed. Rather, m is determined by
m2 and Dx. We should choose m2 and Dx to make m (the
number of cells) much smaller than M (the number of data
points).
Step 2: For maintaining the positivity and for accurate
spatial approximation, we assume that rðxÞ is exponential
in each cell and is continuous at cell boundaries.
Mathematically, we assume rðxÞ is completely speciﬁed
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by b0 ; b1 ; . . . ; bm , and has the form


bj  bj1
ðx  aj1 Þ ,
rðxÞ ¼ exp bj1 þ
aj  aj1
x 2 ½aj1 ; aj ; j ¼ 1; 2; . . . ; m,

fc1 ; c2 ; . . . ; cm g satisﬁes
m
X
j

m
1 X
M j ¼ 1.
M j

ð14Þ

where bj represents log½rðaj Þ. Because rðxÞ is probability
density, bj ’s satisfy


m Z aj
X
bj  bj1
exp bj1 þ
ðx  aj1 Þ dx ¼ 1,
aj  aj1
j¼1 aj1
which leads to
Sðb1 ; b2 ; . . . ; bm Þ 

cj ¼

m
X
aj  aj1
½expðbj Þ  expðbj1 Þ ¼ 1.
b  bj1
j¼1 j

(15)
Since rðxÞ is periodic, we have b0 ¼ bm . So we only need to
determine ðb1 ; b2 ; . . . ; bm Þ.
We use the maximum likelihood method to estimate
rðxÞ. We collect data points falling in each cell ½aj1 ; aj Þ into
a group. We have m groups of data points:
Cell 1: y1;1 ; y1;2 ; . . . ; y1;M 1 2 ½a0 ; a1 Þ
Cell 2: y2;1 ; y2;2 ; . . . ; y2;M 2 2 ½a1 ; a2 Þ
..
.

The use of likelihood function here needs more explanation
and is debatable. Strictly speaking, (16) is rigorously valid
only when fy1 ; y2 ; . . . ; yM g are independent. The motor
positions at consecutive times from a time series certainly
are not independent. For example, yjþ1 is far from being
independent of yj . However, notice that the function given
in (16) depends only on the sufﬁcient statistics
fc1 ; c2 ; . . . ; cm g of the data. In particular, the function given
in (16) does not depend on the order of the sequence
fy1 ; y2 ; . . . ; yM g. That is, if we permute the sequence
fy1 ; y2 ; . . . ; yM g, the function given in (16) is not affected
at all. So instead of applying the function given in (16) to
the data sequence fy1 ; y2 ; . . . ; yM g directly, we ﬁrst do a
random permutation on the data sequence fy1 ; y2 ; . . . ; yM g
to obtain a set of randomly permuted observations
fy^ 1 ; y^ 2 ; . . . ; y^ M g. For large M, the randomly permuted
observations fy^ 1 ; y^ 2 ; . . . ; y^ M g are approximately independent. Thus, it is reasonable to apply the likelihood function
given in (16) to the randomly permuted observations
fy^ 1 ; y^ 2 ; . . . ; y^ M g. Another supporting argument for using
the likelihood method in this situation is that the histogram
method, which does not require independence, can be
formulated in the form of the likelihood method.
The logarithm of the likelihood function is

Cell m : ym;1 ; ym;2 ; . . . ; ym;M m 2 ½am1 ; am Þ.
The likelihood of observing the data fy1 ; y2 ; . . . ; yM g is
Lðb1 ; b2 ; . . . ; bm Þ 

M
Y

rðyi jb1 ; b2 ; . . . ; bm Þ

i¼1

¼

j¼1

¼



bj  bj1
exp bj1 þ
ðyj;i  aj1 Þ
aj  aj1
i¼1

Mj
m Y
Y

m
Y
j¼1

exp½ðM j  qj Þbj1 þ qj bj 
"

¼ exp M

m
X

#
c j bj ,

ð16Þ

F ðb1 ; b2 ; . . . ; bm Þ 

Step 3: ðb1 ; b2 ; . . . ; bm Þ is determined by maximizing the
logarithm of the likelihood function (Harris and Stocker,
1988; Hoel, 1962; Fisher, 1922)
argmax

F ðb1 ; b2 ; . . . ; bm Þ.

(17)

Sðb1 ;b2 ;...;bm Þ¼1

In (17), the objective function is linear while the constraint
is non-linear. We switch the roles of Sðb1 ; b2 ; . . . ; bm Þ
and F ðb1 ; b2 ; . . . ; bm Þ, and consider the minimization
problem
argmin

j¼1

m
X
1
log½Lðb1 ; b2 ; . . . ; bm Þ ¼
c j bj .
M
j¼1

Sðb1 ; b2 ; . . . ; bm Þ.

(18)

F ðb1 ;b2 ;...;bm Þ¼0

where
1
aj  aj1

qj ¼

cj ¼

Mj
X

We conclude that if ðb1 ; b2 ; . . . ; bm Þ is the solution of
problem (18), then
ðyj;i  aj1 Þ;

1
ðM jþ1  qjþ1 þ qj Þ40;
M

cm ¼

j ¼ 1; 2; . . . ; m,

i¼1

j ¼ 1; 2; . . . ; m  1,

1
ðM 1  q1 þ qm Þ40.
M

In our method, fc1 ; c2 ; . . . ; cm g along with the numerical
grid fa0 ; a1 ; . . . ; am g is a sufﬁcient statistics of the data.

ðb1 ; b2 ; . . . ; bm Þ þ d where d ¼  log½Sðb1 ; b2 ; . . . ; bm Þ40
(19)
is the solution of problem (17) (see Appendix B for
derivation). So we only need to solve problem (18). Since
F ðb1 ; b2 ; . . . ; bm Þ is linear, we rewrite problem (18) as an
unconstrained minimization problem
!
X
1 m1
c j bj .
argmin S b1 ; . . . ; bm1 ;
(20)
cm j¼1
ðb1 ;b2 ;...;bm1 Þ
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There are many good numerical methods for solving
unconstrained non-quadratic minimization problems. Here
we use the non-linear conjugate gradient method (Fletcher
and Reeves, 1964; Polak and Ribiere, 1969). Once the
solution, ðb1 ; . . . ; bm1 Þ, of problem (20) is computed,
we set
bm ¼

1
X
1 m
cj bj ;
cm j¼1

d ¼  log½Sðb1 ; b2 ; . . . ; bm Þ,

915

be recovered exactly. The statistical error in bðyÞ, caused by
the ﬁnite sample size, is estimated as the standard deviation
of bðdÞ:
Error½bj ðyÞstd½bj ðdÞd ;

j ¼ 1; 2; . . . ; m,

where d is treated as a random variable and the average is
taken with respect to d.
Similarly, the statistical error in wðbðyÞÞ is estimated as
the standard deviation of wðbðdÞÞ
Error½cðaj jbðyÞÞstd½cðaj jbðdÞÞd ;

ðb1 ; b2 ; . . . ; bm Þ ¼ ðb1 ; b2 ; . . . ; bm Þ þ d.
Then b ¼ ðb1 ; b2 ; . . . ; bm Þ is the solution of non-linearly
constrained maximization problem (17). The corresponding probability density is given by


bj  bj1
rðxjbÞ ¼ exp bj1 þ
ðx  aj1 Þ ,
aj  aj1

j ¼ 1; 2; . . . ; m.

More speciﬁcally, in the numerical implementation, we
draw n independent sets of random numbers, each set
consisting of M iid random numbers drawn according to
rðxjbðyÞÞ:
ð1Þ
dð1Þ ¼ fd 1ð1Þ ; d 2ð1Þ ; . . . ; d M
g,
ð2Þ
dð2Þ ¼ fd 1ð2Þ ; d 2ð2Þ ; . . . ; d M
g,

x 2 ½aj1 ; aj ; j ¼ 1; 2; . . . ; m.
Let wðbÞ ¼ fcðaj jbÞ; j ¼ 0; 1; . . . ; mg be the corresponding
potential proﬁle on the numerical grid fa0 ; a1 ; . . . ; am g. wðbÞ
is a vector given by
Z
cðaj jbÞ
f  aj
J aj 1
ds
¼
 log½rðaj jbÞ 
D 0 rðsjbÞ
kB T
kB T
j
f  aj
J X
al  al1
¼
 bj 
D l¼1 ðbl Þ  ðbl1 Þ
kB T
½expðbl Þ  expðbl1 Þ.

ð21Þ

Step 4: We now estimate the statistical error in b ¼
ðb1 ; b2 ; . . . ; bm Þ
and
the
statistical
error
in
wðbÞ ¼ fcðaj jbÞ; j ¼ 0; 1; . . . ; mg. We ﬁrst introduce several
shorthand notations.
Let y ¼ fy1 ; y2 ; . . . ; yM g denote the given data, shifted
into one period.
Let bðyÞ ¼ ðb1 ðyÞ; b2 ðyÞ; . . . ; bm ðyÞÞ denote the solution of
(17) using data y:bðyÞ is a vector.
Let rðxjbðyÞÞ denote the probability density estimated
using data y:rðxjbðyÞÞ is a function.
Let wðbðyÞÞ ¼ fcðaj jbðyÞÞ; j ¼ 0; 1; . . . ; mg denote the
potential proﬁle on the numerical grid fa0 ; a1 ; . . . ; am g,
estimated using data y:wðbðyÞÞ is a vector.
Let d ¼ fd 1 ; d 2 ; . . . ; d M g be a set of M iid (independently
identically distributed) random numbers in ½0; L,
drawn according to the estimated probability density
rðxjbðyÞÞ. In the example below, the straightforw
ard accept/reject method is used in generating
d ¼ fd 1 ; d 2 ; . . . ; d M g. If the efﬁciency of the accept/
reject method is too low, the inverse function of the
cumulative distribution function can be used to map a set
of uniformly distributed random numbers to generate
d ¼ fd 1 ; d 2 ; . . . ; d M g.
Using data d, we solve (17) for bðdÞ. Note that if we draw
an inﬁnite set of iid random numbers according to rðxjbðyÞÞ
and use this inﬁnite data set in solving (17), then bðyÞ will

..
.
ðnÞ
dðnÞ ¼ fd 1ðnÞ ; d 2ðnÞ ; . . . ; d M
g

with each data set dðiÞ ; i ¼ 1; 2; . . . ; n, we solve (17) for
bðdðiÞ Þ. In solving (17), we keep the numerical grid
fa0 ; a1 ; . . . ; am g unchanged. That is, we use the numerical
grid calculated from data y; we do not recalculate the
numerical grid for data dðiÞ . The statistical error in bj ðyÞ is
estimated as
hbj ðdÞid 

n
1X
bj ðdðiÞ Þ;
n i¼1

j ¼ 1; 2; . . . ; m,

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
1 X
ðbj ðdðiÞ Þ  hbj ðdÞid Þ2 ,
std½bj ðdÞd 
n  1 i¼1
j ¼ 1; 2; . . . ; m.

ð22Þ

The statistical error in cðaj jbðyÞÞ is estimated as
hcðaj jbðdÞÞid 

n
1X
cðaj jbðdðiÞ ÞÞ;
n i¼1

j ¼ 1; 2; . . . ; m,

std½cðaj jbðdÞÞd
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
1 X

ðcðaj jbðdðiÞ ÞÞ  hcðaj jbðdÞÞid Þ2 ,
n  1 i¼1
j ¼ 1; 2; . . . ; m.

ð23Þ

Now let us summarize the method proposed above:

(1) Calculate the numerical grid fa0 ; a1 ; . . . ; am g using the
given data y.
(2) Calculate the sufﬁcient statistics fc1 ; c2 ; . . . ; cm g using
data y and using the numerical grid fa0 ; a1 ; . . . ; am g
from 1.
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(3) Solve (17) for bðyÞ ¼ ðb1 ; b2 ; . . . ; bm Þ using fc1 ; c2 ; . . . ;
cm g calculated from data y and the numerical grid
fa0 ; a1 ; . . . ; am g from 1.
(4) Estimate the statistical errors in bðyÞ and wðbðyÞÞ by
carrying out steps below:
(a) Draw n artiﬁcial data sets fdðiÞ g according to
rðxjbðyÞÞ.
(b) Repeat 2 and 3 above with data y replaced by data
dðiÞ to calculate bðdðiÞ Þ.
(c) Calculate the mean and standard deviation of
fbðdðiÞ Þg.
(d) Calculate the mean and standard deviation of
fwðbðdðiÞ ÞÞg.
5. Numerical results
To test the method described in the previous section, we
consider a hypothetical motor system switching mathematically between two periodic potentials. The two potentials
are periodic with period 2L, and are given by
8
2
>
4
5
>
>
x  1 ; 0oxo L;
>
>
>
5L
4
>
>
<
5
6
f1 ðxÞ ¼ A 0;
Loxo L;
>
4
4
>


>
>
>
2
6
6
>
>
>
: L x  4 L ; 4 Loxo2L;
f2 ðxÞ ¼ f1 ðx  LÞ  DG.
From the point of view of energetics, the motor system is
actually moving along an inﬁnite sequence of sets of
potentials ðf0;1 ðxÞ; f0;2 ðxÞÞ, ðf1;1 ðxÞ; f1;2 ðxÞÞ, ðf2;1 ðxÞ;
f2;2 ðxÞÞ; . . . ; ðfn;1 ðxÞ; fn;2 ðxÞÞ; . . . : Each set of potentials

corresponds to a reaction cycle. For the nth reaction cycle,
the two potentials are related to f1 ðxÞ and f2 ðxÞ by
fn;1 ðxÞ ¼ f1 ðxÞ  2nDG,
fn;2 ðxÞ ¼ f2 ðxÞ  2nDG,
where 2DG is the free energy change of one reaction
cycle. As shown in Fig. 2, after the chemical reaction
switches the motor system onto f0;1 ðxÞ (state 1 of cycle 0),
the motor system is driven by potential f0;1 ðxÞ towards its
minimum energy position. Near the minimum energy
position of f0;1 ðxÞ, the reaction switches the motor onto
f0;2 ðxÞ (state 2 of cycle 0), and f0;2 ðxÞ derives the motor
towards its minimum energy position. Near the minimum
energy position of f0;2 ðxÞ, the reaction switches the motor
onto f1;1 ðxÞ (state 1 of cycle 1), and the process is repeated
(the motor proceeds from f1;1 ðxÞ to f2;1 ðxÞ, not shown in
the ﬁgure).
From the point of view of energetics, it is important to
distinguish potentials of different cycles. For example, the
switch from f0;2 ðxÞ to f1;1 ðxÞ is a forward transition in the
positive direction of reaction, which carries the motor to
the next reaction cycle, while the switch from f0;2 ðxÞ to
f0;1 ðxÞ is a backward transition. In the hypothetical motor
system shown in Fig. 2, we assume that chemical reaction is
well coordinated by the motor position. Speciﬁcally, we
assume the chemical transition rates are periodic with
period 2L, and are given by
8


f1 ðxÞ
11
>
>
Loxo 13
exp
;
>
>
8 L;
>
k
8
T
B
>
>
<
11
kð0;1Þ!ð0;2Þ ðxÞ ¼ k0 0;
0oxo L or
>
8
>
>
>
>
13
>
>
Loxo2L;
:
8


20


f2 ðxÞ  f1 ðxÞ
kð0;2Þ!ð0;1Þ ðxÞ ¼ kð0;1Þ!ð0;2Þ ðxÞ exp
,
kB T

φ 0,1( x )

Potential [ kB T ]

kð0;2Þ!ð1;1Þ ðxÞ ¼ kð0;1Þ!ð0;2Þ ðx  LÞ,
0

φ 0,2 ( x )

kð1;1Þ!ð0;2Þ ðxÞ ¼ kð0;2Þ!ð0;1Þ ðx  LÞ.

-20

φ 1,1 ( x )

-40
0

1

2

x

3

4

L

Fig. 2. A hypothetical motor system. From the point of view of energetics,
the motor system moves along an inﬁnite sequence of sets of potentials,
each set consisting of two potentials (fn;1 ðxÞ and fn;2 ðxÞ) and corresponding to one reaction cycle. The chemical transition is well coordinated by
motor position, and is only allowed to occur in the shaded regions.

Mathematically, in the Fokker–Planck equation, we treat
the collection ffn;1 ; 1ono1g as one composite state
(occupancy state S1 ) and treat the collection
ffn;2 ; 1ono1g as another composite state (occupancy
state S2 ). Note that if we focus on the occupancy of the
catalytic site and disregard the free energy of system, f0;1
and f1;1 are not distinguishable. The two occupancy states
and the transitions between them are illustrated in Fig. 3.
As shown in Fig. 3, the transition rate from occupancy
state S2 to occupancy state S 1 includes both the transition
from state 2 to state 1 of the same cycle and the transition
from state 2 of the current cycle to state 1 of the next cycle.
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4

φ 0,1( x )

k(0
k(0

, 2) →(

( x)
( x)
,1)

0, 2)

( x)

0,1)

k (0, 2) →(1

φ 1,1( x )

, 1) →(

k (1, 1) →( 0, 2

φ 0,2 ( x )
)(

x)

Potential [ kB T ]

2

0

-2

Exact ψ ( x )

φ 1,2 ( x )

Estimated ψ ( x )

-4
0

0.5

1

x

Occupancy
state S1

Occupancy
state S2

Fig. 3. Occupancy states used in the Fokker–Planck equation. From the
point of view of energetics, as the chemical reaction proceeds, the motor
system in Fig. 2 goes through a sequence of sets of potentials (fn;1 ðxÞ and
fn;2 ðxÞ) with free energy decreasing. If we focus on the occupancy of
catalytic site and disregard the free energy of system, we can treat
ffn;1 ; 1ono1g and ffn;2 ; 1ono1g as two composite states so that
the motor system switches mathematically between two composite states
in the Fokker–Planck equation.

In the Fokker–Planck equation, the transition rates
between S 1 and S 2 are given by
k2!1 ðxÞ ¼ kð0;2Þ!ð1;1Þ ðxÞ þ kð0;2Þ!ð0;1Þ ðxÞ,
k1!2 ðxÞ ¼ kð0;1Þ!ð0;2Þ ðxÞ þ kð1;1Þ!ð0;2Þ ðxÞ.
In the simulations, we use parameters listed below:
A ¼ 20kB T;
4

DG ¼ 20kB T; L ¼ 8 nm,

2

D ¼ 10 nm =s; k0 ¼ 103 =s.
We ﬁrst integrate in time numerically the Langevin
equation (4) and the discrete Markov process (5) using
potentials, transitions rates and parameters given above. In
the Langevin simulations, we record a time series of 5000
motor positions over a time period of 4 s, which
corresponds to a sampling rate of 1.25 kHz in experiments.
We treat this simulated time series of 5000 motor positions
as data and use it to test the method for extracting motor
potential proﬁle. In the process of extracting motor
potential proﬁle, we use parameters: m2 ¼ 50 (minimum
number of data points in each cell) and Dx ¼ L=20 ¼ 0:4
(minimum size of cells) unless otherwise noted. Fig. 4
shows the exact motor potential proﬁle calculated using the
deﬁnition and the motor potential proﬁle estimated from
the simulated time series of 5000 motor positions. The
analytic solution of Fokker–Planck equation (6) is not
known. Here the ‘‘exact solution’’ means a numerical
solution of (6) using the robust numerical method
developed in Wang et al. (2003) with a ﬁne numerical grid

1.5

2

L

Fig. 4. The exact potential proﬁle and the potential proﬁle estimated from
a time series of 5000 motor positions. The potential is continuous and
piecewise smooth. Values of the estimated potential at numerical grid
points are shown. The estimated potential proﬁle matches the exact one
very well.

(N ¼ 2048 points per period). In Fig. 4, two periods of the
motor potential proﬁle are plotted. If only one period is
plotted, then the power stroke will be split into two parts:
one near the right end of the period and the other near the
left end. The exact motor potential proﬁle captures the
essential features of the motor mechanism for the
hypothetical motor system. Between energy barriers, a
powerstroke drives the motor. As the motor moves
forward, the magnitude of the powerstroke decreases and
the powerstroke is followed by a ﬂat step in free energy.
The ﬂat step does not provide an active driving force and
the motor depends on Brownian diffusion to get over the
ﬂat step. The energy barrier after the ﬂat step is caused by
the fact that the transitions between potentials are one of
the rate-limiting steps for the motor system. While the
motor system is waiting on f0;1 ðxÞ for transition to f0;2 ðxÞ,
for example, it diffuses around and feels the energy barrier
on f0;1 ðxÞ (see Fig. 2). As shown in Fig. 4, it is clear that the
estimated motor potential proﬁle matches very well the
exact one and captures all the essential features of
the motor mechanism described above. In particular, the
powerstroke of decreasing magnitude and the ﬂat step with
no active driving force are well captured in the estimated
potential proﬁle.
Fig. 5 shows the exact logðrðxÞÞ, the estimated logðrðxÞÞ
and the associated statistical error due to ﬁnite sample size.
Again, the ‘‘exact solution’’ means a very accurate
numerical solution as described above. The error bars
shown represent interval [mean std, mean þ std]. The
error bars for logðrðxÞÞ are calculated using (22). If the
underlying random variable is Gaussian, then the probability of falling in interval [mean std, mean þ std]
is 68.27%, and the probability of falling in interval
[mean 2  std, mean þ 2  std] is 95.45%. Although the
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Fig. 5. The exact logðrðxÞÞ, the estimated logðrðxÞÞ and the associated statistical error due to ﬁnite sample size. logðrðxÞÞ is continuous and piecewise linear.
Values of the estimated logðrðxÞÞ at numerical grid points are shown. Between two adjacent numerical grid points, logðrðxÞÞ is linear. To estimate the
statistical error, n ¼ 1001 data sets are generated, each data set consisting of 5000 points drawn according to rðxÞ. One sample for the estimated logðrðxÞÞ is
calculated from each data set. The error bars represent interval [mean std, mean þ std]. The error bars for logðrðxÞÞ are calculated using (22). Left panel:
results for a time series of 5000 motor positions. Right panel: results for a time series of 20,000 motor positions.
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Fig. 6. The exact cðxÞ, the estimated cðxÞ and the associated statistical error due to ﬁnite sample size. The procedure for calculating the statistical error is
described in the text and in the caption of Fig. 5. n ¼ 1001 sets of generated data are used in the error analysis. The error bars represent interval [mean
std, mean þ std]. The error bars for cðxÞ are calculated using (23). Left panel: results for a time series of 5000 motor positions. Right panel: results for a
time series of 20,000 motor positions.

estimated logðrðaj ÞÞ may not be exactly Gaussian, it
behaves very much like a Gaussian random variable
(results not shown). In Fig. 5, results are shown for a time
series of 5000 motor positions (left panel) and a time series
of 20,000 motor positions (right panel). It should be
pointed out that these two time series are not independent
of each other: the time series of 5000 motor positions is
formed simply by taking one out of every four motor
positions in the time series of 20,000 motor positions. So
the results for these two time series may show similar bias
in some regions. The general trend is clear: as the sample
size increases the statistical error converges to zero and the
estimated logðrðxÞÞ converges to the exact one. Fig. 6 shows
the exact cðxÞ (potential proﬁle), the estimated cðxÞ and
the associated statistical error due to ﬁnite sample size. The
error bars shown represent interval [mean std,
mean þ std]. The error bars for cðxÞ are calculated using
(23). Results for two time series are shown. It is clear that

as the sample size increases the estimated potential proﬁle
converges to the exact one. As given in (21), when
the external force ðf Þ is zero, the estimated potential proﬁle
has two parts: bj and a cumulative sum involving
ðb0 ; b1 ; . . . ; bj Þ. Both of these two parts contribute to the
statistical error of the estimated potential proﬁle at aj . As
the index j increases, the cumulative sum consists of more
and more terms and theassociated statistical error increases. This behavior is demonstrated in Fig. 6. This
behavior is neither surprising nor unreasonable. The
potential proﬁle is only determined up to an additive
constant. We have the choice of ﬁxing the potential proﬁle
at a point. Near that point, the statistical error is small. As
we get away from that point, the statistical error increases.
In the mathematical formulation (11) and the implementation (21), roughly (not exactly) we ﬁx the potential proﬁle
at the left end ðj ¼ 0Þ. So it is reasonable to expect the
statistical error to increase as j increases.
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6. Conclusion
In this paper, we propose a robust method for extracting
the motor potential proﬁle from time series of motor
positions. The motor potential proﬁle was proposed in
Wang (2003) as a simple and practical way of characterizing the motor mechanism using one potential curve instead
of using a set of N potential curves. Mathematically, the
motor potential proﬁle is deﬁned by averaging motor force
over all chemical occupancy states at each motor position.
The chemical reaction in a molecular motor has many
occupancy states, each having a different effect on the
motor motion. The overall effect of the chemical reaction
on the motor motion is characterized by the motor
potential proﬁle. The potential proﬁle reveals how the
motor force changes with position in a motor step, which
will lead to insights into how the chemical reaction is
coupled to force generation. As the single molecule
experimental technology advances, it allows us to measure
motor position and force with an accuracy of subnanometer and sub-piconewton (Block et al., 2003;
Abbondanzieri et al., 2005). But it has not yet allowed us
to record motor position and chemical occupancy state at
the same time. Therefore, it is still unrealistic to extract a
full set of N potential curves, one for each chemical
occupancy state. The best advantage of studying the motor
potential proﬁle is that it does not require us to distinguish/
resolve different chemical occupancy states, and thus, in
principle, it can be extracted from time series of motor
positions with no explicit information on the current
chemical state. The proposed method is based on the
mathematical formulation that expresses the motor potential proﬁle in terms of steady-state probability ﬂux and
steady-state probability density. Furthermore, the proposed method adopts a robust numerical framework (1) to
guarantee the positivity of the probability density, (2) to
maintain a uniform accuracy especially in the region where
the probability density is low, and (3) to estimate the
statistical error due to the ﬁnite sample size. The proposed
method is tested using the simulated data from a
hypothetical motor system. The test results demonstrate
that the proposed method is capable of reconstructing a
motor potential proﬁle with a reasonable accuracy from a
time series of moderate size (5000 motor positions). In
addition, the proposed method also gives the statistical
errors associated with the estimated potential proﬁle. The
next step will be to apply the proposed method, in
collaboration with experimentalists, to extracting motor
potential proﬁle from time series of motor positions
measured in real single molecule experiments.
Recently Walton proposed to use the hidden Markov
model to analyze single molecule experimental data on
kinesin (Walton, 2002). Both Walton’s study and our study
share the same general approach of combining mathematical models describing the motor with statistical methods
to process the data. These two studies also share the same
goal of extracting more information about the motor from
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the data. The speciﬁc goals and the speciﬁc mathematical
models and statistical methods used are different. In
Walton’s study, the kinesin is described by a kinetic model
with a few states; the statistical tool is the hidden Markov
model; and the goal is to extract the time series of kinesin
states from the measured time series of bead positions (that
is, the goal is to build a hidden Markov model ﬁlter with
the measured time series of bead positions as the input and
the recovered time series of kinesin states as the output).
Since the goal is to extract the stochastic time series of
kinesin states instead of extracting an average quantity, it
requires high time resolution (that is, it requires many data
points near each time instance). In Walton’s study, it was
found that the time resolution of the current experimental
data is not high enough for extracting the intermediate
states (Walton, 2002). This, however, should not be viewed
as a defect of Walton’s study at all. Rather, it should be
viewed as a design guide for future experiments and for
future experimental technologies. In our study, the motor
is described by Fokker–Planck equation (or equivalently a
Langevin equation); the statistical tool is the likelihood
method; and the goal is to extract the motor potential
proﬁle, which is an average entity (it is a function instead of
a number). Both Walton’s study and our study demonstrate that when the general statistical methods are
combined with the speciﬁc mathematical models describing
the underlying physical process, more information may be
extracted.
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Appendix A. Derivation of Eq. (13)
In this appendix, we estimate the relative statistical error
in the estimated probability density using the histogram
method. For simplicity, we treat fy1 ; y2 ; . . . ; yM g as iid
(independently identically distributed) random variables
with probability density rðxÞ. The assumption that
fy1 ; y2 ; . . . ; yM g are iid needs explanation. Apparently,
fy1 ; y2 ; . . . ; yM g are not iid. For example, yjþ1 is far from
being independent of yj . In the histogram method,
however, the result depends only on a sufﬁcient statistics
of fy1 ; y2 ; . . . ; yM g, i.e. how many data points in each bin.
In particular, the result does not depend on the order of the
sequence fy1 ; y2 ; . . . ; yM g. That is, if we permute the
sequence fy1 ; y2 ; . . . ; yM g, the result of the histogram
method is not affected at all. Therefore, instead of applying
the histogram method directly on the data fy1 ; y2 ; . . . ; yM g,
we ﬁrst do a random permutation on the data sequence
fy1 ; y2 ; . . . ; yM g to obtain a set of randomly permuted
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observations fy^ 1 ; y^ 2 ; . . . ; y^ M g. For large M, the randomly
permuted observations fy^ 1 ; y^ 2 ; . . . ; y^ M g are approximately
iid. Then we apply the histogram method on the randomly
permuted observations fy^ 1 ; y^ 2 ; . . . ; y^ M g. So the real assumption we make here is that the randomly permuted
observations fy^ 1 ; y^ 2 ; . . . ; y^ M g is iid, which is approximately
true.
Rb
Let ½a; bÞ be the bin around x and let p ¼ a rðxÞ dx. If
½a; bÞ is one of many bins used in the histogram, then we
have p51. The histogram method estimates p and rðxÞ as

where nx ¼ Mp is the average number of data points (out
of total M data points) in the bin ½a; bÞ.

S½ðb1 ; b2 ; . . . ; bm Þ þ d ¼ Sðb1 ; b2 ; . . . ; bm Þ expðdÞ ¼ 1,

Consider
the
vector
ðDb1 ; Db2 ; . . . ; Dbm Þ þ d where

ðb1 ; b2 ; . . . ; bm Þ þ d þ

ð30Þ

Using relation (29), constraint (28), the deﬁnition of d in
(26), and inequality (30) we obtain
F ½ðb1 ; b2 ; . . . ; bm Þ þ d þ ðDb1 ; . . . ; Dbm Þ þ d
¼ F ½ðb1 ; b2 ; . . . ; bm Þ  d þ ðDb1 ; . . . ; Dbm Þ þ d ¼ 0,
S½ðb1 ; b2 ; . . . ; bm Þ þ d þ ðDb1 ; . . . ; Dbm Þ þ d
¼ S½ðb1 ; b2 ; . . . ; bm Þ þ d þ ðDb1 ; . . . ; Dbm Þ expðdÞ
o expðdÞ ¼ Sðb1 ; b2 ; . . . ; bm Þ,

Appendix B. Relation between problem (17) and (18)
Suppose ðb1 ; b2 ; . . . ; bm Þ is the solution of (18). By
deﬁnition, it satisﬁes
F ðb1 ; b2 ; . . . ; bm Þ ¼ 0,

which contradicts with the deﬁnition of ðb1 ; b2 ; . . . ; bm Þ that
Sðb1 ; b2 ; . . . ; bm Þ attains the constrained minimum at
ðb1 ; b2 ; . . . ; bm Þ. Therefore, (27) must be true.
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