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Figure 4.3. Several iterates of the method of steepest descent in the case i = 2.
The concentric ellipses are level sets of ¢(u).
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Figure 4.4. (a) If A is a scalar multiple of the id_eg\t’ity then the level sets of ¢(u)
are circular and steepest descent converges inj.' ’oﬁ'z'é_iterat:zf_gyjrom any initial guess ito. (b)

(a)

: e
If the level sets of ¢ (1) are far from circular, then steepest descent may converge slowly.”)

i

——

Figure 4.5. The major and minor axes of the elliptical level set of ¢(u1) point in
the directions of the eigenvectors of A.
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Figure 4.6. The CG algorithm converges in two iterations from any initial guess
ug in the case m = 2. The two search directions used are A-conjugate. |

Note Po e L gu_‘afi;'" to fle  Qoyel sof ‘H “i’ al () 1)
/ ) = PhT r“ = FD.TH ( '{' - {\ U|) y; ’g; f'l (\ *

~

AN



( ;DDS ‘tHid,_l_ilJa_?O)_. - }

1
F‘l—m“{(‘ﬁ .r’_tiJ[uJ) | ||

it Seapeh df'mf’(m} |
.

. _ |
{la by waliix —vedor  yeliigheation

Ve (compute » Y‘;ifﬁ u;'ﬁir

% ceands | Ahivedir )

| ’galerew ) "f{AMr\I .
| .
|

-
g
s
(i
I
2

(T A} |
g b AT
' Ph f f‘; "“l?/( d;'o"‘—fﬁ-{r
- > Sex T 4.1 ;Ledeﬁu)" |
| s ___i__
= NeLY— Seorctivech

R
N
q
-
“2
4
™

4




88 Chapter 4. lterative Methods for Sparse Linear Systems

Compare this algorithm to the steepest descent algorithm presented on page 80. Up
through the convergence check it is essentially the same except that the A-conjugate search
direction pr_; is used in place of the steepest descent search direction rg—; in several
places.

The final two lines in the loop determine the next search direction pg. This simple
choice gives a direction py with the required property that pg is A-conjugate to all the
previous search directions p; for j = 0, I, ,..., & — 1. This is part of the following
theorem, which is similar to Theorem 38.1 of Trefethen and Bau [91], although there it is
assumed that #g = 0. See also Theorem 2.3.2 in Greenbaum [39].

Theorem 4.1, The vectors generated in the CG algorithm have the following properties,
provided r # 0 (if ry = 0, then we have converged):

. pr is A-conjugate to all the previous search directions, i.e., p{A pj =0forj =
0,1, ..., k=1

2. The residual ry is orthogonal to all previous residuals, r,f"rj =0forj=0,1,,...,

k—1,
3. The following three subspaces of R™ are identical:

span(po, P1, Pz -veon Pk=1)s
span(rg, Aro, A%rg, ..., Ak’lro). (4.43)

span(Aeq, Aleg, Aleg, ..., Akt'(]).

The subspace Ky = span(rg, Arg, A%rg, ..., A¥ 'ro) spanned by the vector ro
and the first K — | powers of A applied to this vector is called a Krylov space of dimension
k associated with this vector.

The iterate uy, is formed by adding multiples of the search directions p; Lo the initial
guess o and hence must lie in the affine spaces wo + K (i.e., the vector wg — g is in the
linear space KCx).

We have seen that the CG algorithm can be interpreted as minimizing the function
¢ (1) over the space ug + span(po, p1, ..., Pr—1) in the kth iteration, and by the thcorem
above this is equivalent to minimizing ¢ (1) over the ug+ K. Many other iterative methods
are also based on the idea of solving problems on an expanding sequence of Krylov spaces;
see Section 4.4.

4.3.4 Convergence of conjugate gradient

The convergence theory for CG is related to the fact that «g minimizes ¢ (i) over the affine
space ug + Ky defined in the previous section. We now show that a certain norm of the
error is also minimized over this space, which is useful in deriving estimates about the size
of the error and rate of convergence.

Since A is assumed to be SPD, the A-norm defined by

llella= Vel Ae (444
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