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Abstract

Relaxed Jordan canonical form (RJCF) is introduced for three-dimensional linear transformations, and applied
to various problems in computer animation and visualization, especially problems involving matrix exponentials
and matrix logarithms. In all cases our procedures use closed-form expressions, so they are not iterative, whereas
the corresponding procedures that have been published in the graphics literature are iterative. New numerically
robust procedures are presented for Alexa’s “linear” interpolation between linear transformations, based on a matrix
Lie product, for polar decomposition, and other techniques that require matrix exponentials and matrix logarithms.
Extensions to cases not covered by the published procedures are also discussed, particularly for matrices with less
than full rank. There are also applications to analysis of vector fields and tensor fields in three dimensions. Besides
providing a basis for numerical procedures, the geometric interpretations of RJCF often provide useful analytical
insights.

RJCF is based on new numerically stable procedures to derive a canonical coordinate system for a two or
three-dimensional linear transformation. The coordinate transformation has unit determinant and is composed of
meaningful building blocks: shear, rotation, nonuniform scale. The derivation uses the new concept of “outer root”
of a cubic polynomial, and properties of the characteristic and minimal polynomials. New closed-form procedures to
compute eigenvectors are developed, which use fewer operations than eigenvector routines found in texts. Accuracy
and stability are examined empirically. Tests indicate that the new method is an order of magnitude faster than general
methods, as well as being more accurate.

The three-dimensional problem is separated into independent one-dimensional and two-dimensional problems.
The outer root’s eigenspace is one-dimensional, collinear with the outer eigenvector. A simple calculation deter-
mines the two-dimensional invariant subspace of the other eigenvalues, which need not be orthogonal to the outer
eigenvector and may be complex.
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1 Introduction

In computer graphics animation it is often desirable to interpolate in the space of linear transformations, particularly
three-dimensional linear transformations. The common 4� 4 matrix representation of affine 3-D transformations
is usually treated as a 3� 3 matrix for the linear part and a 3-vector for the translational part, which are handled
independently [SD92]. Naive methods that are not invariant under orthonormal changes in the coordinate system
were quickly found to be unsatisfactory, such as element-by-element interpolation in matrices and component-by-
component interpolation of Euler angles. Several methods have been proposed over the years for general 3-D matrix
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interpolation, withpolar decompositionperhaps having the best theoretical foundation among older methods [SD92].
Recently, methods based on matrix logarithms and matrix exponentials have received increased attention [MLS94,
KKS95, PR97, Gra98, BM98, Ale02].

One of the technical problems with most of the methods cited is that one or more key matrix operations rely on an
iterative procedure whose behavior has not been analyzed and comes with no guarantees of cost or accuracy (at least,
no analyses have been published). One of the main contributions of this paper is to provide closed-form procedures for
these key matrix operations. The user of operations that previously relied on an iterative procedure may benefit from
our methodology in three ways: (1) our procedure is 17–20 times faster than an off-the-shelf eigen-decomposition
procedure; (2) our procedure is more accurate than an off-the-shelf eigen-decomposition procedure; (3) the user’s
previously iterative procedure can now be performed in closed form, avoiding the hassles of nonconvergence and
choosing tolerance parameters.

We introducerelaxed Jordan canonical form(RJCF) for three-dimensional linear transformations and give a
closed-form procedure to find it for any 3� 3 matrix. RJCF is of interest for computer graphics because it can be
computed efficiently and accurately and it can be used to compute matrix exponentials and matrix logarithms. We
show how it can be used for various interpolation schemes, including Alexa’s “linear combination” method, which is
based on a matrix Lie product [Ale02], the polar decomposition proposed by Shoemake and Duff [SD92], as well as
singular-value decomposition. Previous literature offered only iterative procedures, and in most cases the procedures
depended on nonzero determinants. RJCF is also applicable to the problem of tracing parallel vectors, and may be
useful wherever spectral analysis (eigenvalues and eigenvectors) is needed.

Besides providing closed-form procedures, another contribution is to show how RJCF serves as a basis for extend-
ing several of the above-mentioned techniques. Although the techniques of matrix Lie product and polar decompo-
sition were “defined” for boundary cases that have zero determinants, the published procedures do not handle these
cases, and do not address behavior as a system becomes ill-conditioned. RJCF also provides a seamless way to handle
such boundary cases because it never relies on having a nonzero determinant. Having the canonical form in hand
permits other extensions to be considered easily.

Three-dimensional linear transformations play a pivotal role in physics and other fields, as well as computer
graphics. Thus they frequently play a role in scientific visualization. The roles of eigenvalues and eigenvectors
in analysis of physical systems are well known. RJCF assists in these tasks by providing anatural coordinate
transformation into the “relaxed” canonical system. This transformation is real-valued and has unit determinant,
meaning that it preserves volume. By default, it stays as close as possible to the original coordinate system, there are
choices to allow it to stay close to a previously calculated coordinate system, instead. When the matrix has a pair of
complex eigenvalues, as is often the case, only one column of the RJCF transformation is an eigenvector, but the other
two columns have a natural interpretation as “principal axes” of a related ellipse.

More generally, properties of RJCF may be useful to analyze the behavior of other well known operations in 3-D,
or to provide computational procedures with known accuracy for them. Several examples are given in the paper as
applications of RJCF.

The analysis ofn-dimensional linear transformations in terms of eigenvalues, eigenvectors, and generalized eigen-
vectors has been well studied for both theory and numerical methods, and many linear-algebra packages are available.
The thesis of this paper is that further gains can be made by using the special properties of 3� 3 matrices. The
springboard for most of the improvements is the observation that the characteristic polynomial for a 3�3 matrix, a
cubic polynomial, has a distinguished real root, called theouter root, which can be calculated accurately and quickly,
and which can be exploited to simplify the analysis of the transformation represented by the matrix.

1.1 Relaxed vs. Strict Canonical Form

We use the adjective “relaxed” because true (strict) Jordan canonical form has the property that two matrices are related
by a similarity transformation (see Section 1.4) if and only if they haveexactlythe same Jordan canonical form. The
set of matrices that are related by a similarity transformation form an equivalence class. Strictly speaking, a canonizing
procedure should transformall elements of an equivalence class into the same element, which is the canonical form for
that equivalence class. Thus the test to see if two elements are in the same equivalence class is to see if their canonical
forms are identical. This test is not important in any of the applications that we consider or know about.

A modified version of the original Jordan canonical form is calledreal Jordan form[HS74]. The original Jordan
canonical form of a real matrix might be complex. However, real Jordan form is restricted to real matrices, while
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maintaining the property that two real matrices are related by a similarity transformation if and only if they have the
same real Jordan form. The RJCF procedure produces a matrix that differs from the real Jordan form at most by a
permutation of coordinate indices in the most common practical cases. However, when the underlying transformation
involves a shear component, the differences are more extensive.

It is known that the Jordan canonical form of a matrix is not a continuous function of its elements, although the
eigenvalues of a matrix are continuous functions [GVL96, problems 7.1.5–6]. The same holds for the strict real Jordan
form. However, RJCF offers a choice of forms for a given matrix, so that there is some choice that is continuous
locally in most, but not all, regions of matrix space. See Section 2.6 for more discussion.

1.2 Organization of the Paper

The remainder of this section presents our notation and reviews some relevant linear algebra. The main geometric and
algebraic ideas behind RJCF are presented in Section 2, while technical details and numerical procedures are deferred
to the appendices. The analytical power of RJCF is demonstrated in Section 3 by using it to characterize the solutions
of the problem of detecting parallel vectors in two affine vector fields. Application of RJCF to the calculation of
matrix exponentials and matrix logarithms is covered in Section 4, and the more specific application to Alexa’s matrix
Lie product operator is explained in Section 5. The role of RJCF in computing polar decomposition is discussed in
Section 6. Besides presenting new computational procedures, a theorem about polar decomposition of matrices with
rank deficiency of one is given, and a new method of blending is proposed. Unlike most of the paper, the results
in this section generalize to higher dimensions, but may be impractical for much higher dimensions. Section 7.1
applies RJCF to calculation of the exponential map, with emphasis on handling ill-conditioned situations accurately.
Section 7 applies RJCF to some problems involving rotations. Section 8 briefly compares the polar decomposition
and the matrix Lie product methods for interpolation with attention to behavior on rotations and on ill-conditioned
matrices. Applications to linear differential equations are also briefly discussed in Section 9. Performance issues are
examined in Section 10, with attention to both accuracy and speed. The paper concludes in Section 11, but many
technical issues are elaborated upon in the appendices.

1.3 Notation

Matrices and linear transformations are denoted by boldface capital letters. Vectors are denoted by boldface lowercase
Roman and Greek letters. Normally matrices are square and vectors are column vectors. The dimensions are inferred
by context, usually 3�3 and 3�1. Specific row vectors are denoted by their component values in the form[v0;v1;v2].
SuperscriptT denotes transpose of a vector or matrix.

A special notation forsimilarity transformationsuses this symbol:
T
;. See Definition 1.1 and Table 1 for the

definition and usage.
Matrices and vectors are indexed beginning at 0 and index expressions are always understood to be modulus the

matrix or vector dimension, usually 3.M j denotes thej-th columnof matrix M . M (i) andx(i) denote thei-th row of
M and thei-th component of vectorx. HoweverMi j denotes the element in rowi, column j of M . It is sometimes
convenient to consider a matrix as a “row vector” of its columns, or a “column vector” of its rows.

M =
�
M0;M1;M2

�
=

24 M (0)

M (1)

M (2)

35 (1)

The standard basis vectorsei have 1 in thei-th component and 0 in the remaining components.I is the identity matrix;
0 is the zero matrix.

The cross product is denoted byp�q and the dot product isp �q = pTq = qTp. The determinant ofM is denoted
by det(M). TheEuclidean lengthof v andFrobenius normof M are denoted byjvj andjM j, respectively:

jvj =
p

v �v (2)

jM j =
q
jM0j2+ jM1j2+ jM2j2 =

q
∑i; j M

2
i j (3)

Exponentiation is denoted by botheA and exp(A), with the latter being favored for complicated exponent expres-
sions.
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Two vectorsp andq areorthogonalif p �q = 0 and areorthonormalif, in addition,jpj= jqj= 1. A set of vectors
is orthonormalif each pair in the set is. A square matrix isorthonormalif its columns form an orthonormal set of
vectors; in this case its rows are also orthonormal. Some writings use the termorthogonalfor such sets and matrices;
we useorthonormalto avoid any ambiguity.

1.4 Miscellaneous Facts of Linear Algebra

This subsection reviews some basics of linear algebra that are used in the paper. The facts in this subsection may
be found in, or easily derived from, intermediate texts on linear algebra [HS74, GVL96]. Although many of the
statements in this section hold forn dimensions, many do not, so we confine attention to three and fewer dimensions
when they are simpler.

Let M be a 3�3 matrix. Thedeterminantof M is thetriple scalar product:

det(M) = M0 �M1�M2 = M0�M1 �M2: (4)

Thetraceof M is the sum of its diagonal elements. Thei-th principal minorof M is the matrix that results by deleting
row i and columni. M is calledsingular if det(M) = 0, otherwise it isnonsingularand has an inverse, which is given
by a special case of Cramer’s rule:

M�1 =
1

det(M)

24 (M1�M2)
T

(M2�M0)
T

(M0�M1)
T

35 ; (5)

If M � = λ � for some scalarλ and nonzero vector�, both of which might be complex, thenλ is aneigenvalue
and� is aneigenvectorof M . All 3�3 matrices have at least one real eigenvalue and an associated real eigenvector;
the other two eigenvalues may be real also or may be a complex conjugate pair. In the case of complex eigenvalues,
there are complex eigenvectors for each complex eigenvalue. In the case of three real eigenvalues, there are several
possibilities for eigenvectors andgeneralizedeigenvectors (see Appendix C).

Therank of a matrix is the number of linearly independent columns or rows. Thenullity of a square matrixM is
the difference between its dimension and its rank. The subspace that is mapped to 0 byM called thekernelof M and
its dimension equals the nullity ofM . For two square matricesM1 andM2:

nullity(M1 M2) � nullity(M1)+nullity(M2): (6)

The only matrix of rank 0 is0. Thus, ifM is 3�3 andM2 = 0, then the rank ofM is 0 or 1. This turns out to be
very useful in 3-D, in conjunction with the following paragraph, for determination of eigenvectors and generalized
eigenvectors.

Rank-one matrices have a special form using the tensor, or outer, product. LetMi j be a nonzero element in the
rank-one matrixM . Then

M =
M j M

(i)

Mi j
(7)

The equation holds for any nonzero element, but choosingMi j to be an element of maximum magnitude ensures that

jM j j is maximal over all columns andjM (i)j is maximal over all rows.
Thecharacteristic polynomialof M is the scalar polynomial

f (x) = det(Ix�M): (8)

If p(x) is any polynomial in one scalar variable, thenp may be evaluated over 3�3 matrices, e.g.,p(M), yielding a
3�3 matrix. The classicalCayley-Hamilton theoremstates thatf (M) = 0, wheref (x) is the characteristic polynomial
of M . It follows that the roots off (x) are precisely the eigenvalues ofM .

Linear transformations from the Euclidean spaceEn to En can be represented byn� n matrices. The matrix
representation depends on the coordinate system, or the set of basis vectors.
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A T
; is read as “the similarity transformation ofA based onT; i.e.,T�1AT .”

A
T
; B is read as “B is similar toA based on transformation byT; i.e.,B = T�1 AT .”

A; B is read as “A andB are similar, since the relationship is symmetric.”

Table 1: Notation for similarity transformations in which det(T) = 1; see Definition 1.1.

24 �1 0 0
0 4 0
0 0 �2

35 24 �1 0 3
0 2 0

�3 0 �1

35 24 2 0 0
0 3 0
0 4 3

35 24 3 0 �1
0 3 0
0 4 3

35
Diagonal Spiral Simple Shear Compound Shear

Table 2: Examples of Relaxed Jordan Canonical Forms for 3�3 matrices.

Definition 1.1: For ann�n matrix A, if T is any nonsingular realn�n matrix, thenT�1AT is asimilarity transfor-

mationonA. If, in addition, det(T) = 1, the notationA
T
; is used forT�1AT . T is called thetransforming matrixand

may be a matrix expression as well as a single symbol. Two matrices,A andB, aresimilar if B is produced by some

similarity transformation onA (and vice versa). The notationA T
; B is synonymous withB = A T

;. See Table 1 for
suggested phrasing.

Although similarity transformations are defined for all nonsingularT, the notation of Definition 1.1 with an explicit
transforming matrix implies that the determinant of the transforming matrix is one. However, if two matrices are
similar, then it is always possible to use a transforming matrix whose determinant is one, so the use of the unadorned
“;” is consistent and this operator is reflexive.

A similarity transformationon a matrix corresponds to a “change of coordinates”. A 3-D coordinate system
consists of three linearly independentbasis vectors, which need not be orthogonal. If two matrices are related by a
similarity transformation, then they represent the same linear transformation in different coordinate systems and have
the same eigenvalues.

Lemma 1.1: The characteristic polynomial, trace, and determinant are invariant under similarity transformations.

The topological classification of a linear transformation is invariant under similarity transformations [Lad73,
KR73], as are many other interesting properties. It is beyond the scope of this paper to describe the topology under
consideration, other than to mention that it is related to continuous mappings between families of solutions of linear
differential equations. Readers may consult the cited works for complete explanations.

2 Relaxed Jordan Canonical Form

A relaxed Jordan canonical form(RJCF) of the 3�3 or 2�2 matrixA is a matrixJ such thatA T
; J andJ satisfies

certain conditions. (Recall that the notation implies det(T) = 1.) SinceJ T�1

; A, the transforming matrixT is often
considered part of the relaxed Jordan canonical form forA. Certain cases whenA has three equal eigenvalues are
deferred to Appendix C because they are trivial (uniform scale) or very messy and unlikely to occur in practice
(compound shear). The 3�3 cases are summarized in Table 2, with examples.

If A has a RJCF of theDiagonalform, thenA is calleddiagonalizableand its eigenvalues are simply the diagonal
elements ofJ. This form has real eigenvectors that span the space.

If A has a RJCF of theSpiral form, then the real eigenvalue is the entry ofJ that has no off-diagonal element in
its row or column, 2 in the example in Table 2. The other two eigenvalues are a complex conjugate pair, whose real
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Figure 1: The location of the outer root relative to the inflection point off (x). Its location does not require knowing
how many real rootsf (x) has.

part appears on the diagonal and whose imaginary part appears off the diagonal,�1�3i in the same example. The
complex eigenvalues have complex eigenvectors, but RJCF is able to avoid using complex values throughout.

If A has a RJCF of theSimple Shearform, then its eigenvalues are again simply the diagonal elements, at least two
of which are equal, but there are only two independent eigenvectors. This form is actually the composition of a shear
and a nonuniform scale. TheCompound Shearform is discussed in Appendix C.2, and has only one independent
eigenvector. It is recognized by the property that after a suitable permutation of the indices, the matrix is upper
triangular and both super-diagonal elements are nonzero (e.g., flip 1 and 2 in the example in Table 2). The 2�2 cases
are similar, except that a 2�2 compound shear does not exist.

In all casesA T
; J represents a similarity transformation onA that exposes the eigenvalues inJ and the eigenvectors

and generalized eigenvectors inT. (Complex eigenvalues and eigenvectors are easy to calculate from the real entries
in J andT, but RJCF does not require them.)

2.1 Outer Root, Eigenvalue, and Eigenvector

Two key concepts for understanding the procedure to find RJCF are theouter eigenvalueand theinvariant subspaces
of a 3�3 matrixA. A detailed description of the computational procedures is deferred to Appendix B. We present the
main geometric and algebraic ideas here. So that readers may be assured that their animation code will not fall into
a black hole by using RJCF, we note that the complete calculation consists of at most 10 square-root calls, 2 calls to
trigonometric functions, and 202 miscellaneous floating multiply-adds.

The eigenvalues are the roots of thecharacteristic polynomialof A:

f (x) = det(Ix�A) = x3� tx2+sx�d: (9)

In this equation,t is thetrace, d is thedeterminant, ands is the sum of the determinants of theprincipal minors.

Definition 2.1: The outer root of a cubic polynomial is the real root that is most distinct in the following senses.
When there is only one real root, it is the outer root. When there are three real roots, the one that is furthest from the
median root is the outer root; break a tie in favor of the root with maximum absolute value. (The specific case in which
there is still a tie:�λ , 0, λ , is unlikely to occur in computer graphics, but choose the positive root as “outer” in this
case.) See Figure 1.

Theouter eigenvalueis the outer root of the characteristic polynomial. Anouter eigenvectoris an eigenvector of
the outer eigenvalue.

Our interest in identifying the outer root is that its calculation presents the fewest numerical problems. Also, it is
often useful to have an eigenvalue of multiplicity one. The numerical analysis community advises generally against
using the characteristic polynomial to compute eigenvalues [PFTV88]. However, by computing the outer root first, we
have found that we obtain more accurate results for 3�3 matrices than general-purpose eigenvalue routines.
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Figure 2: The outer eigenvector and the two-dimensional invariant subspace are not necessarily orthogonal in the
original coordinate system (left). A rotationR�1 places the invariant subspace in a coordinate plane (center), then
a shearS�1 aligns the outer eigenvector with the third axis (right). Progressing from right to left illustrates the
application ofS thenR.

It is useful that the outer eigenvalue can be found without knowing whether there are one or three real eigenvalues.
Referring to Eq. 9 and Figure 1, the inflection point isex= t=3, i.e., f 00(ex) = 0. If f (ex) and f 0(ex) have opposite signs
the outer root is the minimum root, otherwise it is the maximum root.

The outer root can be found with a specialized form of Cardano’s equations for roots of cubic polynomials (see
Appendix A.2). The outer root also can be found with a monotonically convergent Newton-Raphson procedure by
starting at�(1+ jtj+ jsj+ jdj), depending on whether the maximum or minimum root is wanted (see Appendix A.1).
Both methods are an order of magnitude faster than using a general (n-D) iterative eigenvalue procedure, such as found
in BLAS or matlab.

Definition 2.2: An invariant subspacefor a linear transformationA is a set of vectorsSthat is closed underA; i.e., if
v 2 S, thenAv 2 S.

For our purposes the important invariant subspace is the 2-D space spanned by real vectors that are linear combi-
nations of the two eigenvectorsother thanthe outer eigenvector (the precise characterization is given in Lemma 2.2).
These two eigenvectors might be a complex-conjugate pair. For the simple shear, the 2-D space is spanned by
an eigenvector and ageneralized eigenvector. With some abuse of terminology we call this invariant subspace
an eigenspaceor generalized eigenspace. (Generalized eigenspaces are needed only in the presence of repeated
eigenvalues, and not necessarily even then; they are defined for 2-D in Section 2.5 and for 3-D in Appendix C.)

A key innovation of RJCF is that the transformation into “canonical form” is derived geometrically (see Figure 2).
By applying a similarity transformation toA, we map this 2-D invariant subspace into a coordinate plane, and make
the outer eigenvector collinear with the normal vector to this plane. This separates the transformation into the direct
product of a 1-D transformation (aligned with the outer eigenvector, out of the plane) and a 2-D transformation in the
plane. The 2-D transformation can then be analyzed for RJCF in isolation. The remainder of this subsection outlines
the calculation of the outer eigenvector and the invariant subspace normal vector. The following subsection outlines
how to carry out this separation. Full details and discussion are presented in Appendix B.

Suppose the outer eigenvalueλ0 (the outer root off (x)) has been found as described in the discussion of Eq. 9.
The multiplicity (both algebraic and geometric) ofλ0 is one. Define the quadratic polynomial

q(x) = f (x) = (x�λ0): (10)

Recall that polynomials can be evaluated over square matrices, as well as scalars. Indeed, the Cayley-Hamilton
theorem states that

f (A) = A3� t A2+sA�dI = 0 (11)

where the scalarst, s, andd are the same as in Eq. 9; the details of their computation are given by Eq. 86. Using
Eq. 10,

f (A) = (A�λ0 I)q(A); (12)

The analysis ofq(A) provides key insights into the spectral structure ofA.
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Lemma 2.1: AssumeA does not have three equal eigenvalues. The transformationq(A) has rank one. Indeed, every
column of the matrix ofq(A) is a scalar multiple of�0, the outer eigenvector ofA.

Proof: Becauseλ0 has multiplicity one, its only eigenvectors are multiples of�0. Suppose thei-th column ofq(A)
werenot such a multiple. Then the standard basis vectorei would not be mapped to an eigenvector ofλ0 by q(A). It
would follow from Eq. 12 that

f (A)ei = (A�λ0 I)q(A)ei 6= 0;

violating the Cayley-Hamilton theorem Eq. 11.

Sinceq(A) is a rank-one matrix, it has the form of a scalar multipleγ times an outer product of two 3-vectors:

q(A) = γ �0�
T ; (13)

where�0 is an outer eigenvector. The significance of� is established next. (Note that�0 and� are not necessarily
unit length; in fact, for numerical purposes, it is best to choose the column and row of maximum magnitude inq(A)
for these vectors.)

Let q(A)i j be an element of maximum magnitude; call itqmax. Break ties arbitrarily. For numerical purposes, we
choose�0 to be thej-th column ofq(A).

1. If the i-th row ofq(A) satisfiesq(A)(i) �0 > 0, then we choose�T = q(A)(i) andγ = 1=qmax;

2. otherwise,�T =�q(A)(i) andγ =�1=qmax.

Note that�0 is a column of maximum magnitude and�T is a (possibly negated) row of maximum magnitude. Also,
all rows ofq(A) are scalar multiples of�T . Thus Eq. 13 is satisfied.

Next we show that� is orthogonal to the two-dimensionalinvariant subspaceof the remaining eigenvalues, say
λ1 andλ2 (see Definition 2.2). A corollary is that�0 is not orthogonal to�, under the condition thatA does not have
three equal eigenvalues.

Lemma 2.2: AssumeA does not have three equal eigenvalues. Let� be defined as in Eq. 13. Letλ1 andλ2 be the
two eigenvalues ofA other than the outer eigenvalue. Let?� denote the 2-D subspace orthogonal to�.

1. ?� is invariant underA; i.e., if v 2 ?�, thenAv 2 ?�.

2. ?� contains the real and imaginary parts of all vectors that are linear combinations of eigenvectors ofλ1 and
λ2.

Proof: (1) Invariance is immediate by Eq. 13. (2) For containment, let�1 and�2 be eigenvectors ofλ1 andλ2, But λ1
andλ2 are the roots ofq(x). Thereforeq(A)�1 = 0 andq(A)�2 = 0. Sinceq(A) = �0�

T and�0 6= 0, it follows that
�T �1 = 0 and�T �2 = 0.

If eigenvectors ofλ1 andλ2 span a 2-D space, this space coincides with?� in Lemma 2.2. This is also the case if
a generalized eigenvector is required, but the details are deferred to Section 2.5.

For matrixA below, Example I.1 in Appendix I shows the calculation of the outer eigenvalue,λ0 = 1, the outer
eigenvector�0, and the normal vector�. The two vectors make an angle of 45Æ.

A =

24 �15 �16 �20
44 45 19
16 16 21

35 �0 =

24 576
�576

0

35 � =

24 576
0

576

35 : (14)

2.2 Separation into 1-D and 2-D Problems

We are now prepared to separate the three-dimensional problem into a one-dimensional problem and a two-dimensional
problem. The quantities�0, �, γ, i and j have been computed as described in the paragraph before Lemma 2.2. A
composition of a rotation and a shear aligns� with the nearest coordinate axis and aligns�0 with �. The sequence is
suggested by Figure 2.

8



The idea is first to rotate the coordinate frame so that� aligns with an axis. Specifically,R�1� is aligned with the
nearest coordinate axis. (To maintain continuity of a sequence of transformations a different axis may be chosen.) The
invariant subspace forλ1 andλ2 is now contained in the coordinate plane orthogonal to�.

Next, apply a shear transformation “parallel” to this coordinate plane to align�0 with the same axis as�, while
leaving the coordinate plane invariant. Specifically,S�1R�1�0 is aligned with this axis. This axis is the eigenvector
direction for λ0 in the canonical coordinate system, so the separation is accomplished. The rotation and shear
transformations,R andS, respectively, each have determinant one. The transforming matrix that separates the problem

is RS, and the separated form of the matrix isA RS
;. The equations are given with optimizations in Appendix B.1,

Eq. 87–92.
Continuing with matrixA and vectors�0 and� in Eq. 14, Example I.2 in Appendix I shows the calculation of

the separating matrixRS, shown below. The outer-root eigenvalue (λ0 = 1) has been separated from the rest of the
transformation.

(RS) =

24
p

2 0 �1=
p

2
�p2 1 0

0 0 1=
p

2

35 A RS
; =

24 1 0 0
0 45 �25=

p
2

0 32=
p

2 5

35 (15)

With the separation accomplished, the coordinate plane containing the eigenspace forλ1 andλ2 is transformed
into canonical form by the methods described in Section 2.3.

The partitioned form of the matrix isA RS
;, with λ0, the outer eigenvalue, in the( j; j)-element. We write matrix

diagrams as thoughj = 0 for simplicity, but wherever these diagrams show indices 0, 1, 2, the code uses,j, j +1, and
j +2 (both mod 3, as usual).

A RS
; =

24 λ0 0 0
0
0

B

35 B =

�
b11 b12
b21 b22

�
(16)

The rows and columns with indicesj +1 and j +2 comprise the 2x2 matrixB that remains to be canonized. Rowj
and columnj are final.

There are several ways to putB into RJCF, i.e., findJB andUB such thatB
UB
; JB. The procedure derived in

Section 2.3 again uses a geometrical approach. ThenJB andUB are extended to 3-D by

U =

24 1 0 0
0
0

UB

35 J =

24 λ0 0 0
0
0

JB

35 (17)

DefineT = RSU and it follows that

A T
; J (18)

is the RJCF forA. Explicit expressions forJ and the matrix inverses are worked out from Eq. 98–105 in Section B.2.
Example I.5 in Appendix I shows a complete example.

Although the foregoing procedure might seem protracted, it is at least an order of magnitude faster than than a
general “eigen-package” such as BLAS (matlab provides an interface to BLAS for the eigen-package). It is also more
accurate. Section 10 gives experimental results to support these claims. The roles of the key matricesJ andT in
applications are discussed in Section 4 and following sections.

2.3 Two-Dimensional Canonical Coordinates

This section shows how to transform a 2� 2 matrix into a canonical coordinate system with a short sequence of
familiar area-preserving transformations: rotations and nonuniform scales. The defective case, in which there is only
one eigenvector, and nearly defective cases, in which the eigenvectors are nearly parallel, are treated. The transforming
matrix and RJCF are continuous functions of the matrix elements in most of the 4-D space. We believe this is the first
2-D canonizing procedure with this degree of continuity. The equations and details are deferred to Appendix B.2,
which includes a brief description of the subspace where discontinuity occurs.
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�
J11 0

0 J22

� �
J11 J12

�J12 J11

� �
J11 0
J21 J11

� �
J11 J12

0 J11

�
Diagonal Spiral Shear Shear

Table 3: Relaxed Jordan Canonical Forms for 2�2 matrices.

We use the following notation for the elements of a 2�2 matrixB:

B =

�
B11 B12
B21 B22

�
(19)

Recall thatB11 in this section corresponds toB j+1; j+1 in the 3-D context, etc. In a relaxed Jordan canonical coordinate
system the matrix has one of a few special forms shown in Table 3. They correspond fairly obviously to the 3-D forms

in Table 2. Thus the problem is, given a matrixB, find a transformationU such thatB U
; is in one of these forms. In

general,U is not unique.

2.4 Area-Preserving Similarity Transformations

For coordinate transformationT, the similarity transformationT�1BT preserves areaif the determinant ofT is 1.

Recall that the notationB T
; is used in this case. A canonical coordinate system can be derived with a short sequence

of area-preserving transformations of two familiar types, two-dimensional rotations (Rθ ) and nonuniform scales (Sw):

Rθ =

�
cosθ �sinθ
sinθ cosθ

�
R�1

θ = RT
θ =

�
cosθ sinθ
�sinθ cosθ

�
(20)

Sw =

�
w 0
0 1=w

�
S�1

w =

�
1=w 0

0 w

�
(21)

First, we state some important properties of these transformations. The next subsection exploits these properties.
Matrices with equal diagonal elements play a central role.

Lemma 2.3: Let R be a 2-D rotation and letS be an area-preserving scale, as above.

1. Thedifference betweenthe off-diagonal elements ofB is preserved byB R
;.

2. Thevalues ofthe diagonal elements ofB are preserved byB S
;.

Proof: Direct linear algebra computation.

Lemma 2.4: Let the 2�2 matrixM be defined byB R
;M , and letM have two real, independent eigenvectors.

1. The eigenvectors ofM are bisected by the coordinate axes if and only if the diagonal elements ofM are equal.

2. Suppose the eigenvectors are bisected by the coordinate axes. An area-preserving scaleS�1 causes the scaled
eigenvectors to be orthogonal and remain bisected by the coordinate axes if and only if the off-diagonal elements

of M S
; are equal.

Proof: Figure 3 shows the idea of the proof, where we use the notation:

M =

�
a b
e a

�
; v =

�
X
Y

�
; u =

�
X
�Y

�
:

Note thatM has equal diagonal elements. Letv be an eigenvector ofM . First, we need to show thatu is also an
eigenvector ofM .
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h
X
Y

i

h
X
�Y

i

aX

aX

aY

�aY

bY

�bY

eX

eX

M
h

X
Y

i

M
h

X
�Y

i

Figure 3: Diagram for proof of Lemma 2.4. The thick red vector denotesv =
h

X
Y

i
, a given eigenvector ofB. The thick

blue vector denotesu =
h

X
�Y

i
.

R�1
θ�����! S�1

w�����!
Rπ=4������!

Figure 4: Steps to transform into a 2-D canonical coordinate system. The arrows are equal-length eigenvectors in their
initial orientation (left), progressing to alignment with the coordinate axes in the canonical coordinate system (right).

The horizontal and vertical arrows show the construction ofMv (red) andMu (blue). Mv must be collinear with
v by hypothesis. By congruent triangles, it follows thatMu must be collinear withu, sou is also an eigenvector. The
diagram showsa, b, andeall positive, but clearly the construction works witha� 0 and/orb andeboth negative.

On the other hand, ifM22 is altered tof > a (andv is still an eigenvector), then the vertical arrows are altered to
length f Y in the constructions, ande must be reduced to maintain the collinearity ofMv . But then the blue arrows
that constructMu will end up too low for collinearity withu, sou is not an eigenvector. A similar argument holds for
f < a, concluding the proof of part (1).

For part (2), ifSw is a nonuniform area-preserving scale, thenS�1
w v andS�1

w u make equal and opposite-sign angles
with theX-axis. They can only be orthogonal if that angle is 45Æ. Also, if v andu are eigenvectors ofM , thenS�1

w v

andS�1
w u are eigenvectors ofM

Sw
;. Interpreting Figure 3 to showM

Sw
; instead ofM (i.e., b, e, X, Y are quantities

after transforming bySw), we see that the off-diagonal elements ofM
Sw
; must be equal.

2.5 Geometric Procedure for Two Dimensions

At a high level the geometric procedure to construct the transforming matrixU is shown in Figure 4. The equations
and details are deferred to Appendix B.2. The figure shows the effect on two real eigenvectors of the successive stages
of U�1). However, the equations work in all cases.

If B = λ I is a scaled identity, it is in RJCF and all vectors are eigenvectors. Assuming this is not the case, the
procedure to transformB into RJCF is:

1. RotateB to B
Rθ
;, whereθ in Eq. 20 is chosen to equalize the diagonal elements in the result, per Eq. 98–103 in

Appendix B.2.
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2. ScaleB
Rθ
; to B

Rθ Sw
; , wherew in Eq. 21 is chosen to equalize themagnitudesof the off-diagonal elements in the

result, per Eq. 105. This step “fails” if one of the off-diagonal elements ofB
Rθ
; is zero (or orders of magnitude

smaller than the other off-diagonal element), in which caseSw has thepro formavalueI . This case is discussed
in Section 2.6.

3. RotateB
Rθ Sw
; to B

Rθ SwRφ
; , where the angleφ for rotationRφ is chosen based on the off-diagonal elements of

B
Rθ Sw
; as follows:

(a) After the rotation and scale, if the off-diagonal elements of the resulting matrix have thesame signand
step 2 did not “fail” (i.e., the matrix is symmetric, but not diagonal), thenφ = �π=4. That is, rotate by
�45Æ.

(b) If the off-diagonal elements haveopposite signsand step 2 did not “fail,” thenφ = 0.

(c) If step 2 “failed,” because one of the off-diagonal elements is zero (or near-zero),φ = 0.

The final transforming matrix isU=Rθ SwRφ and the RJCF isJB =B U
;. If step 2 “fails,” simplyU=Rθ . Example I.4

in Appendix I shows an example.
The relationship ofU to eigenvectors ofB depends on which case occurred in step 3 above. In case 3a the columns

of U comprise two unique real eigenvectors. As a special subcase, ifB is symmetric,U is just a rotation and is called
a Jacobi rotation [GVL96].

In case 3b the columns ofU are calledprincipal axes. They are orthogonal, but in general, they are not equal
length, and the rows ofU are not orthogonal. Complex eigenvectors can be constructed by taking one principal axis as
the real part and the other as the imaginary part. The name “principal axis” comes from the role of an ellipse having
these principal axes in the solution ofdx=dt = Bx [HS74].

In case 3cU is a rotation andB has two equal eigenvalues and only one independent eigenvector. If columnj of
JB contains the zero, then columnj of U is the eigenvector, and the other column is ageneralized eigenvector[BD96].
Let λ1 be the eigenvalue and let� be the eigenvector. Then for 2-D, a generalized eigenvector is� such that

�T � = 0;

(B�λ1 I)� = �: (22)

Of course, nonzero scalar multiples of� and � are eigenvectors and generalized eigenvectors, too. Additional
discussion may be found in Appendix C.

2.6 Numerically Unstable Case

The only problematical case occurs when the matrix is asymmetric after the diagonal elements are equalized in step 1 of
the geometric procedure in Section 2.5, and one of the off-diagonal elements is “nearly zero,” i.e., orders of magnitude
smaller than the other off-diagonal element. For example,

B
Rθ
; � M =

�
M11 �ε
M21 M11

�
The eigenvectors are nearly parallel. An extremely uneven nonuniform scale would be needed in step 2 of the
geometric procedure. Depending on whether the sign ofε is the same as that ofM21 or opposite, the eigenvalues
are real or complex. This condition might be determined by rounding accidents of numerical operations. An innocent-
looking example with all moderate numbers is matrix (d) in Section 10, whose computed eigenvector matrix is shown
in Eq. 69.

If ε is exactly zero, the matrix is already in a canonical form, and no transformation is appropriate. We recommend
a practical treatment as follows: Whenjεj � jM21j, do not rescale, and treatε as 0.

A suitable threshold ratio depends on the accuracy of the data. For example, if there are about four significant
digits of accuracy, then the criterion might bejεj < 10�4jM21j. This cut-off would mean that the scale valuew in
step 2 of the geometric procedure would never exceed 10 or fall below 1/10 (see Eq. 105).
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This case applies to the separated matrix in Eq. 15. Example I.3 in Appendix I discusses numerical issues, but the
ideal 2-D RJCF is:

B =

"
45 � 25p

2
32p

2
5

#
= UJB U�1 whereU =

24 q32
57

q
25
57

�
q

25
57

q
32
57

35 andJB =

"
25 0

57p
2

25

#
(23)

Note thatU is theRθ that equalizes the diagonal elements ofB.
Now suppose the 0 element inJ above (we drop the subscriptB for this discussion) becomes a very small nonzero

value,�ε. The real canonical form matrix changes fromJ to a diagonal matrix, if the 0 becomes+ε, or a spiral matrix
with small off-diagonal elements, if the 0 becomes�ε. The change is discontinuous in both cases.

This concludes the high-level description of RJCF. The appendices provide detailed equations and computational
procedures. as well as experimental results concerning accuracy and speed. Subsequent sections illustrate how RJCF
can be applied to provide new or improved solutions to various problems in computer animation, modeling, and
scientific visualization.

3 Parallel Vectors within Vector Fields

In certain scientific visualization applications, especially those involving fluid flows, the question arises whether
vectors in two different vector fields are parallel. For example, several concepts of “vortex core” can be formulated as
the set of points where the vectors drawn from two 3-D fields are parallel [PR99]. For two smoothly varying 3-D vector
fields, sayv andw, Roth observed that the set of points wherevkw, i.e.,v is parallel tow, normally forms some number
of smooth curves. To date, the only methods published for identifying those curves are heuristic [Rot00, TSW+05].
Little is known about the structure of parallel-vector curves. Moreover, all published methods are computationally
very intensive, and have no mathematical guarantees about accuracy or completeness.

In many vector-field datasets, the field is defined at grid vertices in 3-D, and is modeled as an affine function within
each tetrahedron that partitions the 3-D space, with grid vertices as its corners. For this model, RJCF analysis yields
the complete structure of parallel-vector curves, as well as closed-form formulas for such curves. That is the topic of
this section. For this section, we assume thatv andw are affine vector fields, and the goal is to find the curves along
whichvkw.

We assume that a 3-D coordinate system has been chosen such that the fieldw is 0 at the origin. A general 3-D
point is denoted asp. We use the notation

v = Ap +v0 (24)

w = Bp (25)

We further assume that the rank ofB is at least that ofA (otherwise, reverse the roles ofv andw).
We adopt the convention that0 is considered parallel to every vector. Besidesp= 0, the vectors are parallel exactly

when there is a scalar quantityt such that

Ap +v0 = t Bp: (26)

If v0 = 0, this is simply ageneralized eigenvalue problem[PFTV88, GVL96]. (Roth observed that, whenB is
nonsingular andv0 = 0, premultiplying byB�1 yields a standard eigenvalue problem.) For the remainder of this
section, we address the case whereB is nonsingular andv0 6= 0. Analytical results are also available when both
matrices are singular. For example, if both matrices are rank 2, the problem can be reduced to a 2-D version of the
same problem as Eq. 26, and solved by a similar analysis. Since these cases are of limited practical interest, details are
omitted.

Under the hypotheses stated above,0 is the unique critical point of fieldw (i.e., point wherew = 0). Thus we seek
solutions in(p; t) of

B�1Ap = t p�B�1v0: (27)

Consider the RJCF of(B�1A). Let (B�1A)
T
; J. Defineq to be a general point in the canonical coordinate system:

q = T�1p. We also abbreviateT�1B�1v0 = r . Now we seek solutions in(q; t) of

Jq = t q� r wherer = T�1B�1v0: (28)
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If we were working in a tetrahedron with verticesp0, p1, p2, p3, we now are concerned with the tetrahedron given by
qi = T�1pi .

For convenience of notation, we assume the outer eigenvalue corresponds toJ00 and its eigenvector corresponds
to T0; other cases are covered by the appropriate cyclic permutation of indices. As usual, we assume for the main
presentation that(B�1A) does not have three equal eigenvalues; these cases can be handled by minor variations of the
main methods. Due to the partitioned nature ofJ, we immediately obtain the solution forq(0):

q(0) = r (0)=(t� J00) (29)

Thus all solutions lie in the planeq(0) = 0 if r (0) = 0; this special case can be treated by variations of the methods
for the general case, and we assume henceforth thatr (0) 6= 0. Then, Eq. 29 gives a 1-1 mapping that allowst to be
eliminated from the full solutions:

t = J00+ r (0)=q(0): (30)

We also note that asq(0) passes through 0,t “wraps around” from+∞ to�∞, or vice versa.

3.1 Diagonal RJCF

We now complete the analysis for the case thatJ has the diagonal form. To be specific, assumeJ00 < J11 < J22. We
have:

q( j) = r ( j)=(t� J j j ) for j = 0;1;2: (31)

If any r ( j) = 0, then all solutions lie in the planeq( j) = 0. Suppose all components ofr are nonzero. Then there are
three distinct nonintersecting curves parameterized byt for these ranges:

Curve 1: J00 < t < J11; this curve recedes to�∞ in the directions ofq(0) andq(1);

Curve 2: J11 < t < J22; this curve recedes to�∞ in the directions ofq(1) andq(2);

Curve 3: J22 < t or t < J00, together with the limit point0; this curve recedes to�∞ in the directions ofq(2) andq(0).

If J11 > J22, just interchange their roles in the range definitions. IfJ00 is the maximum eigenvalue, rather than the
minimum, just reverse all the inequalities in the range definitions. Various special cases are minor variations of the
above structure, as long asJ is a diagonal matrix:

1. If J11 = J22, then Curve 2 does not exist.

2. If all three eigenvalues are equal, then Curve 1 and Curve 2 do not exist.

3. If exactly one component ofr is zero, two curves merge. For example, ifr (1) = 0 and the other components
are nonzero, then Curve 1 and Curve 2 merge (assuming Curve 2 exists, else Curve 1 and Curve 3 merge). The
merged curve does not recede to�∞ in the direction ofq(1); instead it remains in the planeq(1) = 0 and includes
the limit point[r (0)=(J11� J00);0; r

(2)=(J11� J22)]
T .

4. If two components ofr are zero, the three curves merge and lie on the third axis.

Thus the same basic structure is present in all cases thatJ is a diagonal matrix.
Now we consider finding the intersection of the above curves with the tetrahedron whose vertices areqi , i = 0,

1, 2, 3. Suppose the plane equation for the faceq0, q1, q2 is nTq+d = 0, with n oriented so thatnTq3 > 0. Then
solution points from Eq. 31 are in the same half-space asq3 when

n(0) r (0)

(t� J00)
+

n(1) r (1)

(t� J11)
+

n(2) r (2)

(t� J22)
+d � 0 (32)

The intervals oft that satisfy the inequality have the roots of a cubic equation as their end-points (see Appendix A for
solution methods). Intersect the intervals given for each face of the tetrahedron to find the intervals oft that define
points whereukv within the tetrahedron.
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Figure 5: Four views of the parallel-vector curve of the linear vector fields given in Eq. 35.

3.2 Spiral RJCF

Next, we complete the analysis for the case thatJ has thespiral form. In this form the possibly nonzero elements are
J00, J11, J12 6= 0, J21 =�J12, andJ22 = J11. To be specific, assumeJ00 < J11. To solve Eq. 28, we observe that:

(J� I t)�1 =

24 1=(J00� t) 0 0
0 (J11� t)=((J11� t)2+ J2

12) �J12=((J11� t)2+ J2
12)

0 J12=((J11� t)2+ J2
12) (J11� t)=((J11� t)2+ J2

12)

35 (33)

This leads to the solution:

q(0) = r (0)=(t� J00)

q(1) =
r (1)(t� J11)+ r (2)J12

(t� J11)
2+ J2

12

(34)

q(2) =
r (2)(t� J11)� r (1)J12

(t� J11)
2+ J2

12

This is one curve whose projection onto theq(0)-plane is a circle that is centered at[0; r(2)=2J12;�r (1)=2J12]
T and

passes through the origin. Ifr (0) = 0, this circle is the actual solution. Ifr (0) 6= 0, the solution curve recedes to∞ in
the�q(0) directions and completes one revolution around the circle in(q(1);q(2)) asq(0) ranges from�∞ to ∞.

To find the intersection of the solution curve with a tetrahedron the technique is the same as for the case whenJ is
diagonal: substitute Eq. 34 into the plane equation of each face, yielding a cubic equation to solve for the values oft
at which the solution curve intersects the face (see Appendix A for solution methods).

In the canonical coordinate system, the solution curve is monotonic inq(0) (i.e., it can be solved asq(1) andq(2)

being rational functions ofq(0)). However, the curve may wellnot be monotonic in any original spatial coordinate.
An example of this phenomenon is shown in Figure 5. This figure shows four views of the parallel-vector curve for
the pair of fields:

v =

240 �1 0
1 0 0
1 �1 1

3524x
y
z

35 +

24 1
�1

0

35 w =

24 2 0 0
1 1 0

�1 �1 1

3524x
y
z

35 +

24�2
0
0

35 (35)

The reason is that the transforming matrixT in Eq. 28 may have a shear component, as it does in this case. This shows
the advantage of performing analysis in the canonical coordinate system, where the underlying structure is usually
clearer.

3.3 Shear RJCF

The analysis for the simple shear and compound shear forms ofJ use the same ideas as the above cases. The inverse
of (J� I t) can be written explicitly as rational functions oft with denominators(t�J00) and(t�J11)

2. In the normal
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case there are two distinct curves. Substitution of the solution into the plane equation for each face of the tetrahedron
produces a cubic equation whose roots specify where the curves intersect that face. The details are omitted.

4 Matrix Exponentials and Logarithms

Matrix exponentials and matrix logarithms are finding increasing applications in computer graphics and related fields
[MLS94, KKS95, PR97, Gra98, BM98, Ale02], so it is important to have efficient and reliable procedures for their
calculation. Alexa uses the matrix logarithm in interpolation [Ale02] and provides complicated procedures to compute
it. This section derives closed forms. Once the matrix logarithm is found, then-th root of the original matrix can be
obtained simply by dividing the log matrix byn and exponentiating the result. This section shows that RJCF is the
most advantageous way to do this. Again, the compound shear cases that are less likely to be useful for computer
graphics are deferred to Appendix C.2. All quantities are real.

For any square matrixB, the matrix exponential ofB is defined by:

A = eB =
∞

∑
k=0

Bk=k! = I +B+B2=2!+B3=3!+ : : : (36)

and any matrixB that satisfies Eq. 36 is a logarithm ofA.
Caution must be used with this expression becauseeB eC does not equaleB+C unless the matricesB andC commute

for multiplication. Also the matrix exponential operator is not 1-1, as the real scalar operator is. Possibly, multiple
real-valuedB’s satisfy Eq. 36 and possibly no real-valuedB satisfies the equation.

Some well known properties of the matrix exponential are [HS74]:

exp(B
T
;) =

�
eB� T
; (37)

exp

�"
C 0

0 D

#�
=

�
eC 0
0 eD

�
for C andD square matrices. (38)

For computations involving Eq. 36, whereB is a matrix logarithm ofA, the key observation is that the eigenvectors
of B are also those forA; i.e., they are preserved by the exponential operator. (In the simple shear case, the generalized
eigenvector is also preserved; both properties are proved in Appendix D.) Therefore, by Eq. 37, it suffices to consider
A andB in RJCF when considering how to compute the matrix logarithm or exponential. We will see in the next few
paragraphs that ifB is in RJCF, then so isA. The problem is further simplified by Eq. 38: the problem separates into
a 1-D problem and a 2-D problem.

We now describe the relationships between matrices and their logs in RJCF. Proofs are given in Appendix D. In
the following analysisA andB might refer to 1�1 or 2�2 matrices, due to this separation.

Diagonal Case:

If B is a diagonal matrix (which includes the 1-D case), thenA is a positive diagonal matrix. Working back, ifA is a
positive diagonal matrix (a scale matrix), then logA = B, whereB is diagonal and

B j j = log(A j j ): (39)

Spiral Case:

Next we consider spiral and rotation matrices. Leta andb be arbitrary scalars (usuallyb is nonzero).

If B =

�
a �b
b a

�
then A = eB = ea

�
cosb �sinb
sinb cosb

�
: (40)

This equation is well known in differential equation theory [HS74]. Ifa= 0 it yields a rotation matrix. It is the only
case for which we can tolerate negative entries on the diagonal ofA. Working back for spiral and rotation matrices,
Let λ andµ be arbitrary, except thatλ 2+µ2 > 0.

If A =

�
λ �µ
µ λ

�
thenB = logA =

�
a �b
b a

�
wherea= 1

2 log(λ 2+µ2); b= atan2(µ ;λ ): (41)
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Here atan2 is the two-parameter arc-tangent function, which satisfies tanb= µ=λ . Any integer multiple of 2π may be
added tob to produce an alternate solution.

It is important to note that Eq. 41 includes the case in whichA has two equal negative real eigenvalues, so such
matrices have real matrix logarithms despite having negative eigenvalues.

Simple Shear Case:

Turning to simple shear RJCFs, leta andb be arbitrary (usuallyb is nonzero).

If B =

�
a b
0 a

�
then A = eB = ea

�
1 b
0 1

�
: (42)

Working back for simple shear matrices, Letλ > 0 and letµ be arbitrary.

If A =

�
λ µ
0 λ

�
then B = logA =

�
logλ µ=λ

0 logλ

�
(43)

Of course, ifµ or b is below the diagonal, simply use transposes.

4.1 Fractional Powers of Matrices

We can apply the equations for matrix logarithms to the problem of computingAα whereα is fractional. First find
the RJCFJ = T�1 AT as in Section 2. Then find log(J) by one of the above formulas. Multiply this byα. Finally,
re-exponentiate by one of the above formulas, Eq. 39–43.

Aα = T eα logJ T�1 (44)

Observe thatα is not applied toT.

Examples I.5 and I.6 show the calculations to putA into RJCF,A
T
; J, and then find logJ, where:

A =

24 1:60 �1:20 1:60
0:54 1:12 �0:16

�0:32 �0:96 2:28

35 J = A T
;=

24 2 0 1
0 1 0

�1 0 2

35 log(J) =

24 0:8047 0 0:4636
0 0 0

�0:4636 0 0:8047

35
Note thatα log(J) has the same separated form asJ for any scalarα. Using Eq. 44 and 40, and the value ofT found
in Example I.5, the examples show that

A
1
2 = T

24 51=4cos(:2318) 0 51=4sin(:2318)
0 1 0

�51=4sin(:2318) 0 51=4cos(:2318)

35T�1 =

24 1:3179 �0:4123 0:5497
0:2213 1:0815 �0:1086

�0:0831 �0:3835 1:5113

35
4.2 Logarithms of Matrices with Deficient Rank

If A has only rank 2, theJ has a zero row and a zero column. AlthoughJ does not have a finite logarithm, its
remaining 2x2 submatrix may well have: the other eigenvalues need to be positive or a complex-conjugate pair.
(Equal negative eigenvalues can be treated as complex with zero imaginary parts.) The zero eigenvalue has a perfectly
good eigenvector, so the matrixT is well defined, and a typical computer graphics application using the logarithm
(e.g., to findAα for fractionalα) will get sensible results. An example is discussed in Section 5.1.

4.3 Summary for Matrix Logarithms

To summarize, real matrix logarithms, when they exist, can be computed by transforming to RJCF. The matrix
logarithm of the canonical form is then transformed back to the original coordinate system to provide the logarithm
of the original matrix, or kept in the factored form for further operations. There are multiple real solutions when the
RJCF has the spiral form.
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The existence of real matrix logarithms inn-D is completely characterized by Hirsch and Smale in problems 9
and 10 of Section 6.4, in terms of Jordan blocks of negative eigenvalues [HS74, p. 132–3]. In 2-D, the eigenvalues
must be positive or a complex conjugate pair. As a limiting case, two equal negative eigenvalues when the RJCF is
thediagonalform can be treated as a complex conjugate pair with imaginary parts zero. However, if the two equal
negative eigenvalues occur when the RJCF has asimple shearform, the RJCF comprises a single 2�2 Jordan block,
and there is no real matrix logarithm.

Alexa also identified these cases as having real matrix logarithms [Ale02], except that his statements about two
equal negative eigenvalues were imprecise; he did not distinguish between these two cases:� �2 0

1 �2

� � �2 0
0 �2

�
The left matrix has no real logarithm, although it has two eigenvalues of –2. Also Alexa did not supply closed-form
expressions, and provided a procedure with nested iterations and unclear convergence behavior. RJCF considerations
provide a direct test for existence and supply closed-form expressions for all the cases that do exist (see Appendix D).

5 Interpolation with Matrix Lie Product

We have already remarked thatelogB+logC does not equalBC, in general. Alexa overcame this problem by boldly
defining it to be a new operation:B�C = C�B = elogB+logC [Ale02]. Together with the “scalar multiplication”
operationα�B = Bα = eα logB, this provides a system for interpolating between linear transformations.

L(B;C;α) = exp((1�α) logB+α logC) (45)

As usual, the issue that the log may not exist or may not be unique has to be addressed, as was discussed in Section 4.3.
We have already seen that the exponentiation can be carried out in closed form by finding the RJCF for the right-

hand side of Eq. 45, then re-exponentiating according to Section 4. In general, the RJCF of the blend usingα is
not related to the RJCFs for the individual matrices, becauseB andC do not have the same eigenvectors. In other
contexts the closed form has proven faster and more accurate than iterative techniques, such as that proposed by Alexa.
Closed forms have the advantages that there is no decision to make on when to stop iterating, and the accuracy can be
analyzed using well-developed techniques of numerical analysis [GVL96]. The same observations apply to the polar
decomposition discussed in Section 6.

5.1 Matrix Lie Product Interpolation with Singular Matrices

Although Alexa seems to imply that the “�” operator works when a matrix has a determinant of 0, this might just be
imprecise wording in one part of his paper [Ale02], because in another part he requires positive determinant and the
procedure he gives uses matrix inverse, so it cannot handle such matrices. We now show how to extend the definition
of this operator so that it can blend a matrixB of rank 2 with a matrixC of rank 3. Perhaps the main interest in this
topic is the light it sheds on how this style of interpolation behaves onill-conditionedmatrices, i.e., those for which
the eigenvalue ratioλmin=λmax is much less than one.

Assume the RJCF forB is B = VJV�1 with row 0 and column 0 ofJ being zeros. DefineD = V�1CV. Then we
have

L = α logJ+(1�α) logD

α logB+(1�α) logC = VLV �1

Because(logJ)00 =�∞, it dominates row 0 and column 0 ofL for anyα > 0. It is shown in Appendix D that we get
correct results by simply setting the off-diagonal elements of row 0 and column 0 ofL to zero. Therefore we work
with the four lower right elements ofL and find a further transformationU to put them into RJCF (U00 = 1). This
producesH in RJCF, withM00 = �∞, such that:VLV �1 = VUHU�1V�1. This matrix needs to be exponentiated,
to give the final blend, and that is accomplished by exponentiatingH. But eH has all zeros in its 0-th row and 0-th
column. This gives the result that any blend withα > 0 has rank 2, but whenα = 0, we haveC, which has rank 3.
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Carrying out the steps just described, Example I.7 shows that matricesB andC blend intoL(B;C;0:9) = 0:1�
B�0:9�C, as follows:

B =

24 1:60 �1:20 1:60
0:86 0:48 �0:64

�0:08 �1:44 1:92

35 ; C =

241 �1 0
1 1 0
0 0 1

35 L(B;C;0:9) =

24 1:0062 �0:3550 0:4734
0:6729 0:2749 �0:3665

�0:2264 �0:6032 0:8042

35 :
B has rank 2 and its only real eigenvalue is 0.C has rank 3 and its only real eigenvalue is 1. It is noteworthy
that althoughL(B;C;0:9) supposedly has only “0.1 ofB”, its only real eigenvalue is 0. We consider how polar
decomposition treats these matrices in Section 8.

This proposed extension might seem unsatisfactory, because the animator probably wants a sequence that flattens
(or unflattens) progressively, not instantly. But it brings to light a fact about thematrix Lie productmethod of blending
two matrices where one is ill-conditioned. The same analysis carries through with�∞ replaced by a very large positive
or negative number. The determinant of the result will be extremely large or small through most of the range ofα.

6 Polar Decomposition and Singular-Value Decomposition

Shoemake and Duff proposedpolar decompositionfor a framework to interpolate between transformations [SD92].
They argue that it is more suitable thansingular-value decompositionfor computer animation. Part of their argument
is that SVD is quite complicated to compute and not unique (see alsoNumerical Recipes in C[PFTV88], which
considers SVD too complicated to explain in the book). Apparently the only published procedures to compute either
decomposition are iterative [Hig86, HS90, HP94, ZZ95, GVL96], and some require the matrix to have full rank;
however, they are not limited or specialized to the 3� 3 case. SVD and polar decomposition are defined even for
nonsquare matrices.

We present a new theorem about the structure of polar decomposition and describe a new computational procedure,
based on RJCF. To keep the presentation focussed on the main ideas, this section considers only square matrices.
Extensions to nonsquare matrices are straightforward (see Appendix H.2). Unlike most topics in this paper,n� n
matrices are also considered.

Definition 6.1: Thepolar decompositionof ann�n matrixM is defined to be two matricesQ andS such that

1. Q is orthonormal; i.e.,QT Q= I , and det(Q) =�1; (det(Q) the same sign as det(M) when the latter is nonzero);

2. S is symmetric and positive definite or positive semidefinite;

3. M = QS.

Definition 6.2: Thesingular-value decomposition(SVD) of an�n matrixM is defined to be three matricesU,�, V,
such that

1. U andV are orthonormal;

2. � is diagonal, and positive definite or positive semidefinite;

3. M = U�VT .

The diagonal elements of� are called thesingular valuesof M .

It is known that the polar decomposition is unique for nonsingular matrices, whereas the singular-value decom-
position is not. The polar decomposition is not unique for singular matrices. However, RJCF enables us to prove the
following theorem, which we have not seen stated in the literature.

Theorem 6.1: An n� n matrix with a 0 eigenvalue of multiplicity 1 has two polar decompositions, one whose
orthonormal component has determinant+1 and one whose orthonormal component has determinant�1 .

Proof: See Appendix H.1.
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This section gives closed form solutions for the 3�3 cases, and provides a procedure that works for all ranks.
Further, the procedure can be used forn�n, for n> 3 by using the Jacobi method to get eigenvalues and eigenvectors
of a real symmetric matrix [PFTV88, GVL96].

Shoemake and Duff give an iterative procedure to computeQ in Definition 6.1, attributed to Higham, but since it
requiresM�1, it only applies whenM is nonsingular (also square), henceS is positive definite [SD92, Hig86]. We
now describe a method based on RJCF that is closed form and works in the semidefinite case, as well.

If det(M)< 0, our method succeeds, but the orthonormal component has det(Q)< 0. Such aQ is the composition
of a rotation and a reflection through some arbitrary plane (hyperplane forn> 3), and its interpretation for purposes
of computer graphics or mechanics is unclear.

Shoemake and Duff suggest handling the case of det(M) < 0 essentially by finding the polar decomposition of
�M instead. Readers should be aware that the rotation found this way has no straightforward relationship to the
orthonormal component (with negative determinant) of the actual polar decomposition. See Appendix H for more
details.

SinceMT M = S2 it suffices to find the RJCF ofA = MT M , which is positive semidefinite by construction. It is
known that the RJCF takes the formRJRT , whereR is a rotation matrix andJ is diagonal with nonnegative elements.

If M is n�n for n> 3, the Jordan canonical form ofA has the same properties: a diagonalJ with nonnegative
elements and orthogonal matrixR with det(R) = 1 whose columns are eigenvectors. The Jacobi method is accurate
and robust for computingJ andR, but inefficiency may become a problem forn> 10 [PFTV88].

Let�=
p

J (this is the positive square root). ThenS= R�RT , in theory, and ifS is nonsingular,Q = MS�1 in
theory. (Note thatM , A, andS all have the same rank.) But Eq. 50 shows a better numerical alternative forS and the
following paragraphs describe a better procedure to computeQ, a procedure that also applies whenS is singular.

It is possible to complete the decomposition without inverting any matrix, exploiting the fact thatR always has
full rank. This allows us to obtain results whenS has rank 2 or 1, and should be more stable than usingS�1 if � is
ill-conditioned, i.e., the ratioλmin=λmax is much less than 1.0.

We need to findQ (known to be orthonormal) such thatM =QR�RT . To this end we define intermediate matrices
to be computed:

C = QR (46)

G = MR = C�: (47)

Note thatC is orthonormal and the columns ofG must be orthogonal, but not necessarily orthonormal, because

RT MT MR = �
2: (48)

Using Eq. 47, the first expression forG consists of known values, while the second expression forG implies that

C j = G j=λ j ; (49)

providedλ j=λmax is not dangerously small. (Recall that the single subscript denotes the column of the matrix.)
For best numerical accuracy, the conclusion of the computation differs betweenn= 3 andn> 3. We considern= 3

first. If � is well conditioned,C as computed by Eq. 49 andQ = CRT , for the orthonormal part of the decomposition.
Still consideringn= 3, suppose that� is ill conditioned and assumeΛ22= 0 (or is dangerously small). Other cases

are handled by cyclically permuting the indices. We already know thatC0 andC1 are orthonormal by Eq. 48. SinceC
needs to be orthonormal, setC2 = C0�C1. This also ensures that det(C) = +1. As in the main case,Q = CRT . By
Theorem 6.1, this is the unique polar decomposition for which det(Q) =+1. If M has rank one, see Appendix H.3 for
this special case.

Now we consider the more general case,n> 3, but restrict consideration to the case in which at most one eigenvalue
is zero (or dangerously small). If� is well conditioned, it is tempting to acceptC as computed by Eq. 49, but this
produces mediocre accuracy in our experience. Assume the eigenvectors and eigenvalues, as returned by the Jacobi
subroutine, are permuted so that the eigenvalues appear in increasing order; as a result, we do not assume thatR has
positive determinant. (This is the case for theeig function in matlab.) ThusC0 is the only problematical column
in Eq. 49. Although Eq. 48 implies thatC1, : : :, Cn�1 are orthonormal in theory, as a precaution, the Gram-Schmidt
procedure (see Appendix F) can be used to ensure that this is the case.

There are several ways to findC0 that is orthogonal toC1, : : :, Cn�1. A straightforward procedure is:
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1. InitializeC0 = 0;

2. Choose a “reasonable” rowi of C with magnitude well under 1.0, e.g., the minimum row;

3. InitializeC0 = ei ;

4. If det(C) has the opposite sign from det(R), reinitializeC0 =�ei;

5. Use the Gram-Schmidt procedure (see Appendix F) to makeC0 orthonormal toC1, : : :, Cn�1. (This does not
change the sign of the determinant.)

The final result does not depend on which “reasonable”ei is the starting value. By Theorem 6.1, the resultingQ=CRT

is the unique polar decomposition with det(Q) = +1.
The procedure can be modified to produce det(Q) =�1 when det(M) � 0. Simply chooseei or�ei in steps (3)

and (4) so that det(C) has theoppositesign from det(R). See Appendix H.1 for more details.
The procedure can be generalized further to accommodated > 1 eigenvalues that are zero (or dangerously small).

Initialize d leftmost columns ofC to 0, corresponding to the columns of 0 eigenvalues. Then, one by one, make them
orthonormal to the columns corresponding to nonzero eigenvalues, as just described, (step 4 is skipped until the last
column). There are infinite families of solutions and infinitely many eigenvectors of 0. Users will need to analyze their
applications to decide which polar decomposition, if any, is appropriate.

OnceQ is computed, for bothn = 3 andn > 3 our computational experience indicates thatS can be computed
most accurately by

S = ((Q�1M)+(Q�1M)T)=2: (50)

Higham recommends the same formula, except usingQT in place ofQ�1 [HP94], and in theory they are equal. We
obtain slightly more accuracy withQ�1.

6.1 From Polar to SVD

The singular-value decomposition becomes a corollary. Just setV = R and U = C and� is the same as for the
polar decomposition. SVD uses three matrices and this gives extra flexibility, compared to polar decomposition.
Consequently, this solution is not unique, even whenM is nonsingular [PFTV88].

6.2 Using Polar Decomposition for Interpolation

As for application of the polar decomposition, the RJCF form ofS (i.e., R�RT ) is likely to be useful. For two
matricesB andC Shoemake and Duff proposed an interpolation schemeLPSD(B;C;α) based on polar decompositions
as follows (the subscriptPSDstands for “Polar, Shoemake and Duff”):

B = QB SB

C = QC SC

LPSD(B;C;α) = slerp(QB;QC;α)((1�α) (51)

SB +αSC) (52)

whereslerp interpolates rotations in quaternion space [Sho85] (see also Appendix E).
The RJCF provides an interesting alternative: In the spirit of Alexa (see Eq. 45 in Section 5), as well as Shoemake

and Duff, we propose to use

Lmix(B;C;α) = slerp(QB;QC;α)L(SB;SC;α) (53)

This scheme is invariant under rotations of the coordinate system. WhenSB andSC both have full rank, the blend is
continuous inα, but whenSB is only positive semi-definite, there is a discontinuity atα = 1, as with the pure matrix
Lie blend. Shoemake and Duff’s proposal is continuous in this case. We offerLmix as an alternative when exponential
interpolation of scale is desired, rather than the linear interpolation of scale proposed by Shoemake and Duff. RJCF
makes the computation practical.
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7 Applications Involving Rotations

This section applies the techniques developed in earlier sections to analysis of the cross-product matrix and its matrix
exponential; the combination is called the exponential map of a vector inR3. The inverse problem is also addressed:
how to find the axis of rotation and the angle of rotation from the 3�3 matrix. Expressions for matrix exponential and
matrix logarithm developed in Section 4, exploiting RJCF, provide a technique to compensate for numerical errors in
the matrix when computing the axis of rotation and the angle of rotation, but this topic is deferred to Appendix D.4;
for example, columns might not be exactly orthogonal or exactly unit magnitude.

The 3�3 rotation matrices comprise a group, called thespecial orthogonal group on R3 (SO(3)). The properties
that put a matrix in this group are that the determinant is 1, all columns have unit Euclidean length and the columns
are mutually orthogonal.

Many additional properties follow from these defining properties. One such is that the columns ofA 2 SO(3)
define a right-handed coordinate frame such thatA j = A j+1�A j+2 (with subscripts interpreted mod 3, as usual).

Another isA�1 = AT .

7.1 Exponential Map and Cross-Product Matrix

Every vector! in R3 can be interpreted as theexponential coordinatesof a rotation transformation, and every rotation
can be represented by exponential coordinates. The termexponential coordinatesis adopted from Murray, Li, and
Sastry [MLS94] and is defined in this section. The mapping from exponential coordinates inR3 to 3� 3 rotation
matrices is called theexponential map.

Compared to popular alternatives, such as 3�3 matrices and quaternions, the exponential map has the advantage
that there are no side conditions on the components of the representation vector; i.e., every vector inR3 represents some
rotation. Exponential coordinates are a special case of six-dimensionaltwistsfound in the robotics literature [MLS94],
also calledfixed-pole generalized velocityin the mechanics literature [BB98]. Arbitrary rigid-body transformations,
which include both rotation and translation, have a twist representations. Exponential maps are starting to become
known in the graphics community, often in combination with quaternions, following papers by Kim [KKS95], Grassia
[Gra98], Bregler and Malik [BM98], and others. The matrix exponential has recently been used for interpolation
between deforming linear transformations by Alexa [Ale02], who provides a good bibliography of its recent use in
graphics.

We rederive the exponential map to illustrate the techniques developed in earlier sections, especially outer eigen-
vectors and relaxed Jordan canonical forms. The exponential map is based on the cross-product matrix and the matrix
exponential operator.

Definition 7.1: The cross-product matrix associated with any vector! 2 R3 is defined as

�(!) =

24 0 �!2 !1
!2 0 �!0
�!1 !0 0

35 (54)

That is,�(!)v =!�v for all vectorsv 2 R3.

Some useful facts are that

(�(!))2 = !!T �j!j2 I ; (55)

(�(!))k = �j!j2(�(!))k�2 k> 2: (56)

Eq. 56 follows from Eq. 55 and the fact that�(!)! = 0.
The characteristic polynomial of�(!) is f (x) = x3 + j!j2x. Thus the outer eigenvalue is 0 and there are two

imaginary roots,�ij!j. Following Section 2.2, we have

q(�(!)) = (�(!))2+ j!j2 I = !!T (57)

Thus! is the outer eigenvector,�0, and it is also the normal vector� defined in Eq. 13, and used in Eqs. 87–92 to
compute the RJCF. Assuming index 0 contains the maximum-magnitude component of!, let

q = j!je0 = [j!j;0;0]T : (58)
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We have the relaxed Jordan canonical form

�(!) = T

24 0 0 0
0 0 �j!j
0 j!j 0

35T�1 = T�(q)T�1; (59)

whereT may be any orthonormal matrix with!=j!j as column 0. Similar expressions are obtained by cyclic
permutation of rows and columns when a different component has maximum magnitude.

The definition and some well known properties of the matrix exponential operator were given in Eq. 36–38. Recall
from that section thateB eC does not equaleB+C unless the matricesB andC commute for multiplication. Cross-
product matrices�(u) and�(v) commute for multiplication if and only ifu andv are parallel, i.e.,u�v= 0.

Now we substitute�(q) from Eq. 59 forB in Eq. 37 and use Eqs. (55) and (56) to obtain:

e�(q) =

24 1 0 0
0 cosj!j �sinj!j
0 sinj!j cosj!j

35 (60)

That is,e�(q) represents a rotation ofj!j radians around the x-axis. From now on we defineθ = j!j.

Definition 7.2: For general! 2 R3, e�(!) is called theexponential mapof ! [MLS94].

Sincee�(!) = T e�(q)T�1, and column 0 ofT is !=j!j, we have rederived the fact thatQ = e�(!) represents a
rotation ofj!j radians about the axis!. Again, using Eq. 55, we have the general formula

Q = e�(!) = I +�(!)
sinθ

θ
+(�(!))2 (1�cosθ )

θ 2 whereθ = j!j: (61)

This is known as Rodrigues’ formula [MLS94]. In the next subsection, we use our techniques to find the vector!,
given a rotation matrix,Q.

7.2 Finding the Axis of Rotation and Exponential Coordinates

It is known that all matrices in SO(3) can be interpreted as a rotation about some axisu by some angleθ . That is, the
canonical form of such a matrix is

J = T�1QT =

24 1 0 0
0 cosθ �sinθ
0 sinθ cosθ

35 (62)

Since the trace is preserved by similarity transformations, we easily find cosθ =(Q00+Q11+Q22�1)=2. The problem
we address in this section is the numerically accurate calculation of the axis,u (of unit length) and an exponential-
coordinate vector,! = uθ , that generatesQ.

Shoemake usedunit quaternionsto represent rotations [Sho85]. Withu andθ as just defined, the corresponding
quaternion is the 4-D row vector:

q = [normv(!)uT sinθ=2;cosθ=2] (63)

The last coordinate is called thescalar partof q, and ensures unit magnitude. Note that�q represents a rotation of
2π�θ around the axis�u, which is geometrically the same rotation asQ. We will return to quaternions later.

Observe that Eq. 61 splits the expression forQ into symmetric and skew-symmetric parts. Letθ = j!j and let
u =!=θ . ThusQ�QT = 2�(!)sin(θ )=θ = 2�(u)sin(θ ). For smallθ , u can be calculated accurately from the off-
diagonal elements of this matrix difference because the off-diagonal symmetric terms are orderθ 2. See Appendix J
about normalizing vectors with very small components. We have

sinθ = 1
2

q
(Q01�Q10)

2+(Q02�Q20)
2+(Q21�Q12)

2

u = normv(
�
(Q21�Q12); (Q02�Q20); (Q10�Q01)

�T
): (64)
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The singularities are where sinθ = 0. If θ = 0 (or an integer multiple of 2π), thenQ = I , and all axes are equally
valid.

Forθ nearπ , the above calculation can become inaccurate because the off-diagonal symmetric terms can be order
1 while the skew-symmetric terms are order(π � θ ); i.e., asθ approachesπ (or any odd integer multiple ofπ), Q
approaches symmetry and in general has nonzero off-diagonal elements.

If trace(Q)< 1, an alternate formula is used. Instead of Eq. 64, we work with

Q+QT = 2
�
(1�cosθ )uuT +cosθ I

�
: (65)

Using the fact (ifQ is really in SO(3)!) that cosθ = (trace(Q)�1)=2< 0, we can solve foruuT :

uuT =
Q+QT +(1� trace(Q)) I

(3� trace(Q))
(66)

By Eq. 61 we see that the algebraically largest diagonal element ofQ corresponds to the largest-magnitude element of
u; assume this isu( j). Forθ to be less thanπ , u( j) must have the opposite sign from(Q j+1; j+2�Q j+2; j+1). Let � be
the j-th column of the numerator of the right-hand side of Eq. 66 (orj-th row).

� j = 1+Q j ; j �Q j+1; j+1�Q j+2; j+2;

� j+1 = Q j ; j+1+Q j+1; j ;

� j+2 = Q j ; j+2+Q j+2; j ;

u = sgn(Q j+2; j+1�Q j+1; j+2)normv(�); (67)

sin(1
2(π�θ )) = 1

2

p
(1+ trace(Q));

where indices are mod 3, as usual. We address the problem ofQ having small errors that cause it not to be a member
of SO(3) in Appendix D.4.

Curiously, we did not find an explicit formula for the axis of rotation, given the matrix, in any major graphics
texts. A formula similar to Eq. 64 may be inferred from equations to convert rotation matrices to quaternions in some
sources [Sho85, appendix I.2], [Wat00, page 489]. However, this formula has singularities for all rotation matrices
that represent a 180Æ rotation, as well as atA = I . A procedure with better numerical properties is nicely summarized
by Nielson [Nie04, appendix A]. The derivation in this section seems to be the first in the graphics community that
does not rely on quaternion theory.

8 Comparison of Matrix Lie Product and Polar Decomposition Blending

This section briefly compares some aspects of Alexa’s matrix Lie product interpolation and Shoemake and Duff’s
interpolation based on polar decomposition. The latter seems to have received little attention. Although Alexa cites
Shoemake and Duff, there are no comparisons of results. For the comparisons in this section, the object rendered in all
cases starts as a unit cube in the positive octant with a corner at the origin; then the current transformation is applied
to it. TheXZ-faces are red; theYZ-faces are green; theXY-faces are blue. The emphasis is on interpolation between
two transformations, not on interpolation between the identity and one transformation.

The first observation is that the two techniques disagree on interpolation of rotations. This is surprising, given
the close connection of both methods to exponential coordinates. Interpolating rotations is a basic task in computer
animation. It seems that the 10-th root of a 20Æ rotation should be a 2Æ rotation, so one might easily believe that the
interpolations would be the same for rotations in both techniques. A direct computation on an example shows this to be
untrue. The initial rotation,Q0, is 30Æ around theZ-axis, and the final rotation,Q1, is 180Æ around[0:5;0:5;�p0:5]T .
The latter axis makes an angle of�45Æ with theXY-plane. Therefore, the axis of rotation changes by 135Æ over the
course of the interpolations. The initial and final matrices, and the two interpolated versions atα = 0:5 are (numbers
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Figure 6: Blend of rotations using Alexa’s matrix Lie product.α = 0, :25, :50, :75, 1:00.

Figure 7: Blend of rotations using Shoemake’sslerp. α = 0, :25, :50, :75, 1:00.

with four decimals are approximate):

2664
1
2

p
3 �1

2 0

1
2

1
2

p
3 0

0 0 1

3775
266664
�1

2
1
2 �

q
1
2

1
2 �1

2 �
q

1
2

�
q

1
2 �

q
1
2 0

377775
24 0:4480 0:8360 0:3168
�0:2240 0:4480 �0:8655
�0:8655 0:3168 0:3880

35 24 0:4333 0:8596 0:2709
�0:3368 0:4333 �0:8359
�0:8359 0:2709 0:4773

35
Q0 Q1 slerp matrix Lie product

It is evident from the numbers that the matrices are substantially different atα = 0:5, and calculation shows about an
7Æ difference. Also, the differences are apparent visually in Figure 6 and 7. The view is from the positiveX direction
with Z up. Notice that both sequences show a regular progression of the angles of the blue-green edge, which is
parallel to theY-axis, but the other edge angles vary nonmonotonically.

A further examination shows that the two techniques follow different trajectories; the differences are not due to
varying speeds along a common trajectory. We know thatslerp follows a great-circle arc on the 4-D unit sphere
at a uniform speed. On the other hand, from Eq. 61 we know that the matrix-Lie-product follows a straight-line
trajectory in the space of exponential coordinates at a uniform speed. In terms of physical justification,slerp has the
better pedigree because its interpolation corresponds to constant angular velocity in 3-D, not just in quaternion space.
Shoemake makes this claim somewhat indirectly [Sho85] and cites a reference, but it seems quite difficult to justify
from hisslerp formula. However, Appendix E gives an improvedslerp formula using orthonormal basis vectors,
which makes the proof feasible; in any case, the fact seems to be accepted in the graphics community.

Another qualitative difference is thatslerp is invariant with respect to the starting rotation, while matrix Lie
product is not. To explain what we mean, consider interpolating betweenI andQ1Q�1

0 . BecauseI is the starting
point, slerp and matrix Lie productdo agreeon this interpolation. In fact, withL representing matrix Lie product
interpolation (see Eq. 45), we have

L(I ;∆;α) = slerp(I ;∆;α) (68)

for any rotation∆. For our example,∆ = Q1Q�1
0 .

However,slerp enjoys the following compositional property:

slerp(Q0;∆Q0;α) = slerp(I ;∆;α)Q0:

In other words, withslerp it is sufficient to know the desired “relative rotation,”∆, and the interpolation can be
composed with the starting rotation,Q0, to achieve the same result as interpolating directly fromQ0 to ∆Q0.

25



Figure 8: Blend using Alexa’s matrix Lie product.α = 0, 0:25, 0:50, 0:75, 1:00.

Figure 9: Blend using polar decomposition,slerp, and true linear interpolation.α = 0, 0:25, 0:50, 0:75, 1:00.

In contrast, withL representing matrix Lie product interpolation (see Eq. 45),

L(Q0; ∆Q0;α) 6= L(I ;∆;α)Q0:

unlessQ0 and∆ are rotations around a common axis.
For the current example, the inequality is demonstrated by lettingQ1 =∆Q0 and observing that the right-hand side

agrees with Figure 7, in view of Eq. 68, while the left-hand side agrees with Figure 6. Alexa’s paper acknowledges
that this is the case, but takes the position thatL(I ;∆;α)Q0 6=Q0L(I ;∆;α), so it is not a desirable interpolant, anyway.

The next comparison, shown in Figure 8 and 9, blends from an orthogonal orientation to one that is ill-conditioned
and not orthogonal, using the matricesC andB, described in Section 5.1, except that the middle element ofB was
increased by 1 percent to remove the singularity. The sequences show the progression fromC to B. The view is from
azimuth�37:5Æ, elevation 30Æ, where the positiveX-axis is azimuth 0 and theXY-plane is elevation 0. TheZ-axis is
up.

Here we see a noticeable difference between the techniques. By the timeα = 0:50, the matrix Lie product is almost
completely flattened, as predicted in Section 5.1, while the polar decomposition is more believable as a midpoint
between the two transformations.

Our proposedLmix (in Eq. 53) is not illustrated because for the first example it is exactly the same asslerp, and
for the second example it is very close to Figure 8.

One might object that the chosen examples are biased against Alexa’s method, in favor of polar decomposition,
but we are not aware of any examples that favor Alexa’s method, relative to polar decomposition, and his paper did
not include any. Practical experience is needed to determine how well any of these schemes work for interpolating in
computer animation. This paper’s contribution is primarily to provide analytical insights and computational tools for
both methods, based on RJCF analysis.

9 Streamline Characteristics and Relaxed Jordan Canonical Forms

The streamline characteristics for two-dimensional linear differential equations are discussed in detail in many sources
[HS74, HK91, BD96]. Nielson and Jung describe the three-dimensional linear and affine cases with constant co-
efficients in detail [NJ99], but without distinguishing all topologically different cases. We include a brief review
to identify the topologically distinct linear cases and to consider numerical issues. We describe the unique three-
dimensional topological case that doesnot separate into a two-dimensional case and a one-dimensional case.

Streamlines are solutions ofdp=dt = Ap with an initial conditionp(0) = p0. (If A does not have full rank,
then nonhomogeneous differential equations require separate treatment [NJ99]; these are equations with an additive
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constantc on the right-hand side. WheneverA has full rank, a translation of coordinates can remove such an additive
constant.)

Solving the differential equation in canonical coordinates provides a uniform procedure with good numerical
behavior. LetJ = TAT�1 be the relaxed Jordan canonical form ofA andq0 = Tp0. Thenq(t) = eJ t q0 andp(t) =
T�1q(t). The matrix exponential formulas for relaxed Jordan canonical form were given in Section 4.

Two matricesA andB are topologically equivalent if there is a continuous 1-1 mapping between the streamlines
of A and the streamlines ofB [Lad73]. This is the case if and only ifA and B are related through a similarity
transformation [KR73] (recall Definition 1.1 in Section 1.4). Thus it suffices to consider the relaxed Jordan canonical
forms.

First, we examine how streamlines can be partitioned when the outer eigenvalue,λ0, has multiplicity 1, i.e., almost
all cases. Recall from Section 2.2, Eq. 13, that� is orthogonal to the invariant subspace for the other two eigenvalues,
λ1 andλ2. It is useful in many applications to know that no streamlines can cross the plane that defines this invariant
subspace, i.e., the plane that passes through the critical point and is orthogonal to�. As shown in the left part of
Figure 2, the outer eigenvector isnot orthogonal to the invariant subspace, in general. Planes orthogonal to this
eigenvector have no special significance, as far as we know.

When there are three independent, real, eigenvectors, then each pair of linearly independent eigenvectors, anchored
at the critical point, defines a (possible) canonical coordinate plane and streamlines cannot cross any such plane. If an
eigenvalue has multiplicity greater than one, there might be infinitely many linearly independent eigenvectors, hence
the word “possible” in the prior sentence.

The 2-D classifications of streamlines are well covered in the cited sources and are based on the canonical forms
described in Section 2.5. If the off-diagonal elements have opposite signs in the the result of step 2 in that section,
then the streamlines are spirals or circles. If the off-diagonal elements have the same sign, the streamlines follow
a polynomial curve, such as(y=y0)

λ1 = (x=x0)
λ2. The degrees may be fractional, of course. If both off-diagonal

elements are 0, thenλ2 = λ1 and all straight lines through the origin are streamlines. With exactly one off-diagonal
element equal to 0, againλ2 = λ1, but now the streamlines of the associated vector field behave like “defective” spirals,
which are topologically distinct from the straight lines of the previous case. There is only one distinct eigenvector and
all streamlines tend to become parallel to it.

In most cases, 3-D transformations separate into a 1-D system, corresponding to the outer eigenvalue, and a 2-D
system. If the outer eigenvector is thez-axis in the 1-D system, the streamline hasz= z0eλ0t , sot can be eliminated
with t = (logz� logz0)=λ0. Note thatt is single-valued inz, but mightnot be single-valued inx or y.

The only 3-D case that does not separate is when the relaxed canonical form is a triangular matrix, as defined in
Definition C.2 of Appendix C.2, with two or three nonzero off-diagonal elements. Necessarily, the diagonal elements
are all equal toλ0, the eigenvalue. IfAi j is the corner element, thenei is the unique eigenvector. This is the only case
with three equal eigenvalues for which the streamlines can be nonplanar.

Other cases with three equal eigenvalues have either two independent eigenvectors (planar, but curved, streamlines)
or three independent eigenvectors (all straight lines through the origin are streamlines andeverynonzero vector is an
eigenvector). The various cases are not topologically equivalent. Appendix C describes how to distinguish among
these cases.

Some texts suggest that the special cases that result from repeated eigenvalues can be avoided by perturbingA
slightly [HS74]. Cases in which all eigenvalues are distinct are calledhyperbolic. Although perturbation might sim-
plify the mathematical treatment, numerically it can be a disaster. When eigenvalues are close to each other, some of
the formulas given by Nielson and Jung become numerically unstable, such as their equation 2.8 and several following
cases. Moreover, perturbation might be imposed accidentally, as a result of numerical inaccuracies. Example I.8 in
Appendix I gives one dramatic example in which eigenvalues with imprecision on the order of 10�15 give rise to errors
on the order of 1015.

10 Experimental Results

The procedures described here have been implemented in ANSI C asfindCanon3D andfindCanon2D using double
precision floating point. The code is available from the author for noncommercial use.

The general problem of finding eigenvectors for nonsymmetric matrices is considered too advanced forNumerical
Recipes in C, whose authors suggest using an “eigen-package” [PFTV88]. We used the C extensions ofmatlab
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Figure 10: Matrices studied emprically and where they are discussed in the paper, where applicable.

Matrix (# distinct Max abs. eigenvalue error
source Eigenvalues eigenvectors)findCanon3D mlfEig

(a) 1, 25, 25 (2) 0.0 5�10�7

(b) -16, 8, 8 (2) 0.0 5�10�7

(c) 1, 25, 25 (2) 0.0 3�10�7

(d) 2, 2, 2 (2) 0.0 1�10�15

(e) 3, 3, 3 (1) 0.0 3�10�5

(f) 10, 1+
p

6, 1�p6 (3) 0.0 9�10�16

(g) 8, 2, 2 (3) 4�10�16 9 �10�16

Table 4: Accuracy of eigenvalue calculations.

[Mol88] for a comparison implementation. Their function is namedmlfEig and also uses double precision. This
function invokes routines from BLAS and/or LAPACK [DDCDH90].

To gather timing data, a set of ten matrices, including the examples in this paper, was solved 100,000 times, for a
total of 1,000,000 procedure calls. An SGI workstation with an R12000 MIPS processor, 360 MHz, was used.

OurfindCanon3D required 7.8 microseconds per procedure call. ThemlfEig procedure required 184 microsec-
onds per procedure call in its default mode. With the “nobalance” flag, the time dropped to 155 microseconds. To
check whether themlf interface alone incurred a lot of overhead, we conducted a similar test, just getting the 1-norm
of the matrix, instead of the eigen-decomposition. This required only 9 microseconds per call, indicating that the
interface alone is not consuming much time. We observed similar results calling the CBLAS library [DDCDH90]
directly from our C code.

Of course,mlfEig is a general procedure for alln� n complex matrices, so these results do not imply any
deficiency in it or the underlying BLAS code. However, they do show that the new technique is computationally
much simpler for 3�3 real matrices. Apparently our method is roughly 20 times faster.

In another comparison on a newer 2.6GHz Linux/AMD platform, with the same test data, usingmatlab interac-
tively, their built-in functioneig (equivalent tomlfEig in the other environment) required 17.43 microseconds per
procedure call with the “nobalance” flag. This gain is consistent with the increased speed of the computer, and a “do-
nothing” function took 1.2 microseconds per call. It also shows, together with several other tests, that usingmatlab

interactively does not by itself incur much overhead. On this platform our C code required 0.94 microseconds per
procedure call. This is still 17 times faster than the general procedure.

We performed a quickmatlab implementation offindCanon3D to run interactively. Using Cardano equations
to find the outer root (the fasterchoice), its time jumped to 752 microseconds per call, 800 times slower than the C
code. This confirms that low-levelmatlab code incurs a large overhead, compared to C code; it is much better when
the code can use the high-level operations offered inmatlab. Our implementation was mostly line by line conversion
from C, although we used obvious matrix and vector operations where possible.

Now we address the question of accuracy, which was the primary motivation for developing a new specialized
method. Figure 10 shows the matrices studied, which are from examples, or are closely related to examples. First we
consider how accurately the eigenvalues themselves were calculated (see Table 4).

The general method incurs errors as early as the sixth significant digit, even in cases where the characteristic
polynomial has exact roots. Machine accuracy is at least 16 decimal digits. One ULP (unit in the last place, also called
machine epsilon) equals 1:1�10�16 for numbers between 0.5 and 1.0. We observe that the general method has greatest
difficulties when the eigenvectors do not span the space. This tendency has been documented [PFTV88].

For the numbers reported in the tables our method uses Newton-Raphson iteration to find the outer eigenvalue
(Appendix A.1). It achieved machine accuracy in most cases, and 2 ULPs error in one case. In particular, when
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the eigenvectors do not span the space, our new method maintains its accuracy. Tests were also run using Cardano’s
equations to find the outer eigenvalue (Appendix A.2), and they exhibited similar times and accuracy.

The accuracy of eigenvectors is perhaps even more important than that of eigenvalues. Matrix (d) provides an
extreme example of how sensitive traditional methods can be. Recall the discussion of discontinuity in Section 2.6.
Because matrix (d) is a simple shear case, we may expect trouble with the eigenvectors. Our specialized method (both
C andmatlab versions) finds two orthogonal eigenvectors, whose approximate values are[�0:897;0:345;0:276] and
[0:408;0:408;0:816]. In addition, the generalized eigenvector[0:169;0:845;�0:507] is found. The general method,
eig (without thenobalance flag—it is less accurate with that flag in this case), finds three distinct eigenvectors near
[0:408;0:408;0:816], which differ in the 15-th digit. They define the following transforming matrix

T =

24 �0:40824829046386352 0:40824829046386335�0:40824829046386213
�0:40824829046386285 0:40824829046386296�0:40824829046386335
�0:81649658092772592 0:81649658092772615�0:81649658092772637

35 (69)

This matrix is too badly conditioned for an accurate inverse to be computed. The approximate inverse is

T�1 �
24 �3:603�1015 �17:294�1015 10:448�1015

�3:603�1015 �20:897�1015 12:250�1015

0 �3:603�1015 1:801�1015

35 (70)

Matrix (d) is also discussed in Example I.8.

11 Conclusion

Relaxed Jordan canonical form has been introduced as a tool for manipulating linear transformations, particularly for
interpolation purposes, and analyzing related problems. Procedures were described to compute a unit-determinant
transformation that changes the coordinate system into a (relaxed) canonical system, which exposes the structure of
the eigenvectors and eigenvalues. The key ideas were the definition of the outer root of a cubic polynomial and the
exploitation of the Cayley-Hamilton theorem as specialized for three dimensions. Preliminary tests have shown it to
be about 17–20 times faster than off-the-shelf “eigen-packages,” as well as being more accurate. However, it is much
slower if implemented inmatlab, rather than C.

Efficient closed forms have been developed for several matrix problems that have had only iterative solutions
published previously. The themes for most of the improvements were the exploitation of the structure imparted by
the outer eigenvalue and outer eigenvector. Matrix logarithms and matrix exponentials were shown to have explicit
formulas for these relaxed canonical forms. These results led to closed forms for Alexa’s matrix Lie product operator
and for polar decomposition without requiring matrix inverse. Thus, RJCF provides closed-form procedures for several
matrix operations that are needed by various matrix animation techniques. It also makes some extensions of these
techniques possible, primarily because it tolerates matrices with zero or negative eigenvalues.

Besides numerical procedures, RJCF provides an analytical tool. New solutions were developed for the problem
of finding parallel vectors in two vector fields. New insights were gained into the structure of polar decomposition of
matrices with rank deficiency of one.

Experimental results, though not exhaustive, indicate greater accuracy and significant speed-ups for the new
techniques. The techniques are reasonably simple to implement, so we anticipate that they will become standard
in future three-dimensional graphics packages. (Some code is available from the author for noncommercial research
use.) However, the techniques are largely specialized to three-dimensional space and do not suggest extensions to
higher dimensions.
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Appendix A Outer Root Finding Procedures for Cubic Polynomials

This section describes two procedures to find the outer root of a cubic polynomial,

f (x) = x3� t x2+sx�d: (71)

The first is based on Newton-Raphson iteration. The second is based on the classical Cardano equations for roots
of a cubic polynomial. The Cardano method requires inverse trigonometric functions to be evaluated; its robustness
depends on the robustness of those functions, which are usually imported from a library. The first method does not
depend on any transcendental library functions.

As described in Section 2.1 anouter rootof f is a real root that is “most distinct” from the other real roots. Ifλ
is theonly real root of f , of course it is the outer root. Otherwise, let the three real roots beλ0, λ1, λ2. In this case
λ0 is an outer root ifjλ0�λ1j � jλ2�λ1j andjλ0�λ2j � jλ1�λ2j. This simple definition is applicable only to cubic
polynomials.

Let ex be the point whered2 f=dx2 = 0. (See Figure 1 in Section 2.1.) The two-dimensional point(ex; f (ex)) is called
an inflection pointon the graph off (x). We have:

ex = t=3 (72)

f (ex) = �2t3=27+st=3�d (73)
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As shown in Figure 1, the sign off (ex) determines the relative location of the outer rootλ : if f (ex) < 0, thenλ > ex;
if f (ex) > 0, thenλ < ex. If f (ex) is exactly zero, there are two candidate outer roots, and we select the one with
larger magnitude. If the magnitudes are equal, we arbitrarily select the positive one. If the sign off (ex) is ambiguous
numerically, it does not matter if the wrong root is chosen as the outer root; what is important is that it can be computed
robustly.

Appendix A.1 Outer Root via Newton-Raphson

The key to the Newton-Raphson iteration is to find a starting value that will converge monotonically and quickly.
Recall Eq. 73. Also note thatf 0(ex) =�t2=3+s. Let λ denote the outer root being sought. Iff (ex)< 0, thenλ > ex; if
f (ex)> 0, thenλ < ex. Our immediate goal is to find a valuex0 such thatλ is guaranteed to be betweenex andx0.

We derive a safex0 for the casef (ex) < 0; the other case is similar, with appropriate signs reversed. First we
determine∆x> 0 such thatf (ex+∆x) = f (ex). Direct calculation shows that∆x=

p
� f 0(ex). For allx> ex+∆x, both

f 0(x) and f 00(x) are positive, so we are guaranteed thatf (x0)> 0 for

x0 = ex+∆x+ 3
p
j f (ex)j f (ex)< 0: (74)

(A simpler safe choice that might require more iterations isx0 = (1+ jtj+ jsj+ jdj).) Similarly,

x0 = ex�∆x� 3
p
j f (ex)j f (ex)> 0: (75)

(A simpler safe choice that might require more iterations isx0 =�(1+ jtj+ jsj+ jdj).) Moreover, it suffices to use an
upper bound on3

p
j f (ex)j to calculate the starting valuex0.

Now the Newton-Raphson iteration is

xn = xn�1�
f (xn�1)

f 0(xn�1)
=

xn�1 f 0(xn�1)� f (xn�1)

f 0(xn�1)
n� 1: (76)

In theory this converges monotonically toλ , becausef (x) and f 00(x) have the same sign throughout an interval that
includesλ andx0.

In practice, if the value calculated forf 0(xn�1) is too small due to numerical errors,xn can overshootλ , thenxn+1
will overshoot in the other direction, and be further fromλ thanxn�1. For this reason, ifxn has the opposite sign from
xn�1 we finish the calculation by Newton’sbisectionmethod [PFTV88], starting withxn�1 andxn. This method does
not calculatef 0. We terminate when the interval surroundingλ has shrunk to 1 ULP.

If all three roots off (x) are equal, or nearly equal, poor numerical behavior can result. The derivativef 0(xn�1)
approaches zero asf (xn�1) approaches the root. Aside from numerical cancellation errors, the convergence to the
root becomes “linear” rather than the usual “quadratic” [PFTV88]. In practice, three nearly equal roots occur rarely,
except for uniform scale matrices, which are easy to recognize. However, if the possibility exists in the applications
under consideration, the Cardano method (Section A.2) is comparably efficient and appears to be more robust for this
situation.

Appendix A.2 Outer Root via Cardano’s Equations

Cubic equations can be solved in closed form using a system known as Cardano’s equations, but actually discovered
about 1500 by dal Ferro at University of Bologna, and improved subsequently [Hod41, PFTV88, Wei99]. We present
a simplified version of Cardano’s equations that is specialized toward finding the outer root of a cubic polynomial,
f (x) = x3� tx2+sx�d. Numerical accuracy is good even if all three roots are equal or nearly equal. The first step in
the derivation is to substitutex= y+ t=3 in f (x), giving:

g(y) = y3+ py�q wherep = s� t2

3
and q = d+

(2t2�9s) t
27

(77)

We now find the values ofy that solveg(y) = 0. If p= 0, there are three equal real roots,y= 3
p

q.
If q= 0, one root isy= 0 and the others are�p�p, which may be real or imaginary. Ifq= 0 andp< 0, the outer

root isy=�p�p whent < 0 and isy=
p�p whent � 0. If q= 0 andp> 0, theny= 0 is the only real root. We

assume hereafter that none of these simple cases occurred, i.e., that neitherp norq is zero.
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The second step is to compute a discriminantD. The standard equation forD can be rewritten to eliminate several
higher powers oft that would otherwise cancel numerically, with possible loss of accuracy:

D =
� p

3

�3
+
�q

2

�2
=

4dt3�s2 t2�18sdt+4s3+27d2

108
: (78)

Horner’s rule can be used to evaluate Eq. 78 with fewer operations. IfD > 0, there is one real root,

y = 3

r
q
2
+
p

D + 3

r
q
2
�
p

D for D > 0: (79)

Fast and accurate cube root functions are provided in the standard C math library ascbrt, in matlabasnthroot, and
in Appendix J if these sources are not available. (For completeness, although they are not needed for RJCF purposes,

the complex roots are�y=2� 1
2

p
3

�
3
q

1
2 q+

p
D� 3

q
1
2 q�pD

�
i, wherey is the real root.)

If D� 0, there are three real roots. They depend on parametersr andθ0, whose equations are given below. They
are of the formr cosθ , whereθ is eitherθ0, θ0 +2π=3, or θ0� 2π=3. Thus the roots are thex-ordinates of three
equi-spaced points on a circle of radiusr, centered at the origin of anxy-plane, which we call the “Cardano wheel.”

The correct choice for theouterroot is the one that maximizesjcosθ j. Note thatp< 0, sinceD� 0.

r = 2

r�p
3
; cos(3θ0) =

3q
�pr

0� 3θ0 � π : (80)

Forq< 0, θ = θ0+2π=3 gives the outer root. Forq> 0, θ = θ0 gives the outer root.
The equations below select the correct outer root and use the inverse sine in the ranges where the inverse cosine

becomes inaccurate.

r = 2
p
�p=3 (81)

θ =
1
3

cos�1
�

3jqj
�pr

�
for jqj< �pr

6
(82)

θ =
1
3

sin�1
�

6
p�D
�pr

�
for jqj � �pr

6
(83)

y = sgn(q) r cosθ (84)

Whenq < 0, the absolute value in Eq. 82 and the sign function in Eq. 84 are justified by the identities cos(3θ0) =
�cos(π�3θ0) and cos(θ0+2π=3) =�cos(π=3�θ0).

Numerical inaccuracies might make the sign ofD uncertain, resulting iny being computed by Eq. 79 in one case
and Eq. 84 in the other. However, the value ofy varies continuously through this switch in equations, provided that
p andq are accurate. When all three roots are nearly equal,p andq are “close” to zero. Specifically,jpj � jtj2 and
jqj � jtj3. In this casep andq might be inaccurate. However, the computed value ofy will be similarly small, in
comparison tojtj, so the outer root found forf (x) will be reasonably accurate.

Appendix B Three-Dimensional Canonical Coordinates

This section provides the detailed mathematical exposition of the relaxed Jordan canonical form (RJCF). It should be
read in conjunction with Section 2, which provides the overview and continuity.

Our method for the analysis of a 3�3 matrixA begins with itscharacteristic polynomial:

f (x) = det(xI �A) = x3� t x2+sx�d: (85)

wherex is a scalar variable. The coefficients are given by

t = A00+A11+A22

s = (A00A11�A01A10)+(A11A22�A12A21)

+(A22A00�A20A02) (86)

d = det(A) = (A0�A1) �A2:
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Note thatt is thetraceof A, d is the determinant ofA, ands is the sum of the determinants of the principal minors of
A. All three quantities are invariant under similarity transformations.

The roots off (x) = 0 are the eigenvalues ofA. Being a cubic polynomial,f has one or three real roots. Let us
assume for this section that at least two roots are distinct, and postpone consideration of the case that all three roots
are equal to Appendix C.

As defined in Definition 2.1 in Section 2.1, anouter rootof f is a real root that is “most distinct” from the other
real roots, and is theouter eigenvalueof the matrix being transformed into RJCF.

The outer root can be efficiently computed by a numerical procedure, or by careful application of Cardano’s
solution for cubic equations. Both methods are described in Appendix A, with optimizations for the fact that the cubic
polynomial corresponds to a characteristic polynomial. The role of the outer eigenvalue in computing a transformation
into RJCF is discussed in Section 2.

Appendix B.1 Separation of Eigenspaces

This section provides the computational details for the separating matrixRS that separates the three-dimensional
RJCF problem into a one-dimensional problem and a two-dimensional problem. See Section 2.2 for an overview. The
quantities�0, �, γ, i and j have been computed as described in the paragraph before Lemma 2.2. A composition of a
rotation and a shear aligns� with the nearest coordinate axis and aligns�0 with �, as suggested by Figure 2.

The first task is to find a rotationR such thatR�1� is aligned with the nearest coordinate axis. The second task is to
find a shear transformationSsuch thatS�1R�1�0 is aligned with this same axis. This axis is the eigenvector direction
for λ0 in the canonical coordinate system, so the separation is accomplished. The rotation and shear transformations,
R andS, respectively, each have determinant one. The methods to computeR andS are applications of standard
techniques in linear algebra.

We now give the details for the rotation transformation,R. The components of vectors and matrices are indexed
with 0, 1, 2, and arithmetic on such indexes is always understood to be mod 3.

Recall thatj is the index of the column that became�0. The columns of the rotation matrixR are the unit-length
vectorsR0, R1, R2, defined as:

R j =
�

j�j R j+1 =
ej+2��
jej+2��j

R j+2 =
R j �R j+1

jR j �R j+1j
(87)

TransposingR producesR�1. Because a positive component of� has maximum magnitude, the angle of rotation
associated withR is in the range from�π=2 to π=2.

With R thus defined,Rej is in the direction of�. We define the rotated eigenvector

� = R�1�0: (88)

AssumingR was defined to align� with ej , the next task is to define a shear transformationS, with determinant 1,

that mapsej into the direction of�. Let�( j) be thej-th component of�. Since thej-th row ofR�1 is �T=j�j,

�( j) = � ��0=j�j: (89)

This must be nonzero becauseλ0 has multiplicity 1. ThenS is the matrix whose columns areS0, S1, S2, where

Sj =
�

�( j)
Sj+1 = ej+1 Sj+2 = ej+2 (90)

Negating the off-diagonal elements in columnj producesS�1. Algebraically,(S�1) j = (2ej �Sj).

The transforming matrix that separates the problem isRS, andA RS
; is the separated form of the matrix. It is

unnecessary to computeR andS and multiply them. Using their definitions, we find

(RS) j =
j�j
� ��0

�0 (RS) j+1 = R j+1 (RS) j+2 = R j+2 (91)
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whereR was defined by Eq. 87 and indexes are interpreted mod 3. The following equation for(RS)�1 uses an outer
product and can be verified by multiplying it by(RS) on the right and using Eq. 138 in Appendix G:

(RS)�1 = (ej �Sj)(R j)
T +RT : (92)

See Example I.1 for a worked-out example.

Appendix B.2 Details for Two-Dimensional RJCF

This section shows how to transform a 2� 2 matrix into a canonical coordinate system with a short sequence of
familiar area-preserving transformations: rotations and nonuniform scales. The defective case, in which there is only
one eigenvector, and nearly defective cases, in which the eigenvectors are nearly parallel, are treated. The transforming
matrix and RJCF are continuous functions of the matrix elements in most of the 4-D space. We believe this is the first
2-D canonizing procedure with this degree of continuity.

We use the following notation for the elements of a 2�2 matrixB:

B =

�
B11 B12
B21 B22

�
(93)

Recall thatB11 in this section corresponds toB j+1; j+1 in the 3-D context, etc. In a relaxed Jordan canonical coordinate
system the matrix has one of a few special forms shown in Table 3. Thus the problem is, given a matrixB, find a

transformationT such thatB
T
; is in one of these forms. In general,T is not unique.

For coordinate transformationT, recall that the similarity transformationT�1BT is denoted byB T
;. The trans-

formation
T
; preserves area if the determinant ofT is 1. A canonical coordinate system can be derived with a short

sequence of area-preserving transformations of two familiar types, two-dimensional rotations (Rθ ) and nonuniform
scales (Sw):

Rθ =

�
cosθ �sinθ
sinθ cosθ

�
R�1

θ = RT
θ =

�
cosθ sinθ
�sinθ cosθ

�
(94)

Sw =

�
w 0
0 1=w

�
S�1

w =

�
1=w 0

0 w

�
(95)

The geometric procedure to construct the transforming matrixT was described at a high level in Section 2.5. Also
recall the invariants of similarity transformations discussed in Section 2.4. Recall that trace(B) =B11+B22 is invariant
under any similarity transformation.

Let therotation matrixRθ be given by Eq. 94. Then

B
Rθ
;

�
B11c2+B22s2+(B12+B21)cs B12c2�B21s2� (B11�B22)cs
B21c2�B12s2� (B11�B22)cs B11s2+B22c2� (B12+B21)cs

�

=

264
�
B11+B22

2

�
+
�
B11�B22

2

�
c2+

�
B12+B21

2

�
s2

�
B12�B21

2

�
+
�
B12+B21

2

�
c2�

�
B11�B22

2

�
s2

�
�
B12�B21

2

�
+
�
B12+B21

2

�
c2�

�
B11�B22

2

�
s2

�
B11+B22

2

�
�
�
B11�B22

2

�
c2�

�
B12+B21

2

�
s2

375 ; (96)

where

c= cosθ s= sinθ c2 = cos2θ s2 = sin2θ : (97)

The goal of the first rotation (byθ ) is to equalize the diagonal elements, which areB11 andB22 in B. If B11 = B22
already, the equations giveθ = 0 (if B12+B21 � 0) or θ = π=2 (if B12+B21 < 0). By Eq. 96 it is necessary
and sufficient that tan2θ = �(B11�B22)=(B12+B21). There are always four solutions in the range�π < θ � π .
Consistent choices are needed to avoid unnecessary discontinuities.
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With the notation of Eq. 97 andp denoting the positive square root, letB R
;M . We define these quantities:

D = (B22�B11)
2+(B12+B21)

2 (98)

σ =

�
1 if B12+B21 > 0

�1 if B12+B21� 0
(99)

c =

s
1
2 +

jB12+B21j
2
p

D
(100)

s = �sgn(B11�B22)σ

s
1
2�

jB12+B21j
2
p

D
(101)

θ = �sgn(B11�B22)σ tan�1(js=cj) (102)

Here sgn(x) denotes thesignfunction, which is 1 forx> 0, 0 forx= 0, and�1 for x< 0. Thuss= 0 andθ = 0 when
B11 = B22. Note thatσ is never zero. TheR defined by these values ofc andsproduces the following value forM:

M =

" 1
2(B11+B22)

1
2(σ

p
D+(B12�B21))

1
2(σ

p
D+(B21�B12))

1
2(B11+B22)

#
(103)

Thus the diagonal elements have been equalized. The angle of rotation is between�π=4 andπ=4.
The reason for choosing the signs of square roots as specified in Equations 100 and 101 is to ensure thatjθ j � π=2.

Whatever range is chosen, there will be some discontinuities inM andR asθ jumps from one end of its range to the
other. However, almost all regions of the 2�2 matrix space have a locally continuous transformation to RJCF for
some choice of signs for the square roots; in fact, there is normally only onebadchoice. The exception is described
in the next paragraph.

It is known that the eigenvector field is discontinuous at the one-dimensional subspace (line)B11 = B22, B12 =
0, B21 = 0 [DH94]. This can also be seen from Eq. 98–102 by taking a sequence ofB’s for which B12 = B21,
(B11+B22) = 4, and(B11�B22)=(B12+B21) alternates between 1 and 2 as both the numerator and denominator
approach 0. Because theB’s are symmetric,Sw = I in all cases. ThusT alternates between distinct rotation matrices
without converging, and its columns are the eigenvectors. Of course,JB converges to 2I , but this is of little value in
practice unless the transforming matrix also converges.

Let Sw be given by Eq. 95.

B
Sw
; =

�
B11 B12=w2

B21w2 B22

�
(104)

The goal of the next step is to choose the nonuniform scaleSw that equalizes the magnitudes of the off-diagonal
elements ofM . By Eq. 104 �

M11 M12
M21 M22

�
Sw
;

�
M11 M12=w2

M21w
2 M22

�
(105)

sow= 4
pjM12=M21j is the desired scale factor, provided that neitherM12 norM21 is zero or “too close to zero.” This

is discussed further in Section 2.6. See Example I.4 for a worked-out example.

Appendix C Three Equal Eigenvalues

There are three distinct topological categories of transformation when all three eigenvalues are equal toλ . They are
distinguished by theminimal polynomialof A [Gan59]. The characteristic polynomial isf (x) = (x�λ )3 in all three
cases, but the degree of minimal polynomial ranges from 1 to 3.
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Definition C.1: Let A have three equal eigenvalues ofλ . Theminimal polynomialof A is (x�λ )d, whered is the
minimum value such that

(A�λ I)d = 0 (106)

Thegeometric multiplicityof λ is the dimension of the subspace spanned by eigenvectors ofλ , and is known to equal
4� d. The algebraic multiplicityof λ is its multiplicity as a root of the characteristic polynomial, which is 3 by
hypothesis.

Note that the cased = 1 occurs if and only ifA = λ I . The other two cases are not so easy to identify.
Becauseλ has algebraic multiplicity three, the subspace not spanned by eigenvectors is spanned bygeneralized

eigenvectors[BD96]. A vector� is a generalized eigenvector1 for λ if there issome� that is an eigenvector forλ and
somepositive integerk such that

�T � = 0;

(A�λ I)k� = �: (107)

Thegeneralized eigenspaceof an eigenvalueλ1 is the space spanned by its eigenvectors and generalized eigenvectors
together, and its dimension equals the algebraic multiplicity ofλ1 [HS74]. In the case that all eigenvalues are equal,
the generalized eigenspace is the entire space.

For the subsequent discussion, define:

M1 = A�λ I M 2 = (A�λ I)2 (108)

We shall see that one of these matrices has rank one.

Appendix C.1 Geometric Multiplicity 2

Suppose the eigenvalue ofA is λ and it has geometric multiplicity 2; i.e.,d = 2 in Definition C.1. This means that
M1 6= 0, butM2 = 0. It follows thatM1 has rank one. For numerical purposes suppose thatγ = (M1)i j is an element
of M1 that has maximum magnitude (γ may be negative). By Eq. 7,

M1 =
�1�

T

γ
(109)

where�T is row i of M1 and�1 is column j of M1.
Any vector orthogonal to a nonzero row ofM1 is an eigenvector, confirming that the eigenvectors span a two-

dimensional subspace. We use� as the normal vector for this subspace.
We now claim that� is a generalized eigenvector, as defined in Eq. 107. To establish this claim, note that any

nonzerocolumnof M1 (in particular,�1) is an eigenvector forλ . That is, suppose�1 were not an eigenvector. Then
the standard basis vectorej would not be mapped to 0 by(A�λ I)2, contradicting the assumption thatM2 = 0.

It follows from Eq. 109 that

(A�λ I)� =

� j�j2
γ

�
�1: (110)

Since the right-hand side of Eq. 110 is an eigenvector forλ , the claim that� is a generalized eigenvector is established.
The canonical coordinate system is obtained by defining�0 = �1� � to form a right-handed system of basis

vectors. Then the transforming matrixT is defined by

T0 =
�0

j�0j
T1 =

�1

j�1j
T2 =

�

j�j (111)

which is a rotation matrix. In fact,�0 can be treated as the eigenvector of an outer root, separating the problem into a
one-dimensional subspace spanned by�0 and a two-dimensional subspace spanned by�1 and�.

1Actually, our definition is slightly “relaxed” compared to the standard, to take advantage of our relaxed Jordan forms.
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24 3 0 �1
0 3 0
0 4 3

35
Compound Shear

Table 5: The RJCF for a Compound Shear is a triangular matrix with a corner element, according to Definition C.2,
and with three diagonal elements equal.

Example C.1: Let

A =

24 3 5 �3
1 7 �3
2 10 �4

35 (112)

All three eigenvalues are 2.

M1 = (A�2I) =

24 1 5 �3
1 5 �3
2 10 �6

35 (113)

The matrixM1 6= 0, but M2
1 = 0, so the minimal polynomial is(x� 2)2. Therefore the eigenvalue 2 has geometric

multiplicity 2. The eigenvectors span a two-dimensional subspace that is orthogonal to� = [2;10;�6]T. In particular,
�1 = [5;5;10]T is an eigenvector and

(A�2I)� = 14�1; (114)

confirming that� is a generalized eigenvector. Define

�0 = �1�� = [�130;50;40]T (115)

Then by Eq. 111 the transforming matrix is

T =

24 �13=
p

210 1=
p

6 1=
p

35
5=
p

210 1=
p

6 5=
p

35
4=
p

210 2=
p

6 �3=
p

35

35 T�1 = TT

Then

J = T�1AT =

24 2 0 0
0 2

p
210

0 0 2

35 (116)

Appendix C.2 Compound Shear Relaxed Jordan Canonical Form

Finally, suppose the eigenvalue ofA is λ and it has geometric multiplicity 1; i.e.,d = 3 in Definition C.1. Some
terminology helps to specify Compound Shear RJCFs. Indicesi, j, andk are understood to be in the range 0, 1, 2.

Informally, a 3�3 matrix istriangular with a corner elementif some permutation of the indices puts it into upper
triangular form (i.e., all entries below the main diagonal are zero), and after being put into upper triangular form the
(0;1) and(1;2) elements are both nonzero. The(0;2) element may or may not be zero. See Table 5. However, we do
not want to try permutations to determine if this property holds, so a more technical definition is given.
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Definition C.2: A matrix is calledtriangular if for every non-diagonal nonzero element, sayAi j , either all non-
diagonal elements in columni are zero or all non-diagonal elements in rowj are zero, or both. (Note thatAi j is in row
i and columnj, but we are talking about the row and column of the( j; i) element.)

ElementAi j is called acorner elementof A if A is triangular,A ji = 0,Aik 6= 0 andAk j 6= 0, wherei, j, andk are

distinct indices.

The corner element itself may be zero or nonzero, but the other non-diagonal elements in its row and column must
be nonzero. A corner element might not exist for a triangular matrix, but it is unique if it does exist.

Lemma C.1: Let A be a 3�3 matrix.

1. A 3�3 matrix A is triangular if and only if there is some permutation of the indices that puts it into upper
triangular form, sayB. In this case,A has a corner element if and only ifB02 is a corner element, i.e.,B01 6= 0
andB12 6= 0.

2. A is triangular if and only if there is some permutation of the indices that puts it into lower triangular form, say
C. In this case,A has a corner element if and only ifC20 is a corner element.

Proof: For part (1) enumerate the six index permutations that mapB into various possibilities forA and apply the
definitions in each case. Part (2) is similar, usingC.

If A is triangular, then for any distinct indicesi, j, at least one ofAi j andA ji is zero. However, the converse is not
true; see Example C.2, following.

Definition C.3: A matrix J is acompound-shearrelaxed Jordan canonical form if it a triangular matrix with a corner
element and all three diagonal elements are equal.

Example C.2: Several matrices are shown below.

A1 =

24 2 1:5 0:5
0 2 0
0 �1 2

35 A2 =

24 2 0 0:5
0 2 0
0 �1 2

35 A3 =

24 2 1:5 0
0 2 0
0 �1 2

35 A4 =

24 2 0 0:5
1:5 2 0
0 �1 2

35
Matrix A1 is triangular with corner element(1;2), as isA2. Since all the diagonal elements are equal, both are
Compound Shear RJCFs. AlthoughA3 is triangular and all the diagonal elements are equal, it has no corner element,
so it isnot in RJCF. Its RJCF takes the Simple Shear form. Finally,A4 is not triangular, although for all distinct(i; j)
eitherAi j = 0 orA ji = 0. Its RJCF takes the Spiral form.

Suppose the only eigenvalue ofA is λ and it has geometric multiplicity 1; i.e.,d = 3 in Definition C.1. Define
q(x) = (x�λ )2. Recall the notation of Eq. 108. As in the case where there is a distinct outer root,M1 has rank two.
Therefore,M2 = q(A) has rank one. For numerical purposes suppose thatγ = (M2)i j is an element ofM2 that has
maximum magnitude (γ may be negative). By Eq. 7,

M2 =
�0�

T
2

γ
(117)

where�T
2 is row i of M2 and�0 is column j of M2.

Any nonzero column ofM2 is an eigenvector (or elsef (A) would be nonzero, violating Eq. 11). We use�0 as the
eigenvector.

The generalized eigenvectors must satisfy

�T
1 � = 0;

�T
2 �1 = �T

2 � = 0;

(A�λ I)�1 = α�0 (118)

(A�λ I)2�2 = β�0 (119)
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whereα andβ are nonzero scalars [BD96]. By arguments similar to previous cases (see Section C.1), the�2 defined
by Eq. 117 satisfies Eq. 119 withβ = j�2j2=γ. Finally, we define�1 = �2� �0. We need to show that�1 satisfies
Eq. 118.

First, we show that�2 is orthogonal to�0, so that�0, �1, �2 form a right-handed orthogonal coordinate system.
Recalling Eq. 117, we haveM2 = �0�

T
2 =γ. Note that(M1)

3 = 0 andM1�0 = 0. Thus

�0

γ
�
�T

2 �0

�
= M2�0 = M1(M1�0) = 0

Since�0=γ 6= 0, the claim is proved.
Similarly,�2 is orthogonal toM1�2 because

�0

γ
�
�T

2 M1�2

�
= M3

1�2 = 0

Now we are prepared to argue that�1 satisfies Eq. 118. Sinceβ 6= 0 in Eq. 119,M1�2 is not collinear with�0.
We showed that�0 andM1�2 are orthogonal to�2, and�1 is orthogonal to�2 by construction. Therefore,�1 is some
linear combination ofM1�2 and�0. It follows thatM1�1 satisfies Eq. 118 for some scalarα. The transforming matrix
is the rotation matrix:

T j =
�0

j�0j
T j+1 =

�1

j�1j
T j+2 =

�2

j�2j
(120)

where indexes are interpreted mod 3, as usual.

Example C.3: Let

A =

24 �3 2 �2
�8 4 �3
15 �5 8

35 (121)

All three eigenvalues are 3.

M1 = (A�3I) =

24 �6 2 �2
�8 1 �3
15 �5 5

35 M2 = (A�3I)2 =

24 �10 0 �4
�5 0 �2
25 0 10

35 (122)

The matrix(A�3I)2 6= 0, so the minimal polynomial is the characteristic polynomial,(x�3)3. Therefore the eigen-
value 3 has geometric multiplicity 1. The eigenvectors span a one-dimensional subspace containing[�10;�5;25]T.

The row of maximum magnitude inM2 provides one generalized eigenvector,�T
2 = [25;0;10]. Note thatγ = 25.

Then�1 = �2��0 = [�50;�725;�125]T is an independent generalized eigenvector.
To complete the computation ofT, with j = 0, we get the exact and approximate expressions:

T0 =
1p
30

24�2
�1

5

35 T1 =
1p
870

24 2
�29
�5

35 T2 =
1p
29

24 5
0
2

35
T �

24�0:365 0:068 0:928
�0:183�0:983 0

0:913 0:170 0:371

35 (123)

The relaxed Jordan canonical form is

J = T�1 AT =

24 3 30=
p

29 539=
p

870
0 3 29=

p
30

0 0 3

35 �
24 3 5:571 18:274

0 3 5:295
0 0 3

35 (124)

The traditional Jordan canonical form can be obtained by a further similarity transformation, but this serves no purpose,
computationally.
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Compound Shear Case:

For completeness, we address the case in which the final relaxed Jordan canonical form does not separate, but remains
as a 3-D problem. This case is a 3-D compound shear in which only one line is invariant; it occurs rarely. Upper-
triangular matrices are used for diagramming simplicity; other configurations can be achieved by applying the same
permutation to both columns and rows. In general,A andB can be any triangular matrices andc andτ are their corner
elements, as defined in Definition C.2. Then other nonzero off-diagonal elements are identified by sharing a row or a
column with the corner element.

In this family of RJCFs, the three diagonal entries,a, must be equal (and might be zero); the super-diagonal entries,
b andd, must be nonzero; but the corner entry,c, might be zero. Ifa, b, c, andd meet these conditions, and

B =

24 a b c
0 a d
0 0 a

35 then A = eB =

24 ea eab ea(c+bd=2)
0 ea ead
0 0 ea

35 (125)

This form is proved in Lemma D.5.
Working back for 3-D compound shears, ifλ > 0, τ is arbitrary,µ andρ are nonzero, and

A =

24 λ µ τ
0 λ ρ
0 0 λ

35 then B = logA =

24 logλ µ=λ (τ�µρ=2)=λ
0 logλ ρ=λ
0 0 logλ

35 (126)

The computations are complicated by the requirement to know the location of the corner element. However, the
code can be simplified by recognizing that the same formula works for all off-diagonal locations. The input matrix,
whetherA or B must be a compound-shear RJCF. As above, leta = Bii andλ = A ii > 0. Let i, j andk be distinct
indices.

A i j = (Bi j +Bik �Bk j=2)ea

Bi j = (A i j �A ik �Ak j=2)=λ

This works because the terms with “�” are zero, except for the corner element.
As degenerate as this family is — there is only one eigenvector — the matrixT to transform to and from the RJCF

coordinate system is a pure rotation matrix (see Eq. 120).

Appendix D Derivations for Matrix Logarithms

The inverse of the matrix exponential operator is the matrix logarithm:B = logA if eB = A. Such aB does not always
exist. Alexa uses the matrix logarithm in interpolation [Ale02] and provides complicated procedures to compute it.
This section derives the closed forms presented in Section 4. We also discuss the use of the matrix logarithm whenA
is supposed to be a rotation matrix, but has numerical errors.

SupposeA = eB. The key observation is that the eigenvectors and generalized eigenvectors (see Eq. 107 in
Appendix C) ofB are also those forA; i.e., they are preserved by the exponential operator. Therefore, by Eq. 37, it
suffices to considerA andB in relaxed Jordan canonical form when considering how to compute the matrix logarithm.
We will see that ifB is in relaxed Jordan canonical form (Section 2), then so isA. The problem is further simplified
by Eq. 38: In most cases the problem separates into a 1-D problem and a 2-D problem. In the following analysisA
andB might refer to 1�1 or 2�2 matrices, due to this separation.

Because the results in this section rely heavily on the fact that eigenvectors and generalized eigenvectors are
preserved by the matrix exponential operator, we prove this claim.

Lemma D.1: Consider the following conditions:

(A) � is an eigenvector ofB for λ , i.e.,B� = λ�.

(B) � is not parallel to� and satisfiesB� = λ�+α�.

(C) ρ is not parallel to� or � and satisfiesBρ = λ ρ +β�+ γ�.
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1. If (A) holds, then� is an eigenvector ofeB for eλ .

2. If (A) and (B) hold, then� is a generalized eigenvector ofeB for eλ .

3. If (A) and (B) and (C) hold, thenρ is a generalized eigenvector ofeB for eλ .

Proof: For part (1)

eB � =
∞

∑
k=0

Bk�=k! =

 
∞

∑
k=0

λ k=k!

!
� = eλ �;

For part (2)

eB� =
∞

∑
k=0

Bk�=k! =
∞

∑
k=0

�
λ k�+kλ k�1α�

�
=k! = eλ �+αeλ �;

For part (3)

eB ρ =
∞

∑
k=0

Bk ρ=k!

=
∞

∑
k=0

�
λ k ρ +kλ k�1(β�+ γ�)+ 1

2k(k�1)αβ �
�
=k!

= eλ ρ +β eλ �+(γ + 1
2αβ )eλ �:

Appendix D.1 Exponentials of Common Cases

We now derive the common exponential closed forms needed for RJCF.

Lemma D.2: [HS74] If B is a diagonal matrix (which includes the 1-D case), thenA is the positive diagonal matrix
Aii = eBii .

Proof: An easy induction shows that(Bk)ii = Bk
ii for all integersk� 0. Substitute into Eq. 36.

Lemma D.3: If B =

�
a b
0 a

�
, wherea is arbitrary andb is nonzero, then

A = eB = ea
�
1 b
0 1

�
: (127)

Proof: An easy induction shows that

Bk =

�
ak bkak�1

0 ak

�
(128)

for all integersk� 0. Substitute into Eq. 36.

Lemma D.4: [HS74] If B =

�
a �b
b a

�
, wherea is arbitrary andb is nonzero, then

A = eB = ea
�
cosb �sinb
sinb cosb

�
(129)

Proof: (This equation is well known in differential equation theory [HS74, pp. 84–85], but a direct proof is hard to
find.) Define the complex numbersz= a+ ib, z̃= a� ib, so thata = 1

2(z+ z̃) andb = �1
2 i(z� z̃). Then an easy

induction shows that

Bk = 1
2

�
zk + z̃k i(zk� z̃k)

�i(zk� z̃k) zk+ z̃k

�
(130)

for all integersk� 0. Substitute into Eq. 36 and use the identityeib = cosb+ i sinb.
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Appendix D.2 Exponential of Compound Shear Matrix

Next, we address the case in which the final relaxed Jordan canonical form does not separate, but remains as a 3-D
problem. This case is a compound shear in which only one line is invariant; it occurs rarely.

Lemma D.5: Let

B =

24 a b c
0 a d
0 0 a

35 ; (131)

wherea andc are arbitrary,b andd are nonzero. Then

A = eB = ea

24 1 b (c+bd=2)
0 1 d
0 0 1

35 : (132)

Proof: A straightforward induction shows that

Bk =

24ak bkak�1 ckak�1+ 1
2 bd

�k
2

�
ak�2

0 ak d kak�1

0 0 ak

35 (133)

for all integersk� 0. Substitute into Eq. 36.

Appendix D.3 Logarithm of a Singular Matrix

A technical argument follows to justify that we can simply change the off-diagonal elements in the row and column
with�∞ to zero in a matrixL that represents a logarithm. To make sense of this situation, we imagine that(L)11=�M
for some largeM > 0 and consider the limiting RJCF asM approaches∞. The outer eigenvalue converges to�M
and the outer eigenvector approaches[0;1;0]T . After separating the 2-D invariant subspace, the matrix must have
zeros in off-diagonal entries in the row and column containing the outer eigenvalue, as in Eq. 16. Working through
the equations of Appendix B.1, the normal to the 2-D invariant subspace is� � [�0:9679=M;1;0:0291=M]T, while
the outer eigenvector is�0 � [0:3798=M;1;�0:6679]T. The transforming matrix and separated matrix are, ignoring
O(1=M2) terms:

T =

24 1:0000 0:3798=M 0:0000
0:9679=M 1:0000 �0:0291=M

0:0000 �0:6679=M 1:0000

35 : T�1LT =

24 0:2347 0 0:3052
0 �M 0

�0:4149 0 0:7003

35 :
This matrix can be exponentiated by dealing with rows and columns 0 and 2 separately from row and column 1, as
described in Section 4. AsM ! ∞, T ! I , and the resultingA has rank 2.

It is necessary to put the 2�2 submatrix into RJCF using Eq. 98–105 in Section B.2.

L = UHU�1 =

240:9263 0 �0:5254
0 1 0
1:1699 0 0:4160

35 24 0:4675 0 0:2691
0 �∞ 0

�0:2691 0 0:4675

35 24 0:4160 0 0:5254
0 1 0

�1:1699 0 0:9263

35 :
The middle matrixH is exponentiated as follows:

eH = exp

0@ 0:4675 0 0:2691
0 �∞ 0

�0:2691 0 0:4675

1A = e0:4675

24cos(�0:2691) 0 sin(0:2691)
0 0 0

�sin(0:2691) 0 cos(�0:2691)

35

=

24 1:5386 0 0:4243
0 0 0

�0:4243 0 1:5386

35
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The final blend, calledA�, is:

A� = 0:1�B�0:9�C = VAV�1 = VU eH U�1V�1

=

24 1:0343 �0:4889 0:6519
0:6508 0:5789 �0:7719

�0:1782 �1:0980 1:4640

35 :
It is noteworthy that althoughA� supposed has only 0.1 ofB, it is closer toB than toC, as measured by Frobenius
norms,jB�A�j2 = 2:130 andjC�A�j2 = 3:035.

Appendix D.4 Analysis of Approximate Rotation Matrices (Numerical Issues)

If some 3-D rotation matrixR is similarity-transformed into its RJCF, sayJ= R T
;, then the real eigenvector ofR, say

u, appears as the column ofT corresponding to the eigenvalue 1. When scaled to unit length, it is the axis of rotation.
That is, we have something like

J =

�
1 0
0 A

�
(134)

whereA is a 2-D rotation matrix. IfA is a 2-D rotation matrix, we see in Eq. 41 that(logA)00 = 0 and(logA)10 = θ ,
the angle of rotation.

If R is expectedto be a rotation matrix, but might have small numerical errors, a robust procedure to find the
axis of rotation and the angle of rotation is to find the outer eigenvector,u, then transform into RJCF, which should
look like J in Eq. 134, except thatJ00 might not be exactly 1. Take the matrix logarithm ofA. Use(logA)10 as the
angle of rotationθ , and force(logA)00 and(logA)11 which should be quite small ifR is almost a rotation matrix,
to be 0. The outer eigenvectoru, scaled to unit-length, can be used as the axis of rotation. The value ofθ depends
only on the ratio ofA10 andA00, so it is not sensitive to errors in magnitude of rows or columns. As exponential
coordinates forR, simply useθ normv(u) (see Appendix J); for log(R) use�(θ normv(u)). Adjusting the RJCF back
into SO(3) provides a logical way to “tune up” a rotation matrix that has accumulated errors through a sequence of
matrix multiplications. We performed one numerical test on a matrix that originally represented a rotation of about
178:6Æ, but had been forced out of SO(3) by rounding to two significant digits. The RJCF (adjusted as just described)
reduced the error in the angle of rotation by a factor of 10, compared to Eq. 67, from 1:2Æ to 0:125Æ.

Another approach to tuning a rotation matrix that is slightly out of SO(3) is to perform the polar decomposition (see
Section 6) and use the orthogonal part of this decomposition as the corrected matrix. Higham proposes this solution
and gives an iterative procedure that converges quadratically when the errors are small [Hig86].

Appendix E Great-Circle Interpolation on the n-D Sphere

This section describes a numerically robust procedure for great-circle interpolation on then-D unit sphere between two
n-vectorsu andv. This permits interpolation of quaternions whenn= 4, popularized by Shoemake with theslerp
function [Sho85]. Another benefit is that the relationship between movement on the great circle and rotation in 3-D
is practical to verify. A problem with published methods is that they lose accuracy when the angleθ betweenu and
v is near 0 or near 180Æ; in particular, the usual interpolation formula has sinθ in the denominator and nearly equal
quantities are subtracted in the numerator.

In n-D a great circlemay be defined as the intersection of a 2-D linear subspace with the unitn-D sphere. A
basis for a 2-D linear subspace consists of two linearly independent vectors. If the basis is orthonormal, generating
points on the great circle is very simple. Our procedure is based on the observation that ifu andv are two unit-length
n-vectors that determine the great circle, then the pair(v+u), (v�u) is an orthogonal (but not unit-length) basis for
the same 2-D subspace. There may be numerical inaccuracies if either(v+u) or (v�u) is very small, but making the
computation more complicated will not improve matters!

Therefore our procedure is to compute two orthonormaln-vectorsp andq such that the interpolated points all have
the formpcosβ θ +qsinβ θ . For interpolation,β =�1

2 corresponds tou andβ = 1
2 corresponds tov. Extrapolation

44



may be performed by using larger values ofβ . The quantitiesp, q andθ are given by

p = normv(v+u);

q = normv(v�u); (135)

θ = 2atan2(jv�uj; jv+uj)if jv�uj � jv+uj;
θ = π�2atan2(ju+vj; jv�uj)if jv+uj< jv�uj;

where the function “normv” accurately normalizes a vector as described in Appendix J. Theslerp function is
produced by

slerp(u;v;α) = pcos(α� 1
2)θ +qsin(α � 1

2)θ (136)

in conjunction with Eq. 135.
It is apparently accepted as folk lore that varyingα at a constant rate inslerp corresponds to rotating in 3-D

around a fixed axis at a constant rate; i.e., the orientation maintains a constant angular velocity. This is perhaps
the major physical justification for quaternion interpolation. Shoemake states this briefly with a reference, but it
seems quite difficult to prove with published versions ofslerp [Sho85]. However, the representation in Eq. 136,
together with equations from Shoemake for quaternion multiplication and inverse, makes it straightforward to verify
this important property.

We briefly sketch this technical result, assuming familiarity with the background, including “vector” and “scalar”
components of quaternions and their multiplication rule [Sho85]. (Also see Eq. 63 in Section 7.2.) The main point is
that becausep andq are orthogonal by construction,(p�1q) has zero “scalar” component, and its “vector” component
is the needed axis in 3-D. Using the quaternion multiplication equation and writing the the quaternion as a row vector
with the “scalar” component last:

p�1slerp(u;v;α) =
�
(p�1 q)vector sin(α� 1

2)θ ; cos(α� 1
2)θ

�
(137)

This corresponds in 3-D to a rotation around(p�1q)vector (which has unit magnitude) by an angle of(α� 1
2)θ=2.

Appendix F Gram-Schmidt Procedure

The Gram-Schmidt procedure produces a vector that is orthonormal to a given set of orthonormal vectors, given some
vector that is linearly independent of the set of orthonormal vectors [HS74, GVL96]. LetC j , k< j < n, be columns
of a matrix that are already orthonormal. LetC0

k be the independent column.

v = C0
k�∑k< j < nC j (C

T
j Ck)

Ck = normv(v):

That is, the parallel components are subtracted off and the remainder is normalized (see Appendix J about numerical
issues). For most applications in this paper, the more complicatedmodifiedGram-Schmidt procedure [GVL96] is not
needed, because most of the starting vectors are nearly orthogonal.

Appendix G Invariance under Permutations and Negations

Let C = ABT . ThenC can be written as a sum of rank-one matrices [GVL96], recalling that single subscripts on
matrices denote columns.

C = ∑
j

A j (B j )
T (138)

Therefore if the same permutation of columns is applied toA andB, C does not change. Furthermore, if the same set
of columns are negated inA and inB, C does not change.
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Appendix H Polar Decomposition Details

Appendix H.1 Semi-Uniqueness with One Eigenvalue of Zero

In this subsection we prove Theorem 6.1 in Section 6, which states that ann� n matrix with a 0 eigenvalue of
multiplicity 1 hastwo polar decompositions, one whose orthonormal component has determinant+1 and one whose
orthonormal component has determinant�1 . We have not seen this fact stated in the literature.

To recap from Section 6, a polar decomposition ofM consists of an orthonormal matrixQ and a symmetric positive
semidefinite matrixS such thatM = QS. SinceMT M = S2, S is unique.

Let S= R�RT , where� is diagonal andR is orthonormal. Defineλ j =� j j . By Appendix G,S is invariant if
the same permutation is applied to the rows and columns of� and to the columns ofR. Also, S is invariant if any
set of columns ofR is negated. For the moment, let us fix one choice of column order and signs and definej0 to be
the column associated with eigenvalue 0, i.e.,λ j0

= 0. Note thatR j0
is the unique unit-length eigenvector of 0 up to

multiplication by�1, for Sand hence forM .
We now express constraints onQ to comprise the orthonormal component of the polar decomposition. Define

G = MR = QR�

C j = G j=λ j = MR j=λ j for j 6= j0
C j0

= (see next paragraph)

Q+ = CRT (139)

All columns of C other thanj0 are orthonormal (examine expressions for(C j )
T Ck for j;k 6= j0 and use the fact

that MTM = R�2RT ). Let C j0
be the unique unit-length vector orthogonal to all other columns ofC such that

det(C) = det(R). Thus, for a givenR, Q+ is the only solution of Eq. 139 with determinant +1. By construction,
Q+S= M .

Next, we use an explicit representation forQ+, based on Eq. 138 and Eq. 139:

Q+ = M ∑
j 6= j0

R j (R j)
T=λ j + C j0

(R j0
)T (140)

Now suppose the columns ofR are permuted andλ j are subjected to the same permutation. It is evident from
Eq. 140 thatQ+ is not affected. The columns ofC undergo the same permutation, since(MR) j = M(R j), etc. If
the permutation causes det(R) to change sign, det(C) also changes sign. The same applies if some columns ofR other
than j0 are negated. If columnj0 is negated, that reverses the determinant ofR and the computation rule requires that
the sign of columnC j0

also be reversed, and againQ+ is not affected.

Suppose someλ j has multiplicityk> 1. Without loss of generality we can assume it occurs in columns 0 through
k�1, andj0 > k�1. Now if T is any orthonormalk�k matrix andB denotes columns 0 throughk�1 of R, then those
columns can be replaced by the new basisB� = BT; that is, the columns ofB� constitute another orthonormal set of
eigenvectors forλ0, which occurs precisely at indexes 0 throughk�1, for a possible diagonalization ofS. However,

∑
0� j<k

R j (R j)
T=λ0 = BBT=λ0 = B�BT

� =λ0

so this substitution also leavesQ+ invariant.
In summary, proceeding from a particular diagonalization ofS, we have considered all transformations leading to

other possible diagonalizations ofS, and have shown thatQ+ is invariant, provided the sign ofC j0
is chosen to make

det(C) = det(R). This choice is necessary for the determinant ofQ+ to be positive.
The same analysis can be repeated choosing the sign ofC j0

to make det(C) the negative of det(R), leading to a

matrix Q� with negative determinant, instead ofQ+. Using Eq. 140, we haveQ� = Q+�2C j0
(R j0

)T , where the
sign ofC j0

is chosen as required forQ+. That is, the two solutions differ in the orthonormal component by a rank-one
matrix.
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Appendix H.2 Nonsquare Matrices

SupposeM is m�n with m> n. The steps leading up to Eq. 139 can still be carried out. First, suppose thatM has
full rank. ThenS is nonsingular, there is no columnj0, and all columns ofC are determined normally. Conclude
by computingQ = CRT . The determinant is not defined. As argued immediately after Eq. 139, all columns ofQ
are orthonormal andM = QS. Also, the analog of Eq. 140 simply omits the special case forj0, and shows thatQ is
invariant under varying diagonalizations ofS. This procedure is equivalent to computingMS�1 but the inverse is not
materialized.

Now supposeM has rankn�1, soS has a 0 eigenvalue of multiplicity 1. Proceed as before up to the point where
C j0

needs to be computed. NowC j0
is anm-vector that needs to be orthonormal to a set ofn� 1 otherm-vectors.

The solution is never unique (withm> n), but solutions are easy to come by with the Gram-Schmidt procedure (see
Appendix F) applied to an initial guess for the column.

Appendix H.3 Rank-One Matrices

Although the need for polar decomposition of a 3� 3 rank-1 matrix is unlikely to arise in computer graphics, the
analysis is included for completeness. The matrix has the formM = uvT . The symmetric part of the decomposition is
(juj=jvj)vvT . The rotationR may be any rotation that mapsv to (jvj=juj)u. If u andv are collinear,R = I ; otherwise,
any rotation whose axis is in the plane that bisectsu andv suffices, but perhaps the most natural axis isv�u. Using
this axis, the amount of rotation isθ , where cosθ = (uT v)=(jujjvj). The matrix to accomplish any such rotation can
be found in any standard text [FvDFH90].

The approach generalizesn > 3, whereM has rank one. The hyperplane that bisectsu andv is orthogonal to
(u=juj)� (v=jvj). There aren� 3 degrees of freedom for choosing the axis direction even after requiring it to be
orthogonal tou andv.

Appendix I Examples

Example I.1: Let

A =

24 �15 �16 �20
44 45 19
16 16 21

35 (141)

The characteristic polynomial is

f (x) = x3�51x2+675x�625 (142)

We find thatex= 17 andf (ex) = 1024> 0. So the outer root,λ0, is less than 17. Both root-finding methods described
in Appendix A calculateλ0 = 1:0, exactly. By way of comparison,eig, the general eigenvalue routine inmatlab,
computed this eigenvalue with an error of 4 ULPs (Units in theLastPlace).

Now q(x) = x2�50x+625, and

q(A) = A2�50A +625I =

24 576 0 576
�576 0 �576

0 0 0

35 (143)

Thereforeγ = 1=576 and the outer eigenvector and normal vector are

�0 =

24 576
�576

0

35 � =

24 576
0

576

35 ; (144)

respectively. This example is continued in Example I.2.
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Example I.2: Continuing with Example I.1, we were givenA, and had calculated�0, and�. In this case,j = 0
corresponds to the component of� that is maximum in magnitude. So the columns of the required rotation matrix are
in the directions of�, e2��, and�� (e2��), which are:24576

0
576

35 24 0
576

0

35 24�5762

0
5762

35
These columns need to be normalized. Using Eqs. 91 and 92, the results are

(RS) =

24
p

2 0 �1=
p

2
�p2 1 0

0 0 1=
p

2

35 (RS)�1 =

24 1=
p

2 0 1=
p

2
1 1 1
0 0

p
2

35 (145)

We also have

A RS
; =

24 1 0 0
0 45 �25=

p
2

0 32=
p

2 5

35 (146)

Therefore, the outer-root eigenvalue(λ0 = 1) has been separated from the rest of the transformation.
Of course, the exact expressions with square roots given above are only approximately represented numerically.

Although the outer-root eigenvalue (λ0 = 1) was computed exactly by our numerical procedures in Appendix A, the
numerical representation of the remaining 2�2 matrix in the lower right corner of Eq. 146 is not exact when computed
with double precision. This example is continued in Example I.3.

Example I.3: Continuing with Example I.2, we had the 2�2 matrix in the lower right corner of Eq. 146:

B =

�
45 �25=

p
2

32=
p

2 5

�
(147)

Applying Eqs. 98–103

D = 1624:5 (148)

c =

s
1
2
+

7

2
p

3249
=

r
32
57

(149)

s = �
s

1
2
� 7

2
p

3249
= �

r
25
57

(150)

M =

"
25 0

57=
p

2 25

#
(151)

(152)

The elementM12 is calculated in double precision as

M12 = 1
2

�p
1624:5+

��25p
2
� 32p

2

��
(153)

which happens to come out exactly 0, but with the operations performed with a different associativity it comes out
as� 1:78�10�15. If we proceed with the nonuniform scale using this value, thenw� 0:0000815, 1=w� 12273, and
the off-diagonal elements are equalized at� 2:68�10�7. After diagonalizing the matrix with a final 45Æ rotation, the
diagonal elements are 25�2:68�10�7. However, the transforming matrix is given by:

T =

�
5747:44724025183 5747:44715391519
6502:49418195522 6502:49425826675

�
T�1 =

�
6502:49425826675�5747:44715391519

�6502:49418195522 5747:44724025183

�
(154)
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Although the determinant ofT is 1 in theory, its calculated value is 1� 8:8 � 10�9. It is clear that the value ofT in
Eq. 154 is very undesirable to use for further calculations, and will lead to inaccuracies.

If we had stopped after the first rotation and declaredM12 to be zero, then

T =

�
0:74926864926536 0:66226617853252

�0:66226617853252 0:74926864926536

�
(155)

Example I.4: Suppose we start with the matrix

B =

� �1 2
1 3

�
Note that det(B) =�5. We have(B11�B22) =�4, (B12+B21) = 3, D = 25,

p
D = 5. By Equations 100 and 101,

c =
p

0:8 ands=
p

0:2. These values determineθ by Eq. 102, which in turn determines the matrixRθ by Eq. 20.
After the similarity transformation byRθ , according to Eq. 103:

B
Rθ
;

�
1 3
2 1

�
For the next step, choosew= 4

p
3=2 and apply

Sw
; (see Equations 21 and 105):

BRSw
=

�
1
p

6p
6 1

�
The final step, since the matrix is symmetric, is to apply a rotation of�π=4 as a similarity transformation. Thus the
composite coordinate transformation is

T = RSw R�π=4 =

24 q4
5 �

q
1
5q

1
5

q
4
5

3524 4
q

3
2 0

0 4
q

2
3

3524 q
1
2

q
1
2

�
q

1
2

q
1
2

35
=

4
p

6p
60

�
2
p

3+
p

2 2
p

3�p2p
3�2

p
2
p

3+2
p

2

�
�
�

0:986 0:414
�0:222 0:921

�
giving

B T
;

�
1�p6 0

0 1+
p

6

�
We easily verify that det(B T

;) =�5, as it should for any similarity transformation. More importantly, det(T) = 1.
Since the canonical matrix is diagonal, the eigenvalues and eigenvectors ofB are real. The diagonal elements of

B T
; define the eigenvalues. The columns ofT define the eigenvectors. SinceB is asymmetric, the eigenvectors are

not orthogonal. Also, they are not of unit length because we desired det(T) = 1. The eigenvectors map into the axes
of the canonical coordinate system.

Example I.5: Consider the matrixA and its characteristic polynomial:

A =

24 1:60 �1:20 1:60
0:54 1:12 �0:16

�0:32 �0:96 2:28

35 ; f (x) = x3�5x2+9x�5:

The outer root is 1. We find thatq(x) = x2�4x+5. Thus

q(A) =

24 0 0 0
�0:64 1:28 0:96
�0:48 0:96 0:72

35 ; �0 =

240
1:28
0:96

35 ; � =

24�0:64
1:28
0:96

35 ;
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because 1:28 has the maximum magnitude inq(A). The transforming matrix and partitioned matrix are found using
Eq. 87–92 in Appendix B.1:

RS =

240:9285 0 0
0:2971 0:8616 �0:60
0:2228 0:6462 0:80

35 ; A RS
; =

24 1:60 0 2:1541
0 1 0

�0:5385 0 2:40

35 =

24b22 0 b21
0 1 0

b12 0 b11

35
Numbers with four decimal places are approximate. Using Eq. 98–105 in Section B.2,

U =

24 1:4598 0 �0:1520
0 1 0
0:3416 0 0:6495

35
CombiningT = RSU gives the final RJCF:

T =

24 1:3554 0 �0:1411
0:2288 0:8616 �0:4348
0:5986 0:6462 0:4857

35 ; J = A T
;=

24 2 0 1
0 1 0

�1 0 2

35
In Example I.6 we will see how to obtain log(A) from these matrices.

Example I.6: RecallA, its RJCFJ and transforming matrixT from Example I.5. By Eq. 41,a= 1
2 log(5) = 0:8047

andb= atan2(1;2) = 0:4636. (All values with four decimal places are approximate.) Then

log(J) =

24 1
2 log(5) 0 atan2(1;2)

0 0 0
�atan2(1;2) 0 1

2 log(5)

35 =

24 0:8047 0 0:4636
0 0 0

�0:4636 0 0:8047

35
log(A) = T log(J)T�1 =

24 0:6193 �0:5564 0:7419
0:3595 0:1784 �0:2378

�0:0665 �0:6088 0:8118

35
Although we could multiply this by12, it is not clear how to recoverA

1
2 from this expression. Instead, re-exponentiate

1
2 log(J) with Eq. 40.

A
1
2 = T

24 51=4cos(:2318) 0 51=4sin(:2318)
0 1 0

�51=4sin(:2318) 0 51=4cos(:2318)

35T�1 =

24 1:3179 �0:4123 0:5497
0:2213 1:0815 �0:1086

�0:0831 �0:3835 1:5113

35
Other fractions also work.

Example I.7: This example shows the calculations for a matrix Lie product style interpolation where one matrix has
deficient rank. Consider the matricesB andC:

B =

24 1:60 �1:20 1:60
0:86 0:48 �0:64

�0:08 �1:44 1:92

35 ; C =

241 �1 0
1 1 0
0 0 1

35 :
B has rank 2 and its outer eigenvalue is 0. Its RJCF is

B V
; J =

24 2 0 1
0 0 0

�1 0 2

35 whereV =

241:3519 0 0:1714
0:3218 0:8616 �0:3713
0:4722 0:6462 0:6093

35 :
Numbers with four decimal places are approximate. By Eq. 41:

log J =

24 0:8047 0 0:4636
0 �∞ 0

�0:4636 0 0:8047

35
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Nielson-Jung Method with Relaxed Canonical Form Method or
A Imprecise Eigenvalues Nielson-Jung with Exact Eigenvalues

t 0 0.0001 0.1 1 0 0.0001 0.1 1
3 5 –3 0.125 �:0563�1012 �62:3 �1012 �1798: �1012 0.1 0.100050008 0.15878 2.95562
1 7 –3 p(t) 0.125 �:0563�1012 �62:3 �1012 �1798: �1012 0.1 0.100050008 0.15878 2.95562
2 10 –4 0.125 �:1126�1012 �124:6 �1012 �3596: �1012 0.1 0.100080014 0.19542 5.17234

Table 6: An extreme example of numerical instability, discussed in Example I.8

SinceC is already in RJCF, we have

log D = (log C)
V
; =

24 1
2 log2 �π=4 0

π=4 1
2 log2 0

0 0 0

35 V
; =

24 0:2950 �0:4846 0:2692
0:7914 0:4731 �0:1259

�1:0679 �0:1263 �0:0750

35 :
Now let us blend withα = 0:1. LetA be defined indirectly by:

logA = L = 0:1 logJ+0:9 logD =

24 0:3460 �0:4361 0:2886
0:7122 �∞ �0:1133

�1:0075 �0:1137 0:0129

35 :
The final result will be

0:1�B�0:9�C = A V�1
; ;

and it is still several steps to derive it.
First, we setL01, L21, L10, andL12 to zero. Then it is necessary to put the 2�2 submatrix that omits row 1 and

column 1 into RJCF. We findU andH using Eq. 98–105 in Section B.2.

L = UHU�1 =

24 0:7345 0 �0:1526
0 1 0

�0:1526 0 1:3932

35 24 0:1795 0 0:5129
0 �∞ 0

�0:5129 0 0:1795

35 241:3932 0 0:1526
0 1 0
0:1526 0 0:7345

35 :
The middle matrixH is exponentiated as follows:

eH = exp

0@ 0:1795 0 0:5129
0 �∞ 0

�0:5129 0 0:1795

1A= e0:1795

24cos(�0:5129) 0 sin(0:5129)
0 0 0

�sin(0:5129) 0 cos(�0:5129)

35=

24 1:0426 0 0:5871
0 0 0

�0:5871 0 1:0426

35
The final blend, calledL(B;C;0:9), is:

L(B;C;0:9) = 0:1�B�0:9�C = A
V�1

; = (eH)
U�1

;

V�1

;

=

24 1:0062 �0:3550 0:4734
0:6729 0:2749 �0:3665

�0:2264 �0:6032 0:8042

35 :
It is noteworthy that althoughL(B;C;0:9) supposedly has only “0.1 ofB”, its only real eigenvalue is zero.

Example I.8: Recall the matrix analyzed in Example C.1 (repeated on the left side of Table 6) and also discussed in
Section 10 as matrix (d); see Table 4 in that section.

We applied the Nielson-Jung equations [NJ99] to the solution ofdp=dt = Ap with the initial conditionp0 =
[0:1;0:1;0:1]T (see discussion in Section 9). Due to the use of numerical eigenvalue procedures, the computed
eigenvalues varied slightly from their exact values of 2, by about 10�15. All calculations were performed in matlab,
which uses double precision. Some values ofp(t) are shown in Table 6.
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The Nielson-Jung numbers, shown in the left part of the table, occurred because the procedure detected two distinct
eigenvalues, very close to each other. A wide variety of initial conditions produced similar behavior. The fact that
evenp(0) has a 25% error shows how bad the numerical problems were, and byt = 1 the error was on the order of
1015. The discussion in Section 10 mentioned that the transforming matrix,T, is very badly conditioned. Although
Nielson and Jung do not compute the transforming matrix explicitly, we believe the left part of the table is a similar
phenomenon.

The results obtained using the methods of this paper are shown in the right part of the table and are very accurate.
Essentially identical results are computed by the Nielson-Jung procedures when they treat all eigenvalues as equal,
thereby using equations for a non-hyperbolic case.

Appendix J Scaling for Floating-Point Accuracy: Vector Norm and Cube
Root

Scaling for floating-point accuracy is occasionally helpful to extend the range of values for which a procedure is
accurate. A typical case is the functionnormv that normalizes a vector, say[x;y;z]. If all components are very small
in magnitude, say less than 2�63, we can safely multiply them by 2126. No accuracy is lost because the mantissa does
not change. We are now assured that the largest component can be squared without underflowing to zero, and that no
components will overflow the largest representable floating point value. Similarly, scaling down in the presence of a
very large component can prevent floating point overflow. Since the final result is unit-length, it is not necessary to
undo the scaling.

A more advanced example is the cube root procedure, which is a special case of then-th root procedure, wheren is
a positive integer. This function is available inmatlabasnthrootwith a different implementation from that described
here. The standard C math library hascbrt. In the description below, it is simple to adapt the procedure to compute
then-th root instead. (Of course, ifn is even,x must be positive.)

The cube root procedure uses the IEEE library functionslrexp andldexp to achieve scaling by powers of 23.
Logically, the identity is

3
p

x = 2k 3
p

x=23k (156)

The integerk is chosen so that 2�2� jx=23kj< 2. (Note thatlrexp returnsp andx=2p such that12 � jx=2pj< 1.) Let
y= jx=23kj and apply the Newton-Raphson procedure, as follows:

rm =
2rm�1+(y=r2

m�1)

3
r0 = 1:0: (157)

The sequencer1, r2, : : : monotonically decreases to3
p

y. It can be cut off early to obtain an upper bound that is
reasonably close. The final result can be “assembled” withldexp(rm;k). This function is much faster thanelog(jxj)=3:0

and is also more accurate.

Appendix K Transforming from Affine to Linear

Suppose we are given ann-dimensional coordinate systempraw and a nonsingular affine transformation

Apraw+c praw =

264 p(0)

...
p(n�1)

375
raw

(158)

whereA is n� n andc andpraw aren� 1. This expression also defines ann-dimensional vector field. WhenA is
nonsingular, the unique critical point, where the vector field = 0, is given by

pcrit = �A�1c (159)
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If we make the translationp = praw� pcrit , then in the coordinates ofp the critical point is at zero and the trans-
formation is simplyA, applied top. We assume that this translation has been done as a preprocessing step and the
transformation under consideration isA.

In the case thatA is singular, there are infinitely many points for whichAp = 0. Yet there is not necessarilyany
critical point,pcrit , that satisfiesApcrit + c = 0. In these cases the nonhomogeneous termc has to be carried along,
and transformed into the canonical coordinate system.

On the other hand, ifA is singular andApcrit +c= 0 has solutions forpcrit , then it has infinitely many solutions.
A convenient one can be chosen to carry out the translationp = praw�pcrit . For example, the critical point closest to a
specified point of interest,pcentral, can be found using the pseudo-inverse [PFTV88]. Possibly with rearrangement of
rows and columns, letAul, the upper left partition ofA, be nonsingular and have the same rank asA. Let the subscript
u denote the corresponding upper partition of vectors. That is,

A =

�
Aul Aur

A ll A lr

�
c=

�
cu

cl

�
(160)

Then

pcrit = pcentral (161)

�
"

AT
ul

AT
ll

#�
AulA

T
ul +A ll A

T
ll

��1�
c�pcentral

�
u

In general, our procedures do not assumeA is nonsingular.
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