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Models of DASD Subsystems with MultipleX
Access Paths: A Throughput-Driven Approach

ALEXANDRE BRANDWAJN

Abstract-A throughput-driven approach to the performance
analysis of direct access storage devices (DASD's), i.e., disks, is pre-
sented for a model of a block-multiplexor channel system with multiple
transfer paths. The approach relies on a step-wise analysis of shared
components within the data transfer path: head of string, control unit,
channel, referred to as blocking points. In order to derive the service
time of an I/O request, each blocking point is analyzed separately,
using essentially a classical loss-system model. The advantages of the
method are its relative simplicity and applicability to a large number
of configurations. Transient and boundary effects, including the miss
probability on second and subsequent reconnection attempts, and the
device reconnection window (lead time), are also discussed. The in-
clusion of the approach in a larger system model, as well as its rela-
tionship with previous work on DASD analysis is considered. Nu-
merical results illustrate the accuracy of the method.

Index Terms-Analytical models, block-multiplexor channels, disk
subsystems, dual ports, missed reconnections, multiple transfer paths,
reconnection window, shared control units, string switching, system
model.

I. INTRODUCTION

IN a previous paper [3], we have presented one approach to
the modeling of direct access storage device (DASD)

subsystems. This approach, designed for use with the equiva-
lence method of analysis of queueing models, results in a so-
lution of a set of submodels, and computes the I/O request
throughput as a primary performance measure. By design, it
is well suited for use in a larger system model. A drawback of
this approach, however, is that the number of times the sub-
models have to be evaluated grows with the number of users
in the system. Another drawback is that extensions to other
configurations may be difficult.

In this paper we propose a different approach, with different
advantages and drawbacks. The approach takes the I/O re-
quest throughput as a starting point, and derives the DASD
(disk) basic service time pertaining to the given throughput.
By definition, the basic I/O service time is taken here-to denote
the average time it takes to service an I/O request from the
moment it has been successfully issued. The total I/O service
time is the the average time it takes to service an I/O request
from the moment the CPU first attempts to issue it. The dif-
ference between the total and the basic time is viewed as a
queueing delay. Having obtained the basic service time we
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estimate to total I/O service time by viewing the devices as
separate single-server queues.

With block-multiplexor channels-the only type considered
herein-three elements in the data path between the CPU and
the DASD may be shared by spindles. Devices are configured
into strings where all the disks on a string may be simulta-
neously moving arms to the appropriate track (seek) or waiting
for the read/write heads to reach the required angular position
(latency). However, in most systems, only one disk may be
transferring using the necessary hardware within the head of
string. Several such strings may be connected to a single con-
trol unit, and several control units may share a single channel.
Also, several channels may be linked to the same control unit,
resulting in a more or less complex configuration. All three
elements, viz. head of string, control unit and channel, are
potential blocking points in- that they must be available at the
moment a device is about to reach the correct angular position
in order for the disk to reconnect successfully and start
transferring. Should any of the elements be busy with another
device, a missed reconnection occurs, and the I/O request
experiences the heavy penalty of a full rotation period before
another reconnection attempt is possible.

In this paper, we neglect the dependence of the seek time on
the load, and concentrate on missed reconnections as the
principal load-dependent component of the I/O request basic
service time. Each blocking point is studied separately, so that
the approach taken copes easily with multiple blocking points
as encountered in more complex configurations. The analysis
is introduced for a model with multiple data transfer paths in
control units and strings of disks. This provides a framework
for modelling both existing and possibly forthcoming prod-
ucts.

In the next section, this approach is presented for a simpli-
fied case with balanced I/O rates and utilizations. Transient
and boundary effects, such as nongeometrical distribution of
the number of missed reconnections, or effect of the recon-
nection window (disk lead time), are also discussed in this
section. Application of the approach to present-day configu-
rations with shared channels, shared strings (string switching),
and disks with dual ports (cross-call) is considered in Section
III. The relationship of the method with other approaches to
DASD analysis [21, [17], [10] is also discussed. Section IV
briefly considers the embedding of the solution of a DASD
subsystem model in that of a larger system model. Using a
simple example of a DASD subsystem,-a comparison of the
results of the method of this paper and of [3] is presented. Fi-
nally, Section V summarizes the advantages and the draw-
backs of the method.
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II. MULTIPLE ACCESS PATHS

A. Configuration Considered and Assumptions

To introduce our approach, we consider a hypothetical
DASD subsystem in which every channel is connected to only
one control unit, and a control unit has N, channels connected
to it. For our purpose in this section, it is irrelevant whether
these channels belong to a single CPU or different CPU's. We
assume that a control unit has Nr independent nondedicated
data transfer paths, henceforth referred to as routes. We also
assume that there are N, strings of DASD's connected to the
storage director, and that within every string there are Np in-
dependent nondedicated data transfer paths shared by the disks
on the string. These access paths within a string will be
henceforth referred to as paths. For simplicity, we assume that
there are Nd devices in every string attached to the control
unit.
A sample config-uration of a control unit is represented in

Fig. 1. The control unit shown has four channels connected to
it. It possesses two routes, and the single string of DASD's
attached to it has two paths. Thus, a maximum of two devices
may be simultaneously engaged in transfer in this example.

It is now our goal to analyze the hypothetical DASD sub-
system so as to assess the impact of multiple routes and mul-
tiple paths on the I/O service time. We view the total I/O
service time of a DASD as composed of the elements repre-
sented below.

Queueing Seek Latency Missed Transfer
Reconnection
Delay

Basic I/O Service Time

The seek time corresponds to arm movement until the correct
track is reached. The latency is the time for the device to reach
the required angular position in its rotation. The missed rec-
onnection delay is that part of the basic I/O service time due
to the disk finding the I/O path busy when the appropriated
sector is about to be reached.

Referring to the given control unit, we denote by ts, t1, tm,
and tt the average seek, latency, missed reconnection delay,
and transfer time, respectively. The device rotation period is
denoted by tr
We proceed to evaluate the basic I/O service time under the

following assumptions.
1) All I/O requests are statistically identical, and are evenly

distributed over channels and devices. This assumption is for
exposition purposes only, and is relaxed in [4].

2) The dependence of the seek time on the load is not rep-
resented. A separate model of arm movement would have to
be added if such a contention were a dominant factor deter-
mining the performance of the DASD subsystem.

3) Elongations in the basic I/O service time due to the I/O
path being busy when a CPU attempts to issue the I/O request
(redriven I/O's) or after the completion of a seek when the
target angular position has to be forwarded to the device, are
neglected.

4) The operation of count-key-data devices is implicitly
represented by the transfer time. The latter, for count-key-data

CONTROL UNIT

4 CHANNELS

2 ROUTES

1 smRING, 2 PATHS

Fig. 1. A sample configuration with multiple paths and routes.

devices, is taken to include the search operation during which
a key match is sought.

Additional assumptions, and departures from the above
ones, are explicitly indicated where appropriate.

B. Analysis ofBlocking Points

In this section we analyze the state of the data transfer path
encountered by a device reconnection request. The following
principal notations are used in this section.

Nd: number of DASD's (actuators) in a string.
Ns: number of strings connected to the control unit.
N.: maximum number of paths which may be simulta-

neously active within a string.
N*: maximum number of routes which may be simulta-

neously active at the control unit.
N*: maximum total number of paths requesting reconnec-

tion to the control unit.
0: 1/0 throughput of the control unit.
Os: 1/0 throughput of a string of DASD's.
Xp: 1/ p is the average time between consecutive recon-

nection requests from a DASD not engaged in transfer.
Xr: 1 / Xr is the average time between consecutive recon-

nection requests from an idle path in a string.
Ap: rate of transfer completions of an active string path.
ALr: rate of transfer completions of an active control unit

route.
aj: probability that an arriving device reconnection request

finds the appropriate I/O path available given that j paths are
found active at the device's string.

bk: probability that the channel requested by the control unit
is found available given that k routes are already busy at the
control unit.

ps(j): stationary probability that j paths are busy at a string,
j =- , Np.

Ps(j): steady-state probability that a DASD requesting
reconnection finds ] paths busy within its string.

Pr(k): stationary probability that a k routes are busy at the
control unit, k = O , Nr-

Pr(k): probability that a reconnection request from a string
finds k routes busy at- the control unit.

Consider a control unit of the hypothetical DASD subsys-
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temr, and denote by 0 its I/O throughput (i.e., the average
number of I/O requests completed per unit time). 0 is assumed
to be known and is the basis for the following analysis. In order
to evaluate the probability of a missed reconnection, we con- Using (2.1
sider blocking points separately, starting from string paths, equation for
and moving towards the CPU. We thus most naturally follow *
a reconnection request as it makes its way through the I/O 'p (
path. Each blocking point is viewed as a simple loss system [6]. j=1 P i=1
The dependence between blocking points is taken into account
via appropriate activation rates for the resources of the where
blocking point.

Denote also by N* the maximum number of routes within
the control unit that may be simultaneously engaged in Formula (2.4
transfer. We have solution for p,

method. Wer
Nr = min(Nr, Ne, Ns * min (Np, Nd)). device cannr

Let Np be the maximum number of paths within a string of tions
DASD's which may be simultaneously transferring. We
have

Np = min (N, Np, Nd).

Having thus accounted for various awkward cases where
more hardware is provided than can be actually utilized, we
proceed to the analysis of the missed reconnection delay. We
start with the paths at the head of string, and we denote by Xp
the rate of path reconnection requests issued by a DASD on
the string, and by ,p the rate of completions of transfers by a
path. Neglecting overheads, we have up - 1/t. We make the
additional assumption that the path reconnection requests from
a disk constitute a Poisson process. With this assumption, the
equilibrium probability that] paths are simultaneously busy
at the string, denoted by ps (j), is given by (cf. [6])

Ps(J) =- I p(Nd-i + I )aj-i /(iltp), (2.1)Gs j=1

j =O, * , p,

where Gs is a normalization constant, and aj is, by definition,
the probability that all other necessary elements of the I/O
path (route and appropriate channel) are found available by
a device requesting reconnection given that j paths are active
at that string.

Let Ps (j) be the steady-state probability that a DASD re-
questing reconnection findsj paths busy within its string. The
number of reconnection requests which arrive per unit time
to find such a situation is simply (Nd -j)Xpps(j). Hence,

PS ) _ ( iP() , j-O= 0, -Np. (2.2)NJJN
E (Nd - k)p5(k)

k=O

Note that (2.1) and (2.2) are valid regardless of the distri-
bution of path busy times (see, e.g., [6]). Note also that, in
order for these expressions to be useful, we must know the
probability aj and the request rate for a single device Xp.
Suppose for the moment that aj is known. Xp can be deter-
mined as follows. Let Os be the I/O throughput of the given
string of DASD's. With balanced load distribution,- as assumed
herein, Os = 6/Ns. We have under equilibrium

(2.3)
Np
EPsU)I'p = Os.

j=l

1) in (2.3) we obtain the following polynomial
the rate of reconnection requests Xp

Nd- i + 1 )ai-/i (J - Ps) -Ps -= 0 (2.4)

pp = Xp/iup and Ps = Os/Ip.
) is a low degree polynomial equation so that its
(and hence Xp) may be obtined by any standard

note that the rate of reconnection requests from
lot be lower than its rate of successful reconnec-

Pp > Ps/Nd.

Therefore, a simple bisection over the interval, say, (p5/Nd,
1 Opl/Nd) has been found a satisfactory approach to the solu-
tion of (2.4).

at, the probability of finding a route and the appropriate
channel available given that j devices are transferring at the
string, is obtained by analyzing the two blocking points routes
and channels. Let Pr(k) be the steady-state probability that
k routes are active, k = O, , N*. We now view the paths (at
the heads of string) as sources of requests for routes. The
number of such sources is denoted by Nh and is given by

Nh = Ns - min (Np, Nd).

Denote by Mir the rate of transfer completions for an active
route. Neglecting overheads, we have Ar = l/tt. We make the
assumption that the requests issued by each of the Nh sources
constitute a Poisson process, and we denote by Xr the corre-
sponding rate. With this assumption Pr(k) is simply given
by

I k
Pr(k) = -1 krNh-i + I)bi-11(iyr),Gr i=l

(2.5)

where Gr is a normalization constant, and bk is the probability
that the appropriate channel is found available by a route re-
quest which is issued when k routes are already busy. Let Pr(k)
be the probability that a route request finds k routes engaged
in transfer. The number of route requests arriving per unit time
to find k routes busy is (Nh - k)Xrpr(k). Hence,

(Nh - k)pr(k)Pr(k)= ?
Nr

1= (Nh -j)Pr 0)
j=O

As before, in order for the above formula to be usable, we
have to know the probabilities bk and the request rate Xr.
Suppose bk is known. Xr may then be determined as follows.
The I/O throughput handled by the set of routes is, of course,
the total throughput of the control unit 0. Thus
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Nr

Epr(k)kgr = S.
k=l

(2.7)

Substituting (2.5) in (2.6) we get the following polynomial
equatioin for -the .rate-of route requests Xr

Nr k
rpk (Nh-i + l)bi-l/i (k - p) - p = 0 (2.8)

k =1 i= 1

where Pr = Xr//.tr, and p = 0/lLr. Since we must have

p > p/Nh,
formula (2.8) may be easily solved for Pr by simple bisection
over the interval, say, (p/Nh, lOp/Nh).
Assuming requests for channels from routes arrive at ran-

dom with esrespcttothe-status of-theappropriate-chan-neL, we
readily obtain

bk = 1 - k/Ne. (2.9)

This completes the analysis of the routes and channels, and
allows us to determine a1, the probability of finding a route and
the required channel available -given that j paths are busy at
a string. Denote by M(j) the maximum number of routes
which may be simultaneously engaged in transfer when j paths
are-busy at the tagged string. We have

M(j) = min (N,(Ns - I)*Np +j).
Let N(j) be the maximum number of routes which may be

found active while still leaving at least one useful route avail-
able with j-paths busy at the string. N(J) is given by

N(j-)---= min (Nr -1, (Ns-1I) * Np + j).
a1 is then simply

NV) /M(1)
aj= E Pr(k)bk/ E Pr(k). (2.10)

k=j / k=j

Having determined all the elements necessary to compute
the state probabilities of the blocking points as seen by arriving
reconnection requests, we are now ready to evaluate the
probability of a missed DASD reconnection. The latter occurs
if all the paths at the string are found busy, or if, at least one
path being available, the remaining part of the I/O path
(routes, appropriate channel) is found busy. Let Pm1 be the
corresponding probability. We have

Np-I
Pm1 = Ps(N;) + E Psj)(1 - aj),

j=0

which may be rewritten as

Np-i
Pm1= 1 - E Ps(j)aj. (2.11)

1=0

Hence, denoting the average number of missed reconnections
per successful I/O request by nm, we obtain, as a first ap-
proximation,

nm - nml A Pmi( - Pm1), (2.12)
and the missed reconnection delay is

tm = trnlm.

Denoting by Wb the basic I/O service time, we have

Wb = tS + tl + tm + tt. (2.13)

Note that in our analysis string paths and control unit routes
are taken to be nondedicated in the sense that any path and
route available. Channels, however, are assumed to be con-
ventional, and an I/O initiated on a given channel is bound to
that channel until completion. If this were not the case, i.e., if
the channels were "floating," we would simply have bk = 1,

k=0,* ,N*-1.
We now recap the solution procedure, moving backwards

as necessary in actual computation. First, the probabilities bk
are computed. Then, (2.8) is solved, and pr(k) and Pr(k) are
computed -from (2.5) -and (2.6), --respectively. Next, a1 is ob-
tained from (2.10) and used in the solution of (2.4) to compute
ps(j) and Ps(j) from (2.1) and (2.2), respectively. Finally,
(2.1 1) is used to evaluate Pm1. Note that from (2.1 1.) one can
easily compute the probability that a missed reconnection is
caused by a given blocking point.
We have not investigated theoretically the uniqueness of the

solution of the polynomial equations (2.4) and (2.8). On in-
tuitive grounds, one would expect the I/O throughput to be
a nondecreasing function of the rate of reconnection requests,
and those two equations to possess a unique solution in the
feasible region. In practice, in the many cases considered, the
bisection has never failed to produce a solution.

C. Transient and Boundary Effects

In this section we take a brief look at a few phenomena
which can affect the missed reconnection probability. The first
such an effect is the nongeometrical distribution of the number
of missed reconnections per transfer.

1) Correction for Missed Reconnection Probability: Our
analysis of blocking points assumes that reconnection requests
arrive with individual intensity independent of the status of the
blocking point. This assumption of randomness is usually
justifi'ed for a first reconnection attempt after initial positioning
(cf. Section JI-C2). It is recognized in the literature (e.g., [2],
[17]) that subsequent reconnection attempts experience higher
miss probabilities. Various explanations, such as disks "getting
out of sync" or requests experiencing higher than average
congestion spike, have been advanced for this phenomenon,
and mostly empirical corrections for the miss probability have
been proposed [2], [17].
We think that it is possible to view this phenomenon as a

transient probability effect. For simplicity, consider a system
with a single blocking point, such as one string of disks con-
nected to a single channel. We shall refer to this blocking point
as the unit. Consider also a reconnection request having ex-
perienced a first miss, i.e., having found the unit busy when the
appropriate sector was reached. The next reconnection request
from this device will come tr time units later, after a full rev-
olution of the disk. What this next request will "see" as unit
busy probability is the transient probability of the unit being
busy tr time units after an initial busy condition, given that the
requesting device is not contributing to the unit's utilization.
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The miss probability obtained assuming that requests arrive
at random with respect to the status of the unit is simply the
stationary limit, independent of initial conditions, of this
time-dependent probability. The importance of this transient
effect must depend on the ratio of transfer to rotation times.
If the rotation time is much greater than the transfer times,
the transients should have dissipated and the reconnection
request should "see" the stationary miss probability. If, on the
other hand, the rotation period is short as compared to transfer
times, transients should dominate. In the limit, with infinitely
fast rotation speed, the probability of finding the unit busy
again would be one.
Assume for the moment that transfer times follow the ex-

ponential distribution with mean t,. Denote by q the proba-
bility that a transfer having caused a missed reconnection is
still in progress after a full revolution. We have

q = exp (-tr/tt). (2.14)

We propose to use q as an estimate for how fast the tran-
sients dissipate. Assuming that first reconnection requests do
arrive at random, this yields for the probability of experiencing
a missed reconnection on a second attempt

Pm2 q + (1 - q)pn.m (2.15)

With exponentially distributed transfers and Poisson request
arrivals, subsequent attempts would experience the same miss
probability as the second attempt. It is interesting to note that
in a loss system with exponential service times and Poisson
arrivals the probability that a request finds the unit busy again
tr time units after a previous busy condition is given by

P = q* + (1 - q*)pm, (2.16)
where

q* = exp [-tr/(tt(1 -Pm))]p
We believe this is a confirmation of our view of the phe-

nomenon. In practice, (2.15) yields better results than (2.16),
probably because the distributional assumptions under which
(2.16) has been obtained are not met.

It has been noted in the literature [17], and confirmed by
the author's observations (see the Appendix), that the average
number of missed reconnections per transfer is fairly robust
with respect to distributions of seeks and transfers. Hence, we
use (2.15) also for nonexponentially distributed transfer times.
Note that we are not implying that the higher miss probability
on subsequent reconnection attempts is necessarily due to the
same transfer that caused a previous miss. We simply use q as
an estimate for the probability that the initially known busy
condition is in effect after a full disk rotation. This approach,
while still empirical, has the advantage of incorporating the
dependence on the device revolution period.

From (2.15) one readily obtains for the overall miss prob-
ability, denoted by Pm,

Pm =Pml/(l Pm2 + Pm)
which may be rewritten as

Pm = Pmi/[l -q(l Pmi). (2.17)

From (2.17) we see that Pm is in general greater than Pm1. The
average number of missed reconnections per successful I/O
requests is given by

nm whh my be es-es)
which may be expressed as

nm = nm1/(l - q) (2.18)

where n,, = pml/(l - pn1) is the average number of missed
reconnections computed without the correction.
The average number of missed reconnections per successful

I/O is thus expressed in terms of nmi and a simple corrective
factor 1/(1- q). It is apparent from (2.14) that the impact
of this factor decreases rapidly with the ratio tritt.

2) First Reconnection Attempt: The second phenomenon,
closely related to the one just discussed, concerns the miss
probability experienced on a first reconnection attempt. As
already mentioned, it is usually assumed [just as we did in
(2.15)] that such an attempt arrives at random with respect
to system state. This amounts to neglecting the fact that in
most systems the 1/0 transfer path has to be free in order to
forward the sector number to the device. In fact, the first at-
tempt "sees" a transient unit busy probability after a latency
time with an initial "path free" condition. The consensus to
neglect the effects of command issuance seems to have origi-
nated from [16] where it is argued that commands have a
negligible impact on total 1/0 time. We note that neglecting
the fact that the path is free when the latency starts may result
in considerable overestimation of the missed reconnection
delay (the effect is more pronounced for fast spinning devices).
An example is given in the Appendix. With this caveat, in the
simulation results presented in the sequel, latency is allowed
to start independently of the status of the I/O path. Hence,
when comparing analytical results with simulation, we are
assessing the accuracy of an approximate solution of a model
of disk operation at a given level of abstraction. The adequacy
of the level of abstraction itself can only be assessed through
comparison with measurement results. (Note that the recently
introduced IBM 3880 control unit can start the latency without
a channel connection.)

3) Overheads and Reconnection Window: As a last point
in this section, we note that in reality reconnection is requested
some time (a few sectors) before the required sector is reached.
This gives the time to the units within the transfer path to ex-
change appropriate signals. We refer to the interval between
the moment reconnection is requested and the moment the
correct sector is reached as the reconnection window. The latter
seems to be on the order of 0.5 ms. For older disks and most
applications this is negligible in comparison to the average
transfer time. However, with higher transfer rates, and also
for some important applications such as airlines seat reserva-
tion systems, the transfer times may be on the same order of
magnitude as the reconnection window and other protocol
overheads.

Note that through the use of different completion rates for
various blocking points our model of Section II-B allows the
inclusion of overheads for I/O path elements. While most
overheads affect the missed reconnection delay by increasing
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the I/O path utilization "seen" by reconnection requests, the
effect of the reconnection window appears more intricate.

It is clear that some load-dependent fraction of the recon-
nection window is added to the transfer time on every transfer,
thus resulting in higher I/O path utilization than if the rec-
onnection window was zero. In most systems, this higher uti-
lization is apparent to a CPU attempting to initiate an I/O
operation, and causes a correspondingly increased number of
rejected I/O initiation attempts. The effect of the window on
missed reconnections is more difficult to assess. As the window
width increases, a disk requesting reconnection finds the unit
busy more often at the beginning of the window. It has, how-
ever, a greater chance that the busy unit will become available
within the window duration.
An analytical and simulation study of a single blocking point

(see the Appendix for details) indicates that the reconnection
window may have a considerable effect on I/O path utiliza-
tions, but little, if any, on missed reconnection probability. A
practical conclusion from these results is that the reconnection
window need not be included when evaluating missed recon-
nection delays. It has, however, to be taken into account, for
small transfer times, to correctly assess I/O path utilizations
and related quantities such as redriven I/O's. Our analytical
model provides a good estimate of the average unit busy period,
and hence utilization, for a system with a single blocking
point.

D. Numerical Results

We have run a number of discrete-event simulations to
check the accuracy of the analysis presented. As a whole, the
agreement between analytical and simulation results for the
number of missed reconnections per successful I/O is good.
The accuracy of the analytical results tends to be excellent for
medium and large transfer times (say, 8 ms and over), and
slightly less so for shorter average transfer times. There is no
systematic degradation of the accuracy of the results as the
I/O rates are increased.

Fig. 2 shows an example of the results obtained for a con-
figuration with three channels and three-single-path strings
of eight DASD's (actuators) each, connected a control unit
with two routes. The device parameters indicated on the figure
correspond to the IBM 3350 device with transfers of average
length of 8 kbytes. The seek time has been arbitrarily set to 70
percent of the manufacturer specified average value, and thus
corresponds to a situation where 30 percent of seeks find the
arm already on track (zero seeks). Discrete-event simulation
results have been given for comparison. The distributional
assumptions used in this simulation run are: total of seek and
latency-uniform, transfer-exponential. Each simulation
point corresponds to 100 000 transfer completions. The
agreement between analytical and simulation results is more
than fair.

E. Total DASD Service Time

For completeness, we now consider the derivation of the total
I/O service time. The approach used is essentially that of
[2].
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Fig. 2. Example of numerical results.

The total I/O service time for a DASD may be approxi-
mately derived as follows. Assuming I/O requests for a disk
form a Poisson process and the values of basic service times are

independent and identically distributed variables, we view each
device as an M/G/1 queue. Its arrival rate is denoted by Xd,

with Xd = X/(N, Nd) in our case, and the average service time
is the basic I/O time Wb (2.13). Denote by vS, vl, vm and vt the
variance of the seek time, of the latency time, of the missed
reconnection delay and that of the transfer time. Making the
approximation that the above components of the disk service
time are independent, we obtain for the total variance in our
M/G/1 queue, Vb,

Vb V, + VI + Vm + Vt.

We assume that the variance of the seek time and of the
transfer time are given. Latency times are customarily taken
to be uniformly distributed between 0 and tr, the revolution
time for the disk. Hence,

VI = t /12. (2.19)

The remaining variance of the missed reconnection delay is
readily obtained as

Vm = trPml(1 + Pm2 Pm)/( Pm2) (2.20)

where Pmi and pm2 are miss probabilities on first and consec-

utive reconnection attempts, respectively. For the system
considered they are given by (2.1 1) and (2.15).

Denote by Cb the coefficient of variation of the DASD ser-

vice time, and by !it the average number of I/O requests for
the DASD (including the one in service).
We have

Cb = "VV9/Wb

and hence, by virtue of the Pollaczek-Khintchine formula
[12]

ft = Pb + p2(l + c2)/[2(1 - Pb)] (2.21)

where

Pb = XdWb.

seeks 17.5so
latneys 6.35
transfsr: 6.83 5

3 strings
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3 channels
2 routes In control unit
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The total I/O service time, denoted by Wt, is then obtained
from Little's formula [13]

Wt = nt/Xd. (2.22)

Before closing this subject, let us note that [9] proposes a
more accurate approach, taking into account the correlation
between seeks.

In [4], we relax the assumption that the I/O traffic is evenly
spread across strings of disks connected to a control unit and
DASD's in a string. We also allow each DASD to possess its
own set of characteristics of seek, latency and transfer times.
Our approach is an extension of that used in Section II-B, and
it proceeds as follows. First, we determine the stationary dis-
tributions of the numbers of busy paths at strings, and of the
number of busy routes within the control unit. These blocking
points are analyzed using loss-system models, and a simple
model to estimate conditional probabilities of particular con-
figurations of devices, strings, and channels busy given total
numbers of units active. Then, missed reconnection probability
is computed by analyzing numbers of requests which arrive
to find various string, control unit, and channel states. The
interested reader is referred to [4] for details and an example
of application.

In a general case, the above solution procedure may involve
a number of iterative solutions of small systems of equations.
Although we do not have a theoretical convergence proof, it
has been our experience that the iterative solutions involved
tend to converge within just a few iterations.

In the next section, we consider the application of our ap-
proach to the analysis of present-day configurations with
shared strings, shared channels and control units, and also disks
with dual ports. This gives us the opportunity to compare our
method with other published approaches to DASD analysis.

III. SHARED STRINGS, SHARED CHANNELS, DUAL
PORTS

This section is devoted to the application of our approach
to systems in- which strings of DASD's are shared by several
control units (referred to as string switching), channels are
connected to several control units, and also, systems in which
disks have two ports (referred to as cross-call). Since we do not
believe that it makes much sense to have shared channels or
string switching with multiple paths or routes, we restrict the
scope of this section to "classical" string controllers and control
units with a single data transfer path. This will give us the
opportunity to discuss the relationship between our method
and other approaches to the analysis of disks on block-multi-
plexor channels.
As a first example, consider a system of two control units

sharing Ns identical strings with Nd actuators per string. Each
control unit has a single channel connected to it (Fig. 3). For
simplicity, we assume balanced I/O traffic distribution across
control units and devices. This system with string switching
can be easily analyzed using our loss-system model ap-
proach.

Denote by U5 the utilization of a single string. The proba-
bility that a DASD request finds its string controller free,
denoted byf5, is

NS STRINGzS

CHANNELS CONTROL HEADS
OF [Ds

UNITS STRING

Fig. 3. System with string switching.

I(1-Us)Nd 1-Us
(1 - Us)Nd + Us(N - 1) 1 - Us/Nd

Let Pu (k) be the stationary probability that k control units are
active, k = 0, 1, 2. Denote by X the rate at which an idle string
requests reconnection to a control unit. An I/O is bound to the
control unit on which it was initiated, so that we readily obtain
as the rate of control unit activations when k control units are
busy

X(N, - k)ak, where a0 = 1 and a, = 2- (3.2)

Hence,
k

p.(k) = G pk fi (Ns- i + 1)ai-l/i
i=1

(3.3)

where G is a normalization constant. As in Section II, p can
be determined by bisection from the condition

2
Z pu(k)k = 2Uu
k=l

(3.4)

where Uu is the utilization of the control unit.
The probability of finding the appropriate control unit free,

denoted byf", is given by

fu = Pu(0) + I PU(1) (3.5)

where
,2

PU (k) = (N - k)pu (k) /E (Ns -i)p (i)
i=o

Hence, the probability of a missed reconnection on a first at-
tempt is

Pm1 = 1 -fsfu

and for subsequent attempts we use the correction (2.15).
The above approach may be termed "global" in that we have

determined explicitly the joint probability of the state of the
two control units in our system. For many systems, a "local"
approach, derived from the same basic idea of using a loss-
system model, is also possible. In the system of Fig. 3, consider
a string and a given control unit. The probability that the string
will find the control unit free upon reconnection request, fwu,
may be expressed as

rate of string requests arriving when unit free
total rate of requests

(3.6)
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Let us examine the rates of request arrivals when the given
control unit is busy and free, which we denote by rb and rf,
respectively. We have up to a proportionality constant,

rb = Uu Prob Istring free control unit busy}

and

rf = (1- U) Prob Istring free Icontrol unit free).
(3.7)

The local approach will work if we have a means of estimating
the probability that the requestor is free given the state of the
requested unit. Let

Xf = Prob Istring not busy with the other unit I control unit
freel

and

Xb = Prob Istring not busy with other unit control unit
busy with another string).

Denote by s the fraction of control unit utilization contributed
by the string (in our case, s = 1/Ns). We have

rb = UU(1- s)xb, and rf = (1 - U)xf. (3.8)

Jw is given by rf/(rb + rf). We do not know the values of the
additional probabilities, but we note that only their relative
values matter in order to obtainjf,. We shall assume that the
state of the requested control unit has little influence on the
occupation of the string with the other unit. This independence
assumption yields

Xb Xfj,

and, hence,

.
- O(1 U.)/( -sUn).

(3.9)

(3.10)

Formula (3. 10) may be interpreted as meaning that the
string "sees" the total utilization contributed by other strings
as if this contribution took place during the time the string itself
does not contribute to the control unit's utilization. It is quite
remarkable that the global and local approaches yield ex-

tremely close results.
The local approach applies equally easily to other systems.

As an example, consider the DASD subsystem configuration
depicted in Fig. 4. The system comprises two loosely coupled
CPU's sharing the whole set of devices. Every channel is con-
nected to two control units, and every control unit has two
channels-one from each CPU-hooked to it. A single string
of L DASD's is connected to every control unit. The CPU's
spread their load evenly across all devices, but do not neces-

sarily generate the same I/O traffic. Thus, let pI and P2 be the
fractions of total I/O traffic attributable to either CPU. In
order to obtain the missed reconnection delay for a DASD, it
suffices to analyze the simple generic subsystem represented
in Fig. 5. An independence assumption analogous to (3.9)
yields the simple solution given in [5].

Fig. 6 illustrates the numerical results obtained for the above
model. We have plotted the expected number of missed rec-

onnections per transfer versus the I/O rate of a single control

CPU

CPU

f

L DISKS

-- -Sh}m...S L DISKS
...

CHANNELS CONTROL HEADS
UN I TS OF DASDs
UNiTS 4 TSTRING

Fig. 4. Two CPU's sharing a DASD subsystem.

CHANNELS CONTROL HEADS
OF

UNITS STRING DSDs

Fig. 5. Generic subsystem for analysis.
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Fig. 6. Comparison of analytical and simulation results.

unit. The model parameters correspond to a configuration of
8 actuators per string. The device rotation time is 17 ms, and
the average transfer time is 10 ms. The traffic split between
CPU's (and channels) is 2 to 1, i.e., we have pI = 2/3 andp2
= 1/2. We have also represented the results of a discrete-event
simulation of the system as well as the values which would be
obtained without our correction (2.15) for nongeometrically
distributed numbers of missed reconnections per transfer. The
simulation assumes that both the total of seek and latency, and
transfer times, are exponentially distributed. Each simulation

* DfRD. por control unit
seek.s 16.5
latencys 6.5 me
trunlsfrI1_me
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~~~I L-

CHANNELS CONTROL HEADS
UNITS OF D.ASDs (ACTUATORS)UiT..S ywSTRING

Fig. 7. System with cross-call.

point corresponds to 100 000 transfer completions. Note that
the agreement between analytical results and simulation in
Figure 6 holds well into prohibitively high loads and average

numbers of missed reconnections per successful I/O.
Our last example in this section is a set of Nd disks (actua-

tors) with dual ports, connected to two string controllers. Each
string controller is connected to a single control unit and a

single channel, as shown in Fig. 7. We consider here this system
as a dual-pathing arrangement for access from the same CPU.
For simplicity, we assume a homogeneous and balanced traffic
across all units. We also assume that an I/O operation which
starts on a given access path (channel, control unit, string
controller) is bound to that path until completion. Such
"cross-call" arrangements are offered by several DASD
manufacturers.
The global approach for this system is quite straightforward.

Let p(j) be the probability that j disks are simultaneously in-
voled in transfer,j = 0, 1, 2. We have

p(I) = G pi |H (Nd-i + 1)ai.. lj! (3.11)

where G is a normalization constant, and

a0 = 1, and a1 = (3.12)

p is determined from the condition
2

E p(j)j = 2U, (3.13)
j=1

where Us is the utilization of a single string. The probability
of a missed reconnection on a first attempt, Pmi, is readily
obtained as

PM, = P(I)aj + P(2) (3.14)
where

2
P(j) = (Nd -j)P) / (Nd - i)p(i).

i=O

For the local approach, we need the probability that an ac-

tuator is free given the state of a particular string. Assuming
that the probability of the actuator not being busy with the
other string controller is independent of the state of the tagged
controller, we immediately get

pm1 = (1 -Us)/(l - Us/Nd. (3.15)

Again, the results of local and global approach are very

close.
It is interesting to note that, as long as an I/O is bound to

the channel on which it has been initiated, the cross-call ar-

rangement of Fig. 7 is functionally equivalent to a single string

with two paths, connected to a single control unit with two
routes and two channels.

Both approaches are based on the loss-system model. The
global approach is well suited to the study of multipath systems
in the sense of Section II. It can be extended, at the expense
of-increased complexity, to imbalanced systems with several
classes of requests. The local approach, on the other hand, is
quite simpler when applied to imbalanced configurations, and
has also no trouble handling various systems with shared units.
It does not appear, however, to be well suited to the general
case of multiple, nondedicated transfer paths.
To the best of the author's knowledge, the number of pub-

lications dealing specifically with DASD's on block-multi-
plexor channels is quite limited (cf. [1 1]), and none of them
considers multiple transfer paths in the sense of Section II. The
equivalence and decomposition approach of [3] and the
method of surrogate delays [10] are designed for use with
closed queueing network models, and, therefore, do not lend
themselves to a simple comparison with our method. Zahorjan
et al. [17] and Bard [2] both deal, as does this paper, with di-
rectly estimating -the missed reconnection probability. In
Section II, we have discussed the differences in the corrections
proposed to account for the miss probability on second and
subsequent reconnection attempts. Here, we concentrate on
the analysis of first attempts. The work by Zahorjan et al. is
limited to a single blocking point. For such systems, the results
of [17], [2] and both our global and loal approaches are all
identical.

For systems with multiple blocking points, Bard's approach
[2], albeit also throughput driven, is in spirit quite different
from ours. He derives a set of equations for occupation
probabilities of particular transfer paths with a particular
device. As this set involves many more unknowns than there
are equations, Bard chooses among all feasible solutions the
one which maximizes a quantity called entropy. While this
approach does allow "cranking out a solution" automatically,
it does not, in the author's view, enhance one's intuition and
understanding of the phenomena involved. Nor does it show
what simplifying assumptions are introduced in the solution
process. On the other hand, our approach uses a set of loss-
system models with well spelled-out assumptions.
The probability of a missed reconnection is given in [2] by

a formula involving a number ofjoint element utilizations (14).
When applied to our example with string switching of Fig. 3,
or to the system with shared channels of Fig. 5, this formula
becomes identical to those yielded by our local analysis. Thus,
for these systems, the maximum entropy principle appears to
implicitly introduce independence assumptions of the type of
(3.9). Unlike the maximum entropy principle, however, an
independence assumption is essentially operational in nature
(in the sense of operational analysis [7]) in that, when trans-
posed into the operational domain, it relates readily measur-
eable quantities, and can easily be tested.

Formulas like (3.10), simple and appealing, have actually
been in use in the industry for some time, apparently without
much theoretical justification. [8] reports on measurement
campaign to validate their results. Finally, note that blind
application of these formulas is not always possible. The system
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CHANNELS CONTROL HEADS
OF DASDS

UNITS STRING

Fig. 8. System with string switching and shared channels.

CPU

CPU QUJEUES

t0}
DELAY SERVERS

I/O SUBSYSTEM

Fig. 9. CPU-I/O model.

of Fig. 8, borrowed from [2], is a good example. Here, when
one considers the reconnection of a control unit to a channel,
the knowledge of the idle state of the string considerably affects
the probability of the control unit being free. We show in the
Appendix how the local approach can be applied to this system.
The results obtained differ slightly from those of [2].

In the next section, we briefly discuss the inclusion of our
DASD subsystem model in a larger system model, and also
attempt a comparison with the equivalence and decomposition
approach of [3].

INCLUSION IN A SYSTEM MODEL

The analysis of DASD subsystems considered in preceding
sections yields the basic I/O service time for a disk at a given
rate of successful I/O's directed to that device. A simple way
of embedding such an analysis in a larger system model is by
replacing the DASD subsystem by a set of delay servers, each
delay being equal to the average total DASD time (including
queueing). The latter may be approximately computed for
every DASD using the Pollaczek-Khintchine formula [12] (cf.
Section II), or the corresponding finite queueing room analysis
when the load conditions make it necessary. The I/O
throughput is then determined iteratively by analyzing a
queueing network of the type shown in Fig. 9. When conver-
gence has been reached, usually within just a few iterations,
both CPU utilization and I/O service times are known. The
approach described is not new and has been used by other
authors, e.g., [1]. A somewhat more sophisticated approach
is proposed in [4].

In a previous paper [3], the author considered a different
approach to DASD subsystems, specifically designed for use
with the equivalence and decomposition analysis of queueing
models. It is interesting to apply the two methods to a system
model, and compare their results. For the comparison we

I/O SUBSYSTEM

Fig. 10. Queueing model of an interactive system.

I J L-,-
CONTROL HEADS STRINGS
UNITS OF OF

STRING DASDs
Fig. 11. DASD subsystem for comparison of approaches.

choose the simple system depicted in Fig. 10. It represents an
interactive multiprogramming system. The memory queue
holds commands (jobs) awaiting admission into the mul-
tiprogramming set. The number ofjobs admitted is not allowed
to exceed a fixed maximum degree of multiprogramming.
Upon entry into the multiprogramming set commands join the
CPU queue. The only I/O devices represented are disks, and
the DASD subsystem is taken to have the simple-structure
shown in Fig. 1 1, viz.- a single string of disks per control unit,
each connected to a single channel. A DASD reconnection
request has thus a single blocking point. We consider the above
model under the assumption that all the I/O requests are
statistically identical with respect to their seek, latency and
transfer times.
The I/O subsystem described corresponds to the basic

DASD model of [3] and its equivalence and decomposition
analysis may be found there. Assuming exponentially dis-
tributed CPU service times, it is not difficult to obtain -an ap-
proximate solution to the overall model of Fig. 10.
The throughput-driven analysis of the system proceeds as

follows. Using the results of Section II we readily obtain the
basic I/O service time of a DASD, Wb. Hence, the total I/O
service time (including queueing), Wt is approximately com-
puted using the Pollaczek-Khintchine formula, as described
in Section II. In the iterative analysis of the multiprogramming
set model we take the simplest representation whereby the
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Fig. 12. Comparison of the two approaches.

DASD subsystem is viewed as a set of delay servers with ser-

vice time W,.
Numerical results obtained from both approaches are shown

in Fig. 12. We have plotted there the expected system response

time (time a command spends in the system)-as predicted
by the two approaches, versus the total number of terminals
active in the system. The following values were used for model
parameters:

average user think time: 10 s

average CPU time per command: 100 ms
average number of I/O requests per command: 20
maximum multiprogramming degree: 20

The DASD subsystem comprises eight channels, two of which
equally share 50 percent of the I/O traffic, the other 50% being
evenly distributed across the remaining channels. All the disks
at a given channel are assumed to be equally utilized.
We observe that both methods yield remarkably close results

for the average system response time. It is interesting to note
that these results are obtained despite differences of a few
percent in total I/O service times as illustrated in Fig. 13. As
regards computational time and space requirements, the
throughput-driven approach appears to be superior. This
statement must, however, be moderated. Due to the iterative
nature of the throughput-driven approach the execution time
may vary depending on the particular set of parameters. Also,
the equivalence based approach lends itself nicely to para-
metric studies (e.g., varying the number of terminals), while
this is not necessarily the case for the other method.

V. CONCLUSION

We have presented a method for analyzing disk subsystems
with block-multiplexor channels. This method takes the
throughput of successful disk I/O requests as basis. The seek,
latency and transfer times are assumed known, and the goal
of the analysis is to determine the delay due to missed device
reconnections. The latter may occur at elements of the I/O
transfer path which are shared by several DASD's. Such ele-
ments are referred to as blocking points, and include channels,
routes (within control units) and paths (within strings of disks).

10 20 30 40 50 60 70 90 90 100 110 120 130 148 150

number of terminal.

Fig. 13. Comparison of the two approaches.

In the approach presented, conflicts at each of these blocking
points are analyzed separately using essentially a loss-system
model in which units demanding reconnection are viewed as

sources of requests for the resources of the blocking point.
The analysis is introduced for a model with multiple transfer

paths in control units and strings of DASD's. In this way a

framework is provided for the evaluation of both existing
configurations and those including forthcoming products with
multiple routes and paths (cf. [15]).

Iteration may be involved in the solution procedure when
multiple routes or paths are present. Usually, configurations
with a single route per control unit and a single path per string
of disks-preponderant in current systems, do not require it-
eration, and lead to a particularly simple solution.
A simple correction is proposed to account for the non-

geometric distribution of the number of missed reconnections
experienced by an I/O request. This correction is effective for
longer transfer times. For very short transfer times, the effects
of the device reconnection window on both missed reconnec-

tions and I/O path busy period are discussed.
The throughput-driven nature of the method makes it di-

rectly applicable to problems where one is interested in the
performance of the I/O subsystem under a specified I/O
traffic. Its inclusion in a system model, however, requires an

iterative approach.
Numerical results obtained with the method show a good

agreement, throughout wide ranges of loads, with the results
of discrete-event simulations of the examples considered.
The basic idea of the method presented, viz. that of con-

sidering blocking points separately, can be successfully applied
to the study of other DASD configurations, including, for
example, a cache in the control unit.

APPENDIX

A. Influence ofPath State at Latency Start

As an example let us take the configuration considered in
Fig. 2. Table I shows the average numbers of missed recon-

nections per transfer observed in two sets of discrete-event
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TABLE I

1/0 throughput 40 60 80 100 120 140 160
(I/O's/second)
misses per transfer

path free 0.124 0.212 0.323 0.461 0.635 0.885 1.198
any state 0.180 0.296 0.434 0.623 0.821 1.086 1.447

simulations of this system. In the first set, latency is allowed
to start only if the I/O path is free. In the second set, latency
starts independently of the status of the I/O path. The distri-
butional assumptions are: transfer times-exponential, seek
times-uniform, latency uniform, for both sets of simula-
tions. Each simulation point corresponds to 100,000 transfer
completions. Table II shows the results obtained for a device
with a shorter rotation period of 15 ms (versus 16.7 ms in Table
1). We observe that neglecting the status of the-I/O path at
latency start can result in an overestimation of the missed
reconnection delay by up to 40 percent. As expected, the ov-
erestimation is more pronounced for the faster spinning de-
vice.

B. Reconnection Window

The interested reader will find in [4] the description and
derivation details of our model of the reconnection window.
Numerical results obtained from this model are exemplified
in Fig. 14 for an average transfer time of 0.86 ms. The rotation
period, tr, is set to 16.7 ms. We have plotted the probabilities
Pmo: unit busy at beginning of window, g: busy unit doesn't
become available and pm: missed reconnection, as well as the
average unit busy period, versus the reconnection window size.
For comparison, the results of discrete-event simulation with
exponentially distributed DASD transfer times are also in-
cluded. Each simulation point corresponds to 500 000 transfer
completions.

It is interesting to note that, within the range of values ex-
plored, the window size has little influence on the missed rec-
onnection probability. The agreement between analytical and
simulation results is good as long as the window size is not too
large compared with the transfer time. The average unit busy
period exhibits a remarkable robustness, even for relatively
large window sizes.

C. Application to the Example of Fig. 8

Consider the system represented in Fig. 8. It consists of two
control units sharing two channels and two strings of two
DASD's each. Let us apply the local approach to the recon-
nection of device I along the path composed of head of string
1, control unit 1, and channel 1. For the reconnection of the
device to its string, and for the reconnection of the string to the
control unit, we use independence assumptions analogous to
(3.9). Hence, we get for the corresponding probabilities of
finding the blocking point free

1 - (Sl)
1-(D1)

and

TABLE 11

1/0 throughput 40 60 80 100 120 140 160
(I/O's/second)
misses per transfer

path free 0.122 0.210 0.313 0.450 0.630 0.873 1.160
any state 0.190 0.308 0.452 0.623 0.826 1.108 1.499
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Fig. 14. (a) Effect of reconnection window. (b) Effect of reconnection
window.

1-(U1)fr =

(UlSb)
where, following the notations of [2], (S1) is the utilization
of string 1, (D1) is the contribution of device 1 to that utili-
zation, (Ul) is the utilization of control unit 1, and (U1S1) is
the contribution of string 1 to the latter utilization.
The probability of the control unit finding the channel free

may be expressed as

c ~Xb
A Xb + B Xf

".tsere

A = Prob {channel 1 busy string 1 idle},
B = Prob {channel 1 idle string 1 idlel,

* simulation
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Xb = Prob {control unit I idle channel I busy, string 1 idle}, TABLE 111
Xf = Prob {control unit I idle channel 1 idle, string I idle}.
Note that we cannot assume that the activity of the control unit I/O throughput 40 60 80 100 120 140 160(I/O's/second)
with channel 2 is independent of the status of channel 1. In- misses per transfer 0.168 0.283 0.412 0.584 0.801 1.092 1.456
deed, since string I is known to be idle, the control unit cannot any state
be active with channel 2 when channel I is active. Therefore, confidence interval 0.169 0.279 0.413 0.582 0.793 1.077 1.428
we analyze the probabilities xb and xf in more detail. We have 0.171 0.285 0.422 0.592 0.805 1.103 1.451
from the definition of conditional probabilities

Xb =

Xf

A Prob Istring I idle) - Prob {control unit I and chnl I busy, string I idle)
A Prob Istring I idle)

B * Prob Istring I idle)- Prob {control unit I and chnl 2 busy, string I idlel
B * Prob Istring I idlel .

Hence, we readily get

A - Prob {control unit I and channel 1 busy string 1 idlel
1- Prob {control unit I busyIstring 1 idlel

The conditional probabilities in the above expression can all
be estimated using independence assumptions which yield

(Cl) - (CISO)
(CIS1)

Prob {control unit 1 and channel 1 busy string 1 idle)
(U1CI) - (U1CiS1)

I - (U1CiS1)
Prob {control unit I busy Istring 1 idle}

(UW) - (UlS1)
1 - (U,S,)

where (UIC1S1) denotes the utilization of channel I con-

tributed by string I via control unit 1, (Cl ) is the utilization
of channel 1, and (CIS,) is the contribution of string 1 to that
utilization. Using the data of [2], we obtain

f, = 0.592, fu = 0.796, andf, = 0.884,

i.e., a successful reconnection probability of 0.416 which is not
very different from the 0.419 obtained from formula (14) in
[2].

D. Influence of Transfer Time Distribution and
Simulation Accuracy

As an example we show in Table III discrete-event simu-
lation results for the configuration of Fig. 2 and constant
transfer times. These results are directly comparable with those
of Table I, line "any state." In order to give an idea of the ac-

curacy of the simulation results, we also give 90 percent level
approximate confidence intervals estimated from a set of in-
dependent runs.
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