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Abstract

This paper presents a novel approach that
represents an image or a set of images using a non-
orthogonal binary subspace (NBS) spanned by box-
like base vectors. These base vectors possess the
property that the inner product operation with them
can be computed very efficiently. We investigate the
optimized orthogonal matching pursuit method for
finding the best NBS base vectors. It is demonstrated in
this paper how the NBS based expansion can be
applied to speed up several common computer vision
algorithms, including normalized cross correlation
(NCC), sum of squared difference (SSD) matching,
appearance subspace projection and subspace-based
object recognition. Promising experimental results on
facial and natural images are demonstrated in this

paper.
1. Introduction

By exploiting the spatial correlation among pixels in
two-dimensional images, subspace methods can
represent images in compact forms. The principle
behind these methods is that even though image
vectors are described as high dimensional data points
with the pixel intensity values as coordinates, they
usually resides in a rather low dimensional subspace
that preserves most of the signal energy. Such a
subspace can be found using the principal component
analysis (PCA) method. The subspace methods have
been successfully applied in object appearance
modeling with applications in object recognition,
detection, and visual tracking.

This paper investigates an alternative class of
subspace that is spanned by non-orthogonal binary
base vectors. As shown in the top three rows of Figure
1, these base vectors consist of one or two 2D
rectangular areas. In these areas, the base image values
are 1. The rest image area has value 0. The main
benefit of using this form of base vectors is that the
projection process can be computed very efficiently.
The inner product of an input vector with these base
vectors can be computed as the image intensity sum in

one or two rectangular image areas. As shown in
[11,18], only three or six integer additions are needed
by using the integral image. The bottom three rows in
Figure 1 show the reconstructions of the input face
image in the middle row using binary base vectors.
With each additional base vector, more details are
added to the reconstructed image.

This work is inspired by previous effort in fast
image correlation and template matching algorithms
[5,9,14], the box filter based object detection methods
[18,19], and recent papers in highly nonlinear
approximation [8]. The main contributions of this
paper are

1. A novel non-orthogonal binary subspace
representation for efficient image expansion.

2. An efficient incremental algorithm for finding the
base vectors that preserve the most data energy.

3. Applications of the proposed non-orthogonal
binary subspace method in computing normalized
cross correlation, fast sum of squared difference
matching, projection residual computation, and
subspace based object recognition.

Figure 1. Top three rows: the first 30 non-
orthogonal binary base vectors computed
using 500 face images. Middle row: an input

face image. Bottom three rows: the
reconstructed face images, using one to thirty
of the base vectors.



The paper is organized as follows. In Section 2,
box-like base vectors, their properties and advantages
are discussed. In Section 3, a method for obtaining the
optimal box base vectors is presented. The applications
of the NBS method are described in Section 4. Section
5 presents the implementation details and experimental
results. Conclusions and future work can be found in
Section 6.

2. Non-orthogonal binary subspace

The images of objects often lie in a low dimensional
manifold, with the dimension roughly equal to the
number of physical factors that affect the object
appearance. These factors may include the viewing
angles, the light source directions, and the rigid or
nonrigid motion of the object. Linear subspace method
is used extensively in computer vision algorithms to
describe such a manifold in order to obtain compact
representations. Some examples using this technique
include the Eigenface method[17], the EigenTracking
algorithm [4], Illumination subspaces [2,3], and the
non-negative matrix factorization method [6,10].
Template matching method can also be considered as a
special case of linear subspace projection where a one-
dimensional subspace is used with the template as the
base vector.

A subspace can be represented using either orthogonal
or non-orthogonal base vectors. Orthogonal subspaces
in DCT, Walsh-Hardmad transform, wavelet
transform, and the one derived from PCA are often
used. These subspace representations are compact and
the projection of a data vector using these subspaces
require computing inner dot product with each base
vector.

As mentioned Section 1, our motivation for using non-
orthogonal binary basis functions, more specifically
the box-like base vectors, is that the subspace
projection process can be computed very efficiently.
As shown in Figure 2, a base vector with one rectangle
is defined by two of its corners. A base vector with
two vertically symmetric rectangles is defined
similarly. For an image of Axw pixels, there are
h(h+1)w(w+1)/4  one-box base

h(h+1D)w(w—-1)/16 symmetric two-box base vectors.

vectors and

For representing objects of symmetric appearance,
symmetric two-box base vectors such as the one in
Figure 2(c) are more effective. It is easy to prove that
the set of these two types of basis functions are
complete, redundant, and non-orthogonal.

(a) (b) (©)

Figure 2. Three typical box basis functions. (a)
and (b) are one-box base vectors and (c) is a
symmetric two-box base vector.

The main advantage of using the above basis functions
is that the inner product of a data vector with them can
be performed by three or six integer additions, instead
of d floating point multiplications, where d = hxw is
the dimension of the base vectors. This is achieved by
first computing the integral image f;, (7, j) of the
original image f'(7, j). The integral image is defined
as

fulio )= 33 £ ) (1)

m=1n=1

The multiplication of an image patch with a one-box
basis function is the summation of a rectangular area of
the image, which can be computed efficiently using
three additions based on the integral image. This
process is formulated as

bottom right
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where top , bottom , left, right are coordinates that

define the rectangular area. This trick has been used in
[11,19]. In the applications that will be investigated in
this paper, we show that significant speedup can be
achieved.

3. Optimal non-orthogonal binary basis
3.1. The problem statement

For a given signal xeR" and a dictionary
D ={¢,},.; that consists of a set of base vectors, with

the index set /={l,..,M}, x can be approximated
using base vectors as X=) ., a,;4; , where A is a set
of indices of the vectors in D and A < /. Typically
|A|<< N, so the representation is compact. The



subspace spanned by D, ={¢,;},.. is represented by a
matrix formed by the base vectors @, =[g;,..., Fyz ]
The subspace projection operator is denoted as
Py (), therefore, X= Py, (x). For a non-orthogonal

D , the project coefficients are computed as

[y ]T = (@D ) DX (3)

The project process is performed as

Py, (X)=D, (@D ) D)x. 4)

The goal of an optimal approximation algorithm is to
find a set of base vectors indexed by A, so that the
following objective function is minimized.

argmAinHX—P(DA (X) [ +aXcpc(4) )

where c¢(¢;) is the cost function associated with
computing inner product with base vector ¢;,. « is a
weighting factor.

When a set of signal X =[x,,...,Xg] is approximated

using non-orthogonal binary basis, the formulation is
identical except that the notations represent matrices
instead of vectors.

arg min tracel (X - Py, (X)) T(X-P,, (X)]+

+0€SZ,~€A c(4;)

Eq.(5) and Eq.(6) are the core problem in the newly
emerging research area of highly nonlinear
approximation. The general case of this problem
proved to be NP hard. It has been shown even the
verification of the optimal solution is difficult.
However, attempts have been made recently to derive
performance bound under the assumption of low
coherence [8]. Suboptimal greedy algorithms that
converge to a local optimal solution exist and have
been used extensively. A family of these algorithms is
based on the celebrated matching pursuit method [12].

3.2. The solution: MP, OMP, and OOMP

(6)

The matching pursuit (MP) method [12] is a
technique to compute adaptive signal representation by
iterative selection of base vectors from a dictionary.
Such a dictionary is usually non-orthogonal. In its
original form, this technique does not yield, in each
iteration, the linear span of the selected base vectors
that best approximates the signal in a minimum
distance sense. A later refinement called orthogonal
matching pursuit (OMP) [7,13,15] was proposed.
However, since OMP selects the base vectors

according to the MP prescription, the selection
criterion is not optimal in the sense of minimizing the
residual of the new approximation.

Figure 3. Projection of a base vector ¢ into
the subspace formed by selected base vectors
®,, . The residual vectoris 7, =¢,—F, (4).

The requirement of such minimization has led to the
optimized orthogonal matching pursuit approach
(OOMP) [16]. This algorithm iteratively selects base
vectors according to the following procedure:

Suppose that at iteration k the already selected &

base vectors are defined by the index set A, = (/, ), .

To find the next base vector in iteration k+1, the
OOMP prescribes to select the index /., that

minimizes the new approximation error.

|<7i »Ek >|
I7:]

where &, =x—P, (x) is the approximation error

Epsl :rniin ,"}/i”iO,ieXk 7

using @, and y; =¢;, - Py (4;) - A, is the subset
of indices that are not selected in the previous iteration
k,ie. A, =I-A,. The geometric interpretation of
yi 18
implementation of this optimization can be achieved
by the forward adaptive biorthogonalization technique

[1].
3.3. Fast OOMP using the box basis functions

illustrated in Figure 3. An effective

OOMP can be made very efficient for box basis
functions. The main computation in Eq. (7) is the
evaluation of the projection residual y; of each
available base vector. Therefore, the key question is
how to project a box basis function into the subspace
spanned by other box basis functions in @ ,; . This can

be accomplished by computing @ ,, (@, @ ;)"



once and for every base vector to be considered,
CD,T\k¢i is computed very efficiently by counting the
overlapping area of ¢, with each of the base vector in
@ ,; . By doing so, kd multiplications in computing

7i =¢; — Py, (¢;) are eliminated.
3.4. Coherence

Ay -coherent dictionary D has coherence u for
0<u<l,if < ¢,¢, >< p for all distinct ¢,¢, € D.
Intuitively, for a g -coherent dictionary, the angle
between any pair of base vectors or the negation of the

1

vectors has to be larger than |cos™ x|. A 0-coherence

basis set is orthogonal. It is possible to revise the
OOMP method to enforce the resultant basis set having
coherence larger than a threshold 7 . This implies that

in every iteration of OOMP, if a vector in A « 18 below

this threshold, it will not be considered in the
following iterations. This can dramatically improves
the efficiency by avoiding considering basis that can
be well approximated by the current basis set ® ,, and

with low risk of degrading the solution.

4. Applications
4.1. Fast normalized cross correlation

Normalized cross correlation is a popular method
for finding 2D patterns in images. An
(2h+1)x(2w+1) template t is correlated against an

image x. At the image location (u,v), the normalized

cross correlation is computed as
h W . o . .
> XX NTG, )
i=—h j=—w (8)
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i=h j=—w i=h j=—w

c(u,v)=

with
XG0, j)=x(u+i,v+j)—X )
TG, j)=t(h+i,w+ j)—t

n [11], a fast algorithm was developed to compute the
denominator term

S 3 (i v+ j)-%)2 (10)

i=—h j=—w

This is achieved by observing that this term can be

decomposed into three parts:
h w h w

S S xiv+ ) XY Y x(u+i,v+))

i==h j=—w i==h j=—w
b bl

and (2h+1)(2w+1)x. The first two terms can be

computed efficiently using integral images of the
original image and the squared image. To speed up the
numerator computation, we can decomposed the
template into box basis function so that

LEDIUN TS (11)
Then the numerator becomes
x(u, vt =2, a; (¢:x(u,v)) (12)

This can be computed using | A| multiplications and
4| A | -1 additions.

4.2. Fast template matching using SSD

When the sum of squared difference (SSD) is used
as the error measure for template matching, it is
computed at each image location as

W)= S S +iv H—th+iws )’

i=—h j=—w

=3 S xwrive P+ S Sttheiws pio (13

i=—h j=—w i=—h j=—w

-2 i ix(u+i,v+j)t(h+i,w+j)
i=—h j=—w
The first two terms are constants and the last term can
be computed using | A| multiplications and 4| A |-1
additions, as discussed in the previous section.

4.3.Subspace residual
computation
As mentioned in the previous section, the projection

of a data vector x in the subspace @, is
o, (@ o, ) "olx. To

additions are needed. (®L®,)!

expansion and

compute@,T\x, 3|A|
can be pre-
computed and the product between (®}® A)’1 and
(D,T\x requires |A|2 multiplications. The product of
®, and (@L®,)"'®%x can be efficiently computed

using N|A| additions. So total of |A|?
multiplications and (N +3)|A| additions are needed,
compared to the original 2N | A| multiplications and
2N |A| additions. Similarly, to find the subspace
projection residual, additional N additions are needed.



4.4. Recognition in the non-orthogonal space.

It is possible to perform object recognition directly
using the projection CD/T\X . Therefore, instead of using
d|A| multiplication and (d-1)|A| additions to
compute the projection, only 3|A| additions are

needed. The computational saving is significant. The
difference between non-orthogonal feature values and
the feature values in the same subspace but spanned by
orthogonal coordinate axes is a linear transformation.
Two separable clusters remain separable under a linear
transformation.

5. Implementation and
results
5.1. Optimal orthogonal matching pursuit

The OOMP method described in Section 3 was
implemented for obtaining optimal non-orthogonal
base vectors using both single and multiple input data
samples. For face images, 500 frontal view images
from the FERET database were used. These images
were spatially aligned using an affine transform based
on the facial feature points. Each of these aligned
images is then cropped and scaled down to 25x20
pixels. Using these 500 data samples, the optimal box
base vectors are computed. The first 30 of these
vectors are shown in the top image of Figure 1. It can
be observed that many of these base vectors are
symmetric. The asymmetric ones may be caused by the
illumination bias in the relatively small data set. The
reconstructions of a single face image using these 30
base vectors are shown in the bottom image of Figure
1. With each additional bases vector, more details are
added to the reconstructed image.

experimental

Average Error vs. Number of Bases

Awverage errar per pixel

o 1 ;] ZIEI 3;] 4IE| 5;] E;] 7IE| E;] BIEI 100
Mumber of bases
Figure 4. Approximation error as a function of the
number of base vectors, both for the PCA and the NBS
methods.

5.2. Effectiveness of NBS and PCA

Compared to the principal component analysis
method, the proposed NBS method, though far more
efficient, is not optimal in terms compactness. We
analyzed the curves of approximation error vs. number
of base vectors, both for the PCA method and the
proposed NBS method. The same 500 face data
samples as described in the previous subsection were
used. The result is show in Figure 4. It can be observed
that PCA uses 10 base vectors to reduce the average
error to intensity level 10 per pixel, while the NBS
method needs about 70 base vectors.

(a) (b)

Figure 5. (a) The original 480x480 image, (b)-
top: randomly selected 25x20 template patch,
(b)-middle: the position with the highest
normalized correlation score, (b)-bottom: the
result using NCC approximated by the
proposed NBS method.

5.3. Normalized Cross Correlation using NBS
As described in Section 4.1, to compute the
numerator of Eq. (8), the template is first approximated
using NBS. To achieve this, the OOMP algorithm is
performed to obtain the optimal base vectors. Then, the
numerator is computed using Eq. (11-12), with |A |

and 4|A|-1

implementation,

additions. In a
QRhr+1)x2w+1)
multiplications and (2A+1)x(2w+1) additions are

multiplications

straightforward

needed. To verify this result, experiments on real
images were performed. Ten images of varying scenes
(indoor, outdoor, from microscope, etc) were used, and
ten patches were chosen at random from each to then
be located using NCC. In Figure 5, an example is
shown. Figure 5(a) is the original image with
480x480 pixels. Figure 5(b) is an image patch in the
original image. The size of the image patch is 25x20
pixels. It is approximated using up to 20 NBS base



vectors. Figure 5(c) and Figure 5(d) show the
normalized correlation matching results using the
original image patch and using the NBS approximated
template. Both of them locate the correct object
position. Figure 6 shows that no more than twelve
binary bases were needed in any test case to accurately
locate the patch. The run time using the original
normalized cross correlation is 9.2 seconds. The run
time using the NBS method is 0.81 second. A speedup
of 11.4 times is achieved. It should be mentioned that
the denominator computation is the same for both
methods and is included in the calculation. Therefore
the actual speedup of the numerator computation is
more than 11.4 times. In addition, further speedup can
be achieved by using fewer than 20 base vectors.

Success Rate ve Mumber of Bases

Percent of Patches Correctly Located

I L L
0 10 20 30 40 50 =]
MNumber of Bases

Figure 6. Performance of NCC patch matching
using NBS.

5.4. Face recognition

To demonstrate the effectiveness of the proposed
non-orthogonal binary basis method, it was
implemented to perform face recognition and the result
was compared to that of obtained using the Eigenface
method [17]. The test database comprises 64 aligned
face images in the FERET database. The size of these
images is 24x24 pixels. There are total of 768 different
people in the 1260 image database, though images of
the 64 test individuals were not used in base
construction. Some people have multiple images in the
dataset. Each image is projected to the subspaces
obtained using the PCA and the proposed NBS
method. A simple nearest neighbor method is used for
finding the best match as the recognition result. The
cross validation method is used to obtain the
recognition rate. In Figure 7, curves of the recognition
rate vs. the number of base vectors are shown for the
PCA and the proposed NBS methods. It can be

observed that both methods achieve better recognition
results with more base vectors. NBS representation is
less compact than the PCA representation. Therefore,
more NBS base vectors are needed to achieve the same
recognition rate. However, the projection process
using the NBS method is much more efficient. This is
especially useful when the number of input image is
large.

Recognition rate

il L L L L
0 10 20 a0 40 a0 B0 70 &0

Murnber of basis

Figure 7. Face recognition using the PCA and
the NBS methods.

6. Conclusions

A new method is developed to represent images as
linear combinations of non-orthogonal binary base
vectors. Using the integral image trick, inner product
with these 2D box basis functions can be performed
using several additions. This property makes the
proposed NBS representation suitable for speed critical
applications. This paper demonstrates how a
suboptimal set of NBS vectors can be computed using
the optimized orthogonal matching pursuit method.
The application of the NBS representation in several
computer vision algorithms including normalized cross
correlation, SSD computation, subspace based object
recognition is discussed. The experimental results
demonstrated that the NBS subspace is effective in
representing object appearance and significantly
reduces the computational complexity.

Further investigation of the proposed new approach
needs to answer some of the following questions:

(1) How does the coherence requirement affect the
quality of the resultant NBS subspace? With very low
threshold on coherence, the OOMP will find near-to-
orthogonal base vectors very efficiently. However,
preliminary experimental results have shown that a
greedy algorithm such as OOMP may lead to an
incomplete basis set. The relation between the



coherence threshold 7 and the approximation quality
needs to be carefully studied.

(2) Two types of box basis functions are investigate in
this paper. For different applications, however, more
possibilities may arise. For example, to handle object
motion, a differential box filter can be developed to
represent the spatial-temporal content of an image
sequence [19].

(3) The effectiveness of the proposed NBS method on
different type of objects needs to be studied. Human
faces are tested in this paper. More experimental
results on vehicles, pedestrians, and other objects will
establish the proposed method as a valid alternative to
the existing subspace method.
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