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ABSTRACT 
A new progressive transmission scheme using spline 

biorthogorial wavelet bases is proposed in this paper: First, 
several wavelet bases are compared with the spline biorthogo- 
nul nmvlet  bases. By exploiting the properties of this set of 
wuvelet bases, a fast algorithm involving only additions and 
subtruc.tintts i s  developed. Due to the multiresolutional nature 
cf the wavelet transform. this scheme is compatible with hier- 
archical-striictrcred rendering algorithms. The formula for re- 
constructing the functional rulues in U continuous volume 
spure is giimen iri U simple polytiomial form. Lossless compres- 
.sim is possible, even when usirig floating-point riumbers. 
When the algorithm is applied to datafrom a global ocean mod- 
el, the lossless compression ratio is about 1.5:I. Even with a 
comprewiort ratio of 50:I, the reconstructed data is still of 
good yriulity. Fittally, the reconstructed data is rendered using 
variori.~ risua1i:ution algorithms and the results are demon- 
strated. 

1. INTRODUCTION 
Progressive transmission algorithms (Fig. 1) for scientific 

visualization have been previously proposed. E.g., Muraki [ 5 ]  
applied a truncated version of Battle-LemariC wavelets to vol- 
ume data and proposed a fast superposition algorithm for recon- 
structing function values in continuous space. However, there 
are still some unsolved problems. Most wavelet transform 
(WT) approaches slow down the system performance by 
introducing a time-consuming decoding procedure. This 
greatly limits their value i n  applications with strict speed re- 
quirements. In most visualization techniques, the function val- 
ues in continuous space must be calculated conveniently. By 
using an infinitely supported function as the superposition ba- 
sis, a complex approximation algorithm has to be utilized. 
Another drawback is that lossless data compression is difficult 
because the denominators of the coefficients often are not in the 
form of 2" .  

In this paper, a scheme based on the spline biorthogonal 
wavelet transform (BWT) is proposed for progressive visual- 
ization of very large data sets. The lengths of all filters are less 
than 6. Because all the filter coefficients are dyadic rationals, 
multiplication and division operations can be simplified to 
additions and subtractions for floating-point numbers and to 
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shifts for integer numbers. This makes the transform much fast- 
er. This property also makes lossless coding possible. In the 
case of the BWT. symmetry is more easily achieved, resulting 
in a better handling of the data boundary. Because the trans- 
form basis functions are compactly supported and can be ex- 
plicitly formulated in a polynomial form, the reconstruction of 
function values from WT coefficients is much easier. 
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Figure I : A block diagram of progressive transmission using a 
wavelet transform (WT). 

2. METHOD 
Basically, the scheme illustrated in Fig. 1 contains four 

steps: the WT and entropy coding, the entropy decoding and 
inverse WT, the refinement strategy, and the rendering algo- 
rithm. Since sophisticated methods for entropy coding and re- 
finement control exist [ 2 ] [ 3 ] ,  the focus here is on the WT and 
the reconstruction of function values in continuous space. 

2.1 Biorthogonal Wavelet Tkansform (BWT) 
A simple WT decomposition and reconstruction scheme 

[4] using quadrature mirror filters (QMF) is shown in Fig. 2. 
g ( n )  is given by: 

gn = ( -  I Y h - " + t  ( 1 )  

There are many families of wavelet bases with reasonable 
decay both in the time and the frequency domain. However, to 
guarantee perfect reconstruction (PR), the filter can not be trun- 
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cated. This implies that the wavelet basis must be compactly 
supported. Also, to more easily deal with the data boundary, 
symmetric bases are preferred. It is well known from wavelet 
theory that symmetry and PR are incompatible if the transform 
in Fig. 2 is used. This difficulty can be overcome by using the 
BWT [l], which is diagrammed in Fig. 3. 

I 
convolve with h(n) 

- 
convolve with g(n) 

convolve with h(-n) convolve with g(-n) 

M put one zero between 
each sample keep one sample out 

of two 

Figure 2: A block diagram of the basic wavelet decomposition 
and reconstruction scheme. Only one his needed. 

In this implementation, h and h are different but are both 
symmetric. Also, g and g satisfy: 

If H ( t )  and H(t)  are the Fourier-transforms of h and h, accord- 
ing to [ 1 ], a sufficient condition on H and H to make them PR 
filters is: 

where R(5)  is an odd polynomial in cos((), and 21 = k + 2, 
which means the length of h and & should be both even or both 
odd, If R 0 and if H(t)  = ~os(t/2)kej '9/~,  where K = Oif i 
is even and K = 1 if k is odd, h and h are called spline filters 
since the related scaling function 6 is a B-spline function. 
Table I gives some example bases of this family. &z) and H(z)  
are z-transforms of h and h. Notice that the denominators of 
the coefficients are all in the form 2". This property makes 
them good candidates for the application. There is still some 
freedom left to choose bases from this family depending on im- 
plementation requirements. One basic principle is if a set of 
longer bases is used, the frequency separation property of hand 
g will be better, but the computational complexity will increase 
and the lossless compression ratio will decrease. 

The visualization application involves rendering the data 
from numerous large (e.g., eighteen 75 MB) data files simulta- 
neously. For efficient visualization, the inverse WT must be 

di-& 

Figure 3: A block diagram of the biorthogonal wavelet decom- 
position and reconstruction scheme. h and are different. 

very fast. To accomplish this, a system using the wavelet bases 
in Table I with k = 2 and k = 2 has been implemented. Fig. 
4 shows the scale function d(x) and the wavelet function &x). 

TABLE I 

I L 

3 - r '+C +1 + L + L  -I' 16 16 2 2 16 16 

-1.0 0.0 I .o 

I 
-1  .O 0.0 I .o 2.0 -l.ol ' 

Figure 4: Scale function&x)-and wavelet function $(x) of the 
spline BWT in Table I whenk = 2 andk = 2. 

2.2 Fast Wavelet lkansform 

The efficient WT method introduced by Mallat [4] bor- 
rowed the QMF scheme from subband coding theory (Fig. 2). 
In this algorithm, the major computational burden is caused by 
the convolution operation which involves floating-point multi- 
plication. Because h, &, g and g are all symmetric in the pro- 
posed scheme, the number of multiplications is halved. For 
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numbers in IEEE standard floating-point format, multiplica- 
tion by 2" can be simplified to the addition of n to the exponent, 
while for integers only a shift operation is needed. 

2.3 Superposition 
To combine a progressive transmission scheme with a vi- 

sualization algorithm, the function values in the continuous 
volume must be approximated from the transform coefficients. 
In 3 general I-D case, if the spline BWT with k = 2 and k = 2 
is used, the function value at x can be reconstructed using the 
following formula: 

, = K  ,= m 

, = - O D  , = I  
I= - m 

where 4 ,  ,(x) = -4( 2 - K  - j ) 

l j , , , ( x )  = E$( 2-' - j  ) 

K = levels of the WT (4) 

Since 4(x) is a set of compactly supported piecewise B-spline 

functions, f ( x )  can be written in a closed polynomial form with 

order k - 1. As shown i n  Fig. 4, the 4 ( x )  and $(x) used herein 
are of order 1. The process of reconstructing the function val- 
ues in continuous space from the WT coefficients is illustrated 
i n  Fig. 5 .  In each interval [i, i+l), the reconstructed function is 
a linear function. Thus (4) can be simplified to: 

j ( x ,  = (I - 4 )  'j(0 + 4 +[+  1) 

where .r E [ I .  1 + I )  and 4 = x - 1 ( 5 )  

This suggests that the exact function value at any real x can be 
computed through linear interpolation of the function values at 
the two discrete neighbors which surround x. In this case, the 

resulted f(x) is C" continuous. When the order of &(x) and 
* ( x )  is larger than 1,  formula (4) can still be written in a closed 

polynomial form with order of k - 1. j ( x )  will be C"' con- 
tinuous. If the tensor products of the one-dimension bases are 
used as the bases for the multidimension WT, the same conclu- 
sion can be drawn. 

2.4 Implementation of Lossless Compression 
IEEE single-precision floating-point numbers have 24 

bits of precision. Multiplication by 2" will require no extra bits 
to retain the same precision. However, addition may result in 
some extra bits. As an example, consider the WT i n  the pro- 
posed scheme. For E,  the convolution formula is: 

where f ,  is the discrete input function value. Suppose the maxi- 
mum and minimum exponents of all five f ,  values are P,,, and 
P,,,, respectively. Then the maximum number of extra bits ( K c )  

needed to save c, is P,, - P,,, + 3. Similarly, for h, the 
maximum number of extra bits (6,) is P,,, - Pmi, + 2. This 
is the worst case. Usually Fe and bc are less than the value given 
here. Recording the information about the extra bits using an 
oct-tree has worked well. 

-2 0 2 4 X 

I l l ' \  
I I , ,  , ,  , ,  , , , *  

4 -2 0 2 4 X 

. . . . . .  

Figure 5 :  Reconstruction (superposition) of function values in 
Gontinuous space using the spline BWT Coefficients. Notice that 
j ( x )  is a linear function in the interval [i, i+l), 

3. RESULTS 
The scheme described in this paper was applied to time- 

varying ocean model data [6], sampled on a 337 x 468 X 6 
grid 120 times per year. Layer thickness and current data in 
floating-point format - variables from the model - were 
visualized. Each of the six time-varying layers were consid- 
ered separately. 

The spline BWT was compared with a family of 6-tap 
W T s  where all hi are functions of two parameters - a and B 
- according to the formulae in (7). Several 1-D signal se- 
quences with 120 samples were arbitrarily chosen from the 
ocean model data set. For each test signal, the minimum MSE 
was found in the a - fi parameter space. Then it was 
compared with the MSE generated by the spline BWT com- 
pression algorithm. Table I1 gives the results. From these data, 
it was concluded that although the lengths of the spline BWT 
filters are less than 6, they perform the same or better than the 
optimized &tap WTs in a scheme where both forward and in- 
verse transforms use the same filters. 
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h - ,  = [(I +  COS^ + sina). ( 1  - cos/? - sin/?) + 2cos/?sina]/4 
h - ,  = [(I - COSQ + sina). (1 + cos/? - sin/?) - 2cos/?sina]/4 

h,, = [ 1 + cos@ - /?) + sin@ - /?)]/2 
h ,  = [ I  + cos(a - /?) - sin@ - /?)]/2 
h, = 1 - h- ,  - h,, 
where - n I a,/? I n (7) 

h,  = 1 - h - ,  - h ,  

TABLE II 

120 samples Optimal Q I  Optimal [ MSE 
-1.0210 

1.4137 
1.4922 

1.0995 

1.1780 

-1.0210 

-1.4137 

0.024 1 
0.0805 
0.0806 
0.0099 
0.1521 
0.2364 
0.1947 

0.4712 
0.8639 
1.0210 

0.3141 

0.4712 

0.3141 

-0.8639 

Biorth. Spline WT 
k = 2,k = 2,MSE 

0.0143 
0.0537 
0.05 13 
0.0048 
0.09 12 
0.0831 
0.0786 

To apply the BWT to the data set, the boundary conditions 
had to be considered. In each frame (timestep) of ocean model 
data, valid function values are only available within the ocean 
area. This area was constant over time. A 2-D WT requires the 
ocean area to be approximated using 2“ X 2” blocks, where n 
is larger than the level of the WT in each data frame. The 
approximated ocean area had to cover the entire original ocean 
area. For grid points in the approximated ocean area but not in 
the original area, second order Lagrange interpolation was used 
to yield function values. This introduced some discontinuity at 
the data boundary. Since all the WT bases are symmetric, the 
function values outside the boundary were achieved simply by 
reflection. 

The WT scheme, shown in Figure 6, applies the transform 
twice in each spatial dimension in a frame and once in the tem- 
poral dimension. Even using only 1/32 of the transform coeffi- 
cients, the reconstructed data met the requirements of the scien- 
tific visualization processes. By using the refinement control 
strategy proposed by Blandford [3], only a small amount of data 
is needed for a better reconstruction. 

In Fig. 7, layer thickness data, which is compressed at the 
rate of 50: 1 is visualized. For a 2-D vector field, the two com- 
ponents are encoded independently. Streamlines generated 
from both the original field and the field reconstructed using 
only 1/32 of the WT coefficients are shown in Fig. 8. 

The decoding speed, an important factor in interactive vi- 
sualization system, is about 10 framedsec on an SGI Indigo2 
machine. This satisfies the need of fast volume rendering in the 
application. 

4. CONCLUSIONS AND FUTURE WORKS 
A new scheme of progressive transmission using a spline 

BWT is proposed in this paper. This family of wavelet base 
functions is symmetric, compactly supported, and the QMF co- 
efficients are dyadic rationals. These attractive features make 
this scheme advantageous in several aspects. The transform it- 

/ 
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Figure 6: Wavelet transform coefficients of 3-D data of Ocean 
model. 

self is fast and high compression ratios can be achieved. The 
reconstructed data is of good quality and can be refined with a 
small amount of additional data. Data boundaries can be han- 
dled gracefully. The reconstruction of function values in con- 
tinuous space from the WT coefficients utilizes a simple poly- 
nomial, which is especially useful for scientific visualization 
applications. 

Future work includes more investigation of the WT’s ef- 
fects on the topology of the flow field, combining this algorithm 
with other hierarchical scientific visualization techniques, and 
constructing better wavelet bases. 
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Figure 7a. Layer thickness for the NE Pacific Ocean - o$$nal 
thickness data. 

Figure 7b. Layer thichess for the NE Pacific Ocean - 
Reconstructed data (compression ratio = 50:l). 

Figure 8a. Velocity data for the NE Pacific Ocean - 
Original data. 

Figure 8b. Velocity data for the NE Pacific Ocean - 
Reconstructed data (compression ratio = 50:l). 
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