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Abstract

In this paper, we investigate a method of communicating with chaos described by Hayes,
Grebogi, and Ott, which uses the idea of controlling chaos by small perturbations. Although
allowing the electronics controlling the output signal to remain at the low-power level, this
method unavoidably incurs a capacity loss, which we calculate for a chaotic CO4 laser model.
We first determine an approximation to the laser language, by means of a forbidden set repre-
sentation, and then find its Shannon capacity. Results indicate that, since the capacity loss is
not significant, the trade-off is worthwhile. Finally, we point to simple finite-state encoders that

satisfy the constraints imposed by the language.
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1 Introduction

In the past decade, much research on chaotic dynamical systems has been geared toward commu-
nications [1]-[16]. Applications of chaotic signals include chaotic encryption for secure communica-
tion [2], chaotic codes for spread spectrum communications [3, 4, 5], and chaotic digital modulation
[6]. More recently, chaos was used to address diverse communications problems in [7, 8, 9, 10].

Chaotic systems are deterministic, since they are described by nonlinear differential equations or
iterative mappings, and their time evolution is highly dependent on initial conditions and external
perturbations. Based on these properties, Hayes, Grebogi, and Ott [1] proposed a method of
communicating with chaos, whose efficiency (in a sense to be described) is evaluated in this paper.
This method will be referred to as the HGO method, and may be described as follows. Each
state variable (or phase) of a continuous chaotic system evolves as a time series of an apparently
random sequence of pulses. All state variables or a subset of them produce a series of orbits
which define the chaotic attractor. If one associates each pulse of a state variable or each orbit
with a particular symbol, a sequence of symbols is readily obtained from the chaotic system. The
HGO method uses the idea of controlling chaos by small perturbations (see details in [17]), thus
manipulating the chaotic system, in order to generate controlled chaotic orbits whose associated
symbol sequence corresponds to some user data sequence. The relevant feature of this approach is
that any symbol sequence can be transmitted by weak signal perturbations applied to the chaotic
system. Accordingly, the electronics controlling the system remains at the low-power level [17] for
all messages. This clearly represents an advantage over the non-chaotic system since in this case a
large amount of switching energy would be required to cause the laser to follow a particular symbol
sequence.

In the absence of control, i.e., when the chaotic system runs freely, certain symbol sequences
representing the orbits on the attractor are never produced. It is thus said that the system possesses
its own language or rules specifying allowable and forbidden symbol sequences. In the HGO method,
to keep up with small controls and hence avoid altering the basic topological structure of the
orbits on the attractor, the symbol sequences intended to be transmitted must not deviate too
much from the language of the free-running chaotic system [1]. Since any user data sequence is
possible, an encoder is needed to translate the user data sequence into a sequence allowed by the
language, similar to run-length constraints for magnetic recording channels [24]. Shannon [21]

demonstrated that the maximum rate in bits per second at which information can be transmitted



through sequences of symbols belonging to a language, that is, the Shannon capacity, is lower if the
language imposes more constraints. Therefore, the capacity loss due to the language in the HGO
method may be used as a measure of its efficiency.

The HGO method was illustrated in [1] using the double scroll chaotic oscillator. Here, we
have chosen to examine a communication system whose front-end transmitter is a chaotic COq
laser with saturable absorber [18], because its chaotic behavior has been extensively studied [5,
12, 15, 18, 19]. Initially, we report on an approximation to the language of the COs laser. More
specifically, we use computer numerical solutions and electronic simulation [12] for the equations
representing a chaotic COq laser with saturable absorber to obtain long pulse series. By inspecting
the (apparently random) pulse series, we identified sets of forbidden strings, which define the
language. The Shannon capacity associated with the chaotic COg laser language is then calculated.
Since one of the main goals in this paper is to find the efficiency of the HGO method, we also
calculate the capacity without constraints on the pulses emitted by the laser, and show that the
capacity loss due to the language is less than 11 %, which is fairly acceptable. This fact allows us
to conclude that the HGO method can be realized, under low-power control, without significantly
sacrificing transmission rate. Another contribution of this paper is the construction of finite-state
encoders to be used in the HGO method. The idea is to present finite-state machines that translate
any arbitrary binary sequence into a sequence of symbols allowed by the language. Even though
other justifying reasons for using the HGO method may be found in the literature, this information-
theoretic one is, to be best of our knowledge, novel.

This paper is organized as follows. In the next section, a tutorial introduction to a communica-
tion system using a chaotic laser as the front-end transmitter is given. In Section 3, we obtain an
approximation to the COg laser language. The main subject of Section 4 is the calculation of the
Shannon capacities based of the results obtained in Section 3. Within Section 5, the finite-state
diagram representation of the laser language, a necessary step for the construction of finite-state
encoders, is given in Subsection 5.1. The construction itself is the subject of Subsection 5.2. Finally,

in Section 6, we make some concluding remarks.

2 Chaotic Laser and Communication System

The chaotic pulsation of a single mode CO; laser with an intra cavity saturable absorber (LSA)

has been extensively studied [5, 12, 15, 18, 19], and has been adopted as a test system to verify



general properties of nonlinear dynamical systems [18]. Its dynamics is described by the nonlinear

differential equations [18]:

I=1(U-U-1);

U=e[W-U(1+1I);
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where X denotes the first derivative of X (t) with respect to the time ¢, and the parameters are
set to the standard values according to [18], which are listed in Table 1. The light intensity, I(¢),
and the normalized pumping rate of the laser amplifier, A, are, respectively, the main dynamical
variable and the important parameter in our study, while the variables U, W, and U, and the
parameters ¢, €, and A, describe other physical quantities of the system. A detailed explanation of
all variables and parameters, including the physical behavior contained in (1)-(4), may be found in
[18].

As the parameter A is increased from 1.4 to 2.1, the numerical solutions of (1)-(4) reveal a laser
behavior that alternates between a periodic pulsation, denoted by P(™), and a chaotic pulsation,
denoted by C™ | where n = 1,2,3,--- is the order of the pulsation. The periodic pulsation P
consists of a regular sequence of pulses p() presenting n small undulations after a big spike, as
shown in Figure 1, for n = 0, 1,2, 3. The chaotic pulsation C™) contains an intermittent, seemingly
stochastic, sequence of pulses p(®, ... p(®  Typical COy LSA pulse series C(™, for n = 1,2, are
shown in Figure 1. In order to study the symbolic dynamics of the chaotic CO5 laser, we have
considered the map p(™ — n so that the chaotic pulsation C(™ may be regarded as a sequence of
symbols over the alphabet {0,1,---,n}. For example, the sequence of symbols corresponding to
C® shown in Figure 1 is {21022202021 - - -}. The restrictions on the pulse sequences produced by
a free-running chaotic pulsation will be identified in Section 3. In the next subsection, we describe

a communication system based on the HGO method using a chaotic laser.

2.1 The Communication System

A realization of the communication system is shown in Figure 2. The encoder must be used to
convert the binary information message into a sequence belonging to the laser language. The

encoded sequence feeds an electro-optical device (the chaotic trajectory controller) that, according



to the HGO method, inserts small perturbations in the COs laser dynamics causing the sequence
of transmitted pulses to follow the encoded sequence (the inverse map n — p™ is used from the
encoded symbols to the laser pulses). A concrete device for the COs laser is a pair of Stark plates to
modulate the energy levels of the saturable absorbing molecules within the laser cavity [20]. Such a
modulation will act as a small variation on the value of A in (1)-(4). It has been demonstrated [20]
that the laser in chaotic oscillation can be set to follow synchronously the input of a weak electrical
signal applied to the Stark cell, as long as the controlling signal adheres to the language of the
laser pulsation. This element is attached to the chaotic CO4 laser which emits infrared light pulses
transmitted by optical wave guide or through the vacuum. In other words, we may state that
the laser synchronizes to any low power input message and emits powerful light pulses sequences
containing the encoded message. The advantage of such a system, which justifies its adoption, is
that precision control has to be made on the low power electro-optical device and the powerful
transmission laser is driven by the natural chaos synchronization. Finally, the receiver in Figure 2

has a detection photo-diode followed by a decoder.

3 An Approximation to the Laser Language

As mentioned earlier, in a given chaotic regime the free-running chaotic system gives rise to a set
containing all allowable symbol sequences, which defines the system language. Determination of
the exact language is notoriously difficult to obtain [19]. However, a good approximation to it may
be obtained if we inspect a long pulse series generated by the chaotic system. Instead of trying
to collect all allowable symbol sequences, we identify the patterns of symbols that never occur in
the series. These are called the forbidden blocks (or strings) and the set of all forbidden strings
is called the forbidden set. Specifically, we scan the long series with a sliding window of length
m symbols and take note of the m-blocks that never occurred, for m = 1,2,3,---, in such a way
that no sub-string of a forbidden m-block is declared forbidden. The forbidden set representation
of languages is standard and its connection with symbolic dynamics [23] and discrete noiseless
channels [21], including the calculation of Shannon capacity, will be detailed in the next section.
To produce the LSA pulse series, we used computer numerical solutions and electronic circuit
simulation [12] for the equations (1)-(4), adopting exactly the same standard laser parameters in
[18] and Table 1. By inspecting the simulated LSA pulse series, we have identified the forbidden

sets for the chaotic regimes cM, ¢®, and C®). For each regime, we considered a pulse series



containing 10* pulses. As argued in [19], in determining the forbidden strings of length m a pulse
series shorter than 10" leads to inaccurate results. Because of this, we should limit the maximum
length of the forbidden strings to 4. On the other hand, chaotic systems with a finite number of
forbidden strings have complexity, as defined in [19], equal to zero. Thus longer forbidden strings
in each chaotic regime are expected to exist because of the non null complexity of this chaotic
COq laser [19]. Nevertheless, considering the analysis of the complexity of the chaotic CO9 laser
performed in [19], and the fact that this complexity increases with the order n of the chaotic regime,
we may, at least for n = 1,2, and 3, assume that all forbidden strings of length higher than five
would occur with very low probability. Therefore, the capacities calculated in the next section are
very close to the exact capacities.

Denoting by F,, the forbidden set for C™, n=1,2,3, we have determined the following;:
e F; = {10100}

e Fy = {120,201, 202,2000,2001}

e F3 =1{0010,0100,0101, 0201, 1021, 1201, 1211,2011,2013,2101,2112,2121}

From Fi, note that no forbidden string of length up to 4 was found for C™. On the other hand,
only one five-symbol string was recognized as forbidden in the series. Since increasing the length of
the series by an order of magnitude would demand a large computational effort, we shall consider
this one-string forbidden set for the purpose of analysis. But we should be warned that, in the case

of CM), this may be a loose approximation.

4 The Shannon Capacity of the Chaotic CO, Laser

We denote by S,, the set of all sequences of any length over {0,1,---,n} allowed by the language of
the chaotic pulsation C(™). The capacity of the set S,,, denoted by C,,, was defined by Shannon [21]

(bits/s), (5)

where Ny, (t) is the number of sequences in S,, of duration ¢. The normalized time duration of the

pulse p{™ (or the symbol n) was determined to be approximately:

— 14+ — (6)



where t(™) denotes the time duration in seconds of the pulse p(™). As observed in the previous
section, the forbidden set is the only representation available for the chaotic laser language. We
will calculate the capacity directly from the forbidden set F,, by a systematic method based on
standard combinatorial techniques, which was recently proposed [22].

For the forbidden sets Fi, F»2, and F3, we calculated the corresponding Shannon capacities,
namely, C; = 0.7207 ! bits/s, Cy = 0.903T ! bits/s, and C3 = 1.047 ! bits/s, where T seconds
is the pulse p(® time duration. The actual Shannon capacities depend upon the specific value of
t© = T. For a COy laser, T is about 10pus. The capacities above are to be compared to the
respective capacities for the unconstrained case: C{ = 0.7677 ! bits/s, C% = 1.0137 ! bits/s, and
cy = 1.1167 ! bits/s. The capacity losses due to the language are 6.1 %, 10.8 %, and 6.8 %,
respectively, which are very acceptable.

An interesting result derived is the asymptotic Shannon capacity, which we denote by C?,. The
asymptotic Shannon capacity is a measure of the maximum rate (in bits/s) at which the laser
would transmit information as the order n of the chaotic pulsation goes to infinity, and assuming

no symbol sequence constraints. We have found that
CY =1.217T" bits/s.

Due to the presence of the language at each order n the actual capacity for high values of n is
smaller than CJ, . It should be pointed out that ('3 is not so distant from the asymptotic value
and so the choice for using the system at high or low n value will be dictated by compactness and

power transmission condition.

5 Codes Satisfying the Laser Constraints

5.1 Finite-State Diagram

An efficient implementation of the encoder of Figure 2 needed to transmit information using a
chaotic laser is by means of a finite-state encoder [23, Chapter 5], as will be described in the next
subsection. A finite-state diagram (FSD) representation for the language serves as an input to the
majority of the algorithms that design finite-state encoders. An FSD is a directed graph with the
edges labeled by symbols from {0, 1,2,---,n}, such that the sequences allowed by the language are
obtained by reading off the labels of edges along paths in the graph. In the following, we construct

an FSD from each forbidden set. In this regard, we have used a systematic procedure [23, Chapter



3][24] that guarantees the minimality (with respect to the number of states) of the FSD. For Fi,
we obtained the FSD with 5 states shown in Figure 3(a). For the other two cases, the FSD is
more easily obtained if we impose more restrictive constraints on Fo and F3, giving rise to the new

forbidden sets:
° ﬁg = {20}
o F3={01,21}

It can be easily seen that the earlier constraints are still satisfied. For instance, note that if the string
“20” does not occur within a given sequence, none of the strings in F» will. To quantify the capacity
penalty due to simplification of forbidden sets we found the following capacities Cy = 0.8977 !
bits/s and Cs = 0.9057 ! bits/s for Fy and .7:"3, respectively. The capacity penalty is thus 0.6 %
for the pulsation C® and 13 % for the pulsation C®.

By the same procedure used to find the FSD for F; we obtained, for F» and F3, the FSD’s with

2 and 3 states in Figures 3(b) and 3(c), respectively.

5.2 Finite-State Codes

In the following, we present finite-state codes to be used in the communication system depicted in
Figure 2. Since the capacity penalty due to simplification of the forbidden set F» to Fy is very small,
and because the FSD of Figure 3(b) is the simplest one, we shall consider the chaotic pulsation
C®@ only. The idea is to present a way to translate any arbitrary binary sequence into an allowed
sequence of symbols from the set {0, 1,2}, of normalized time durations 7(® =1, 7(0) =1+ %, and
@ =1+ %, respectively.

A finite-state encoder (S, /) accepts, at each time interval, an input string of length p = log, £
bits, and generates a string of output symbols of length q. The output string and the next state
are both determined by the current state and the input string. The concatenation of output strings
in any path of the graph encoder must be a sequence allowed by the language S. The parameter /¢
is the number of outgoing edges in every state of the encoder graph, which must be a power of 2
so that, at each time interval, logs £ information bits specify a particular outgoing edge. There are
many possibilities for an encoder, as will be exemplified next.

The first encoder for £ = 2 is obtained very easily. Note that by eliminating the edge loop

labeled by the symbol 1 from the graph of Figure 3(b), we have 2 edges leaving each of the two



states. The resulting graph is indeed a finite-state encoder, as presented in Figure 4. The notation
x/y on each edge specifies the input and output strings, respectively. The rate R of this code is
determined as follows. First we should calculate the expected time, F{7}, spent to transmit an

output string y, which is given by:
E{r} = E{7 | a} m(a) + E{7|b} =(b),

where E{7 | s} is the conditional expected time spent to transmit an output string y given that
the machine is at state s, and w(s) is the stationary probability of state s. We assume that the

data sequence is an independent and identically distributed binary sequence. We then have

(0) | ,(2)
E{r|a} = % — 1.667T,
and
(1) 4 @)

E{ﬂb}:%:zr

Thus,
1. 2
B{r) = % — 1.833T,

where in this case m(a) = 7(b) = 1/2. The transmission rate is then given by

R = 0.545T ! bits/s,

~ B{r}
since from any state a single data bit is transmitted every time an output string (a laser symbol
in this case) is sent. We should observe that the size of the laser alphabet (3 symbols in this case)
is not a power of 2. But this is not really a problem. The important property the graph for such
a finite-state code must have is that the number of edges leaving any state be a power of 2. From
this observation, we can see that binary transmission can be made possible through the use of
finite-state codes for any chaotic pulsation. Comparing now the transmission rate above with the
capacity Co = 0.897 71 bits/s, we see that this finite-state code has an efficiency, defined as the
ratio R/C, of 60.7 percent.

To construct a second code, now with £ = 4, we first need to determine the second higher power
graph [23, Section 2.3] of the original graph of Figure 3(b). This graph has the same states as
the original graph, and precisely one edge from state s; to state so for each path in the original
graph of length 2 symbols from state s; to state s3. This graph has eight edges leaving state a and

five edges leaving state b, as shown in Figure 5. The finite-state encoder with £ = 4 is obtained



simply by eliminating 3 edges leaving state a and 1 edge leaving state b from the graph of Figure
5, resulting in the encoder graph shown in Figure 6. To keep the transmission rate as high as
possible, an effort has been made to eliminate the edges labeled by the longest output strings.
The transmission rate is obtained in the same way as it was done for the first code, but for the
second code the stationary state probabilities are 7(a) = 3/4 and w(b) = 1/4. The corresponding
transmission rate is R = 0.696 7! bits/s. So this code is 77.5 percent efficient.

We can improve transmission rate further if we allow for a non-uniform number of outgoing
edges from a state. Note that while state b in Figure 5 has 5 outgoing edges, state a has 8, already
a power of 2. So, if we only eliminate the edge loop labeled by the string 22 (state b) in Figure 5,
the number of outgoing edges from any state will be a power of 2. The corresponding transmission
rate is R = 0.791T~! bits/s. So this code is 88.1 percent efficient. Additional improvement is
possible and transmission rate can get close to the Shannon capacity through the use of the State

Splitting Algorithm for designing finite-state codes [23].

6 Final Remarks

In this paper, the symbolic dynamics of a chaotic CO4 laser with saturable absorber has been inves-
tigated. We used computer numerical solutions for the nonlinear differential equations representing
the chaotic laser to identify sets of forbidden strings, which define the laser language. Next, we
calculated the channel capacity for three chaotic pulsations. The loss of maximum information rate
due to the constraints was found to be insignificant, as can be seen from the difference between C,
and C}. This allows us to conclude that the HGO scheme is very attractive.

Similar investigation with other chaotic systems may be worth conducting. For instance, chaotic
diode lasers [16], whose attractors obey other restrictions, make strong candidates to be studied
for their pulsation time falls in the picosecond duration range [25], i.e., they are more attractive
for communication purposes. Since the results presented here are based on simulation of a very
accurate laser model [18], we should mention the relevance of future work with a real experimental

system.
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Figure Captions

Figure 1: Typical CO; LSA pulse series obtained with an analog circuit simulator [12]
for different pulsation. The periodic regimes P(") consist of regular sequences of pulses
p™, n=0,1,2,3. Chaos C(!) and C? are illustrated showing the irregular appearance

of p™.,
Figure 2: Scheme of a communication system using a chaotic CO, laser.

Figure 3: Finite-state diagrams for the chaotic laser language at (a) the C"), (b) the
C®? and (c) the C® pulsation. Numbers associated with edges correspond to laser

pulse symbols.

Figure 4: Finite-state encoder of rate R = 0.545T~! bits/s for the chaotic laser language
at the C® pulsation.

Figure 5: Second higher power graph of the graph of Figure 3(b).

Figure 6: Finite-state encode of rate R = 0.696 7! bits/s for the chaotic laser language
at the C® pulsation.
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Table Caption

Table 1: Standard Parameter Values.
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the C®) pulsation. Numbers associated with edges correspond to laser pulse symbols.
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Figure 4: Finite-state encoder of rate R = 0.5457 ! bits/s for the chaotic laser language at the

C® pulsation.
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Figure 5: Second higher power graph of the graph of Figure 3(b).
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xxlyy: data bits/output symbols

Figure 6: Finite-state encode of rate R = 0.696T~' bits/s for the chaotic laser language at the

C® pulsation.
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Table 1: Standard Parameter Values.

Parameter | Value
A 1.4 to 2.1
A 2.16
€ 0.137
€ 1.2
b 0.85
a 4.1
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