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Wavelet-Based Estimation of the Nonstationary Mean
Signal in Wireless Systems

Ravi Narasimhan, Member, IEEE,and Donald C. Cox, Fellow, IEEE

Abstract—A new technique is described for estimating the non-
stationary mean signal received at a mobile station in a Rayleigh
fading environment. The estimate is based on samples taken at the
midpoints between the local minima of the received envelope. The
continuous wavelet transform is used to estimate the local minima.
An estimate of the mean signal is obtained using a fixed number
of local minima. This technique requires neither an estimate of the
mobile speed nor an adaptive temporal averaging window, in con-
trast to other estimators. Simulations show that the mean signal is
estimated well in a nonstationary environment with variable mo-
bile speed.

Index Terms—Nonstationary signal analysis, wavelets, wireless
communication.

I. INTRODUCTION

A SIGNIFICANT characteristic of wireless systems is the
signal variation caused by the movement of the mobile

stations. An estimate of the local mean of the received signal is
useful to determine the quality of a radio link. The mean signal is
also needed in handoff, power control, and channel assignment
algorithms. Accurate estimates of the mean signal improve the
performance of system control algorithms and thereby increase
the realized system capacity.

In many environments, a direct path is not present between the
base station and the mobile station. The received signal consists
of a sum of waves which have been reflected by objects such as
mountains, trees, and buildings. The sum of many waves at the
receiver gives rise to small-scale spatial variation of the received
envelope (on the order of a wavelength). In situations where
there is no dominant path between the base station and the mo-
bile station, the small-scale spatial variation is called Rayleigh
fading [1]. The received signal is nonstationary for distances
on the order of building sizes since the mean of the small-scale
variation changes considerably. This large-scale variation of the
mean is known as shadowing. The mean of the shadowing also
decreases as the distance between the base station and the mo-
bile station increases.

The mean signal is the local mean of the small-scale variation
(up to a constant) and represents the distance-dependent trend
andshadowing.Themostwidelyusedestimateof themeansignal
is the average of samples of the received envelope (or logarithm
of the envelope) taken at a constant temporal interval. In [2],
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the bandwidth of a continuous-time lowpass filter is chosen to
minimize the estimation error for a nominal constant mobile
speed.Reference[3]estimates themeansignalbyaspatialanalog
averaging filter and determines the number of uncorrelated sam-
ples needed for discrete-time averaging under the assumption
that signal samples taken at constant spatial intervals are avail-
able. Another paper [4] derives the minimum-variance unbiased
estimator for the mean signal in a Rayleigh fading environment
under the assumption that all samples used in the estimate have
the same mean and are uncorrelated. Since in [4] the samples
must be taken at a constant temporal interval, the assumption
places constraints on the unknown and possibly time-varying
mobilespeed.Anadaptivemethod toestimate themeansignal for
Rayleigh fading is proposed in [5] where the squared deviations
of the logarithm of the received envelope are used to estimate
the maximum Doppler frequency. The maximum Doppler fre-
quency is then used to adapt the number of signal samples that
are averaged to estimate the mean signal. The papers mentioned
above have considered only the problem of a constant, possibly
unknown, mobile speed. For variable mobile speeds, the number
of temporal signal samplesused in theestimateof themeansignal
must be constantly adapted, and the rate of adaptation is critical
to the performance of the estimator. In particular, errors in the
estimate of the maximum Doppler frequency as described in [5]
could magnify errors in the estimate of the mean signal due to
suboptimal temporal averaging windows.

A new method of estimating the mean signal using wavelets is
described in this paper. The wavelet transform at different scales
corresponds to a variety of window lengths and hence elimi-
nates the necessity of adapting the duration of a single temporal
averaging window. The method presented here utilizes the fact
that the small-scale spatial variation of the received envelope is
dominated by the positions of the mobile and base stations. This
spatial variation has a characteristic scale that is on the order of
a carrier wavelength. By averaging over a fixed number of sam-
ples taken at the midpoints between the local minima of the re-
ceived envelope, one can obtain an estimate of the mean signal
over a spatial scale that is selected based on the variation of the
distance-dependent trend and shadowing.

The paper is organized as follows. In Section II, wireless
propagation and noise models are presented. Section III presents
a method to estimate the local minima of the received envelope
using the continuous wavelet transform (CWT). Signal samples
taken at the midpoints between the local minima are then used
to estimate the mean signal. Section IV addresses the selection
of parameters used in the estimate of the mean signal and com-
pares the performance with the adaptive averaging method of [5]
for constant and variable mobile speed. Conclusions are given
in Section V.
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Fig. 1. Receiver model for recovering signal envelope.

II. WIRELESSPROPAGATION AND NOISE MODELS

The propagation model discussed here takes into account
three effects which are present in many wireless environments:
correlated Rayleigh fading, correlated log-normal shadowing,
and a distance-dependent trend [1]. The received bandpass
signal at a mobile consists of a sum of contributions from
several paths. Let denote the complex envelope of the
received signal at position. For a large number of multipath
components, is an approximate wide-sense stationary
complex Gaussian process in a small neighborhood of. Let

denote the distribution of incoming power in anglein a
plane with respect to the mobile velocity. We denote
to be the received power at the mobile station averaged over a
small neighborhood of due to a base station located at. Let

represent the carrier wavelength. From the above conditions
and for an omnidirectional antenna, the autocorrelation of

for a mobile velocity in the direction and for a small
neighborhood of can be written as

(1)

The autocorrelation explicitly indicates the fact that is
wide-sense stationary only in a small neighborhood of. Let

denote the inner product between vectorsand . A model
for (for travel in the direction ) can be shown to be

(2)

where is the number of terms in the model,
, and are i.i.d.

uniformly on . The autocorrelation of (2) approaches (1)
as .

The average received power contains the distance-
dependent trend and log-normal shadowing [6]. Letrepre-
sent the exponent of the distance-dependent trend. Furthermore,
let denote the log-normal shadowing between the
mobile position and the base station position . The received
power averaged over a neighborhood ofdue to the base station
located at can then be expressed as

(3)

where accounts for antenna parameters, transmitted power,
and other relevant system parameters. The process

is modeled as a zero-mean Gaussian random process which is
wide-sense stationary in the variable. Let denote
the autocorrelation of in the variable along the di-
rection . An empirical model for is [7]

(4)

where and are the variance and correla-
tion length of , respectively. The power spectrum

of is given by

(5)

where denotes spatial frequency. Let denote the max-
imum spatial frequency of that is taken into ac-
count, and let be the distance traveled by the mobile within
a time period of interest. We define where

. A model for the process can be shown to be

(6)

where

(7)

and are i.i.d. uniformly on . The received en-
velope is Rayleigh distributed in the absence of noise.

The noise model developed here is based on the receiver
model of Fig. 1 which shows the part of the receiver for a digital
wireless system that is relevant to recovering the envelope
of the signal. The white Gaussian noise is added to the
channel output. The result is passed through an ideal bandpass
filter (BPF) centered at carrier frequency with bandwidth

, where is the symbol duration of the digitally modulated
waveform. The signal is then passed through a square-law
device followed by a unit-gain, square-root raised cosine
lowpass filter (LPF) with bandwidth . The
maximum Doppler frequency at the highest speed of interest is

, and the excess bandwidth factor is( . The
square root of the resulting signal is the envelope

Let the noise at the output of the bandpass filter
be represented by in-phase and quadrature components:

. The com-
ponents and each have variance . The curve
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Fig. 2. Typical signal trace as a function of distance.

traversed by the mobile station is parametrized by the scalar
position variable . Suppose that the mobile travels along
with a speed at time . Under a narrow-band assumption,
the square of the received envelope, , as a function of is
then

LPF

(8)

where LPF denotes lowpass filtering with the square-root raised
cosine filter and . The time origin is chosen
such that . We define and an input
signal-to-noise ratio (SNR) as SNR . From the re-
ceiver model of Fig. 1, one can derive the average SNR at the
output of the low-pass filter

SNR
SNR

SNR
(9)

It is found that for the purpose of this paper, the cross terms in
(8) can be ignored. Thus, the model for simplifies to

LPF (10)

The logarithm of is . The model pre-
sented here is used in Section III to estimate the mean signal.

III. ESTIMATION OF MEAN SIGNAL USING CWT

The estimation technique presented here utilizes the charac-
teristic spatial scale of correlated Rayleigh fading. In the fol-
lowing, we consider the case of two-dimensional isotropic scat-
tering such that the incoming power is uniformly distributed in
azimuth angle and is given by
[1]. Fig. 2 is a plot of a typical (noiseless) signal trace as a func-
tion of mobile position (measured in wavelengths). This plot
shows that the local minima of the signal occur with an average
separation of a fraction of a wavelength. The mean separation
in distance between the local minima of the noiseless envelope
is calculated in [8] to be approximately for the model
stated above.

Fig. 3. Absolute value of CWT of signal given in Fig. 2. White represents large
magnitude; black represents small magnitude.

Let and denote signal samples taken at the mid-
points between the local minima of the noisy and noiseless en-
velopes, respectively. Let the mean of be represented by

where is a constant determined in Sec-
tion IV and . An estimate of the mean signal is then

local average (11)

where the local average is taken in a neighborhood of time.
A method to estimate using the CWT is described in the
following.

The CWT of a function is given by

CWT (12)

where denotes “scale” and denotes “shift.” The
“mother wavelet” is a zero-mean, real function
which satisfies the admissibility condition

(13)

where is the Fourier transform of . Fig. 3 is a plot of
the absolute value of a CWT of the signal given in Fig. 2.

The CWT has the important property of characterizing singu-
larities of the signal [9]–[11]. Since many of the local minima of

correspond to points of discontinuity in the first derivative,
the CWT is used to detect the local minima.1 Detecting the local
minima using the CWT permits the tracking of a variable mobile
speed profile without requiring an adaptive window. In contrast,
other function minimization methods using a three-point brack-
eting scheme require adaptation of the bracketing time since the
time between local minima varies as the speed varies.

As discussed in detail in Section IV-D, the CWT of is
taken over a suitable temporal window of observation to obtain

1The local minima of the enveloper(t) correspond to the local minima of the
logarithm of the envelopef(t). The noiseless version off(t) is related to the
signal of Fig. 2 through the mobile speedv(t).
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mean signal estimates within an acceptable delay for real-time
implementation. The CWT is taken at a discrete set of scales

,
where , , and are integers. In order to compare the
CWT to a significance threshold which is independent of mobile
speed, the CWT of at each scale is normalized by
before further processing.

One method to detect the points of discontinuity in the first
derivative of is to identify the wavelet transform modulus
maxima [10] (WTMM). The number of WTMM associated with
a singularity of depends upon the number of local extrema
of the analyzing wavelet . The number of local extrema of
the wavelet is at least one plus the number of vanishing moments
of the wavelet. Furthermore, the analyzing wavelet must have at
least two vanishing moments in order to characterize points of

which have discontinuous derivatives.
The singularities of interest for mean signal estimation are the

points with discontinuous derivative that are also local minima
of . This fact can be used to reduce the number of extraneous
WTMM by using a modified version of the WTMM detection
method as described in the following. For wavelets which
satisfy , thenegative local minimaat
each scale of the normalized CWT are identified; otherwise, the
positive local maximaat each scale are identified. The values
identified as above are referred to as thesigned local extrema
of the normalized CWT. The benefit of using the signed local
extrema instead of the modulus maxima is that for a suitable
analyzing wavelet , the local minima of with discon-
tinuous derivative do not produce extraneous signed local ex-
trema. In contrast, each singularity of gives rise to extra-
neous modulus maxima using the WTMM method. Therefore,
use of the signed local extrema removes the need to isolate the
modulus maxima from the extraneous ones. The signed local
extrema with absolute value less than a significance threshold
are discarded. The scale which has the highest number of sig-
nificant signed local extrema is identified as the scale of interest
and is denoted by .

Since most of the local minima of correspond to points
of discontinuity in the first derivative, the locations in time of
the signed local extrema of the normalized CWT correspond to
most of the locations of the local minima of (and, hence,
the local minima of ). To compensate for the
small fraction of local minima of with continuous deriva-
tive, the significance thresholdis determined empirically such
that the number of local minima of which are detected by
the CWT is equal to the total number of local minima of .
The selection of is discussed in more detail in Section IV-B.

We now consider significant signed local extrema
occurring at times . The mean of the signal at the
midpoints between the local minima of is estimated by the
signal samples taken at the midpoints between the signed local
extrema of the CWT, i.e., ,
where . The estimate (11) for at time

then becomes

(14)

Fig. 4. Mean of midpoint values versus input signal-to-noise ratio (SNR).

The next estimate of the mean signal is ,
which is obtained by considering a time interval containing a
new signed local extremum and themost recent signed local
extrema from the previous time interval. The estimates obtained
in this manner are linearly interpolated to the signal sampling
rate. The resulting signal is smoothed by a moving average. The
following section describes the selection of parameters together
with simulations which apply the estimation technique.

IV. PARAMETER SELECTION AND SIMULATION RESULTS

This section determines the mean of the signal samples taken
at midpoints between local minima of the received envelope and
selects the significance threshold () and the number ( ) of
midpoint values used. The choice of the maximum scale (),
the duration ( ) of the observation window over which the
CWT is taken, and associated boundary effects are also de-
scribed. The observation window is required to obtain estimates
within an acceptable delay for real-time implementation. The
performance of the mean signal estimator is then compared to
the adaptive averaging method described in [5] for constant and
variable mobile speed.

A. Mean of Signal Samples Taken at Midpoints Between Local
Minima

The mean of the signal samples taken at the midpoints be-
tween the local minima is determined by averaging over 90 in-
dependent realizations of the Rayleigh fading process with con-
stant and with around 1000 local minima per realization. The
resulting value is . The effect
of noise on this mean value is also investigated. Fig. 4 is a plot of
the mean of the midpoint values normalized by as a func-
tion of SNR. Each point represents an average over ten inde-
pendent realizations of the Rayleigh fading and noise processes.
The excess bandwidth of the square-root raised cosine low-pass
filter of Fig. 1 is chosen to be . The mean signal power

and the noise variance are kept constant for each value
of SNR to obtain results under a controlled environment. For
SNR dB, the mean of the midpoint values approaches
the noiseless value of .
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Fig. 5. Normalized bias versus number of midpoint values.

B. Selection of Significance Threshold

The threshold is selected such that the number of signed
local extrema that are detected at scaleis equal to the number
of positive-slope zero crossings of the derivative in the
absence of noise. The thresholddepends on the analyzing
wavelet . The wavelet chosen is a “coiflet” of order 2 (coif1)
[9]. This wavelet has two vanishing moments and yielded the
best results among the five different wavelets considered in [8].
The optimum threshold of for the coif1 wavelet was
determined by averaging over 90 independent realizations of the
Rayleigh fading process.

C. Number of Midpoint Values

Fig. 5 is a plot of the normalized bias of the mean signal es-

timate, , as a function of the number () of
midpoint samples for various values of SNR. The mean signal
power and noise variance are kept constant for each value
of SNR to obtain results under a controlled environment. The
results are obtained by averaging over ten independent realiza-
tions of the Rayleigh fading process for each value of SNR; the
received envelope for each realization has approximately 1000
local minima. The bias is found to be negligible for and
SNR dB. The normalized mean square error (MSE) of

the mean signal estimate, , as a function
of is plotted in Fig. 6. For the range of shown in Fig. 6,
the MSE varies almost linearly with since, for small , the
MSE is dominated by the moving average of the mean signal
estimates. For larger , the MSE decreases as .

D. Maximum Scale, Duration of Observation Window, and
Boundary Effects

The CWT is applied to blocks of the signal collected over
time periods of duration in order to limit the delay in ob-
taining mean signal estimates for real-time implementation. The
determination of is described in the following. Let the
lowest speed of interest be denoted by , i.e., speeds less
than will be regarded as zero. If denotes the nominal
duration of support of the analyzing wavelet , the max-
imum scale for the CWT is . The

Fig. 6. Normalized MSE versus number of midpoint values.

duration of the observation window is then the mean time be-
tween local minima of the signal for a mobile speed of , i.e.,

. The finite observation window results in
boundary effects in the detection of the signed local extrema
of the CWT. In order to remove these effects, the observation
windows are enlarged by for each boundary (left and
right endpoints). The enlarged windows slide by an amount
as time progresses. For the initial left boundary and the final
right boundary, the signal is reflected about the boundaries
such that and the first derivative are continuous at the
boundaries. This technique of overlapping windows results in a
factor of two increase in computation for the CWT and a
increase in delay of the mean signal estimate.

E. Comparison to Adaptive Averaging Method

The mean signal estimator presented here is compared to the
adaptive averaging method described in [5]. The adaptive aver-
aging technique uses the squared deviations of to estimate
the maximum Doppler frequency . The estimate of is used
to determine the number of samples of which are averaged
to estimate . In Fig. 7, the normalized bias of the
two methods is compared for a constant mobile speed. As in
Section IV-C, the results are obtained by averaging over ten in-
dependent realizations of the Rayleigh fading process for each
value of SNR; the received envelope for each realization has ap-
proximately 1000 local minima. The spatial averaging distance
for both methods is , in accordance with the results given
in [3]. The spatial averaging distance of implies that the
number of midpoint values used in (14) is .
For the adaptive averaging method, the number of samples of

corresponding to depends on the current estimate of
. Fig. 8 is a plot of the normalized MSE of the two estima-

tion methods. It can be seen that the mean signal estimator using
wavelets performs better over a large range of SNR.

F. Variable Mobile Speed Example

The performance improvement of the wavelet method over
the adaptive averaging method is vivid for a variable mobile
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Fig. 7. Normalized bias versus SNRfor wavelet and adaptive averaging
methods.

Fig. 8. Normalized MSE versus SNRfor wavelet and adaptive averaging
methods.

speed profile. The performances of the two estimators are com-
pared using the following mobile speed profile (in km/h):

(15)

where

.
(16)

Fig. 9 is a plot of the logarithm of the noiseless envelope and
the mean signal power in decibel, , for the speed
profile given in (15). The duration of the moving average for
smoothing of the estimates obtained in (14) is chosen to be

. The relevant parameters for this example are summarized
in Table I.

Fig. 9. Logarithm of noiseless envelope (dotted) and mean signal power in
decibel (solid) for speed profile given in (15).

TABLE I
PARAMETERS FORVARIABLE SPEEDEXAMPLE

Fig. 10 is a plot of the error (in decibels) between the estimate
and the true mean signal power for the two estimation methods
and for the speed profile given in (15). A value of 0 dB for the or-
dinate in Fig. 10 implies no estimation error. An estimation error
less than 0 dB implies an underestimate while an error greater
than 0 dB implies an overestimate. A mobile speed of zero at the
left and right endpoints of Fig. 10 contributes to estimation er-
rors at either or both endpoints. At very low mobile speeds, any
method to estimate the mean signal may have significant estima-
tion errors since a sufficient number of samples of the Rayleigh
fading process is not available within a given time interval to ob-
tain accurate estimates. An advantage of the wavelet method is
that the method can detect the presence of local minima in the
signal. If no minima are detected, one concludes that the mo-
bile speed is very low (less than ), and hence no system ac-
tion (e.g., handoff or channel assignment) need be taken. Fig. 10
shows that the mean signal estimator using wavelets performs
significantly better than the adaptive averaging method for vari-
able mobile speed.

V. CONCLUSION

The paper presents a new technique for estimating the mean
signal in a Rayleigh fading environment. A wireless propa-
gation model is used which accounts for correlated Rayleigh
fading, correlated log-normal shadowing, and a distance-de-
pendent trend. A noise model is also described which takes
into consideration the signal processing required to obtain the
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Fig. 10. Estimation error for wavelet method and adaptive averaging method
using speed profile given in (15).

received envelope. The mean signal is estimated by computing
a local average of the signal samples taken at the midpoints
between adjacent local minima of the received envelope.
With an empirically determined significance threshold, the
significant signed local extrema of the CWT are used to detect
the local minima. This estimation technique is robust under
variable mobile speeds and performs better than an adaptive
averaging method described in the literature.
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