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Abstract— A novel framework is presented to characterize the
tradeoff between diversity and multiplexing of space-time codes
at finite signal-to-noise ratios (SNR’s). The diversity gain of a
space-time code is defined by the slope at a particular SNR
of the outage probability versus SNR curve for a multiplexing
gain defined by the ratio of the system spectral efficiency to the
capacity of an additive white Gaussian noise (AWGN) channel.
The finite-SNR diversity-multiplexing tradeoff is evaluated for
orthogonal space-time block codes and spatial multiplexing with
horizontal encoding. The tradeoff curves provide a characteri-
zation of achievable diversity and multiplexing gains for a given
space-time code at SNR’s encountered in practice. It is seen that
the achievable diversity gains at finite SNR are significantly lower
than the asymptotic values given in the literature.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) processing has
emerged as a promising technique to achieve high capacities in
wireless communication links. Traditionally, multiple antennas
at the transmitter and receiver have been used to provide
either enhanced reliability through spatial diversity techniques
or increased data rates using spatial multiplexing. Recently,
a framework was presented in [1] that provides a unified
view of the fundamental diversity-multiplexing tradeoff in
MIMO systems. This framework bridges the two endpoints of
pure diversity gain or pure multiplexing gain. The diversity-
multiplexing tradeoff curve of a given space-time code enables
one to determine the set of diversity and multiplexing gains
that can be obtained simultaneously.

The diversity-multiplexing tradeoff computed in [1] is an
asymptotic result as the signal-to-noise ratio (SNR) approaches
infinity. Asymptotic analysis was also used in [2] to ob-
tain the well-known rank and determinant criteria for space-
time code design. Recently, several papers have noted that
codes designed for maximum performance at high SNR in
independent and identically distributed (i.i.d.) Rayleigh fading
channels are not optimal at low to medium SNR, especially
in the presence of correlated fading [3], [4], [5], [6]. The
literature to date has not adequately addressed the issue of the
diversity-multiplexing tradeoff in the non-asymptotic, finite-
SNR regime. Thus, it is of interest to characterize this tradeoff
for finite SNR to gain new insights into space-time code
design.

This paper develops a new framework to characterize the
diversity-multiplexing tradeoff of space-time codes as a func-

tion of SNR. In contrast to previous asymptotic work, the
diversity gain at each SNR is obtained from the slope of the
outage probability versus SNR curve. The outage probability
is the block error probability in quasi-static MIMO channels
when capacity achieving codes are used over a block of time
containing a single channel realization. The significance of
this definition for system design is that the diversity gain
at a particular operating SNR provides an indication of the
additional power required to decrease the error probability
by a specified amount. The multiplexing gain is measured
as the ratio of the spectral efficiency of the MIMO system
to the capacity of an additive white Gaussian noise (AWGN)
channel. As in [1], this definition implies that for a constant
multiplexing gain, the spectral efficiency increases with SNR.
The multiplexing gain can be interpreted in the context of rate
adaptation in which the data rate is adapted as a function of
SNR. These definitions of diversity and multiplexing gains are
generalizations for finite SNR of the corresponding definitions
given in [1].

The remainder of the paper is organized as follows. Sec-
tion II introduces the system model and the definitions of
diversity and multiplexing gains as functions of SNR. The
diversity and multiplexing gains are then computed for or-
thogonal space-time block codes (OSTBC) and spatial mul-
tiplexing with horizontal encoding (SM-HE) in Section III.
In Section IV, outage probability and diversity-multiplexing
tradeoff curves are presented. The results are also compared
with asymptotic results in the literature as SNR → ∞. It
is seen that the achievable diversity at operational SNR’s is
significantly lower than the asymptotic value. Conclusions are
given in Section V.

II. SYSTEM MODEL AND DEFINITIONS

Consider a narrowband MIMO system with MT transmit
and MR receive antennas and a rich scattering Rayleigh fading
environment such that the MR × MT channel matrix H is a
matrix of i.i.d. complex Gaussian random variables with zero
mean and unit variance. The received vector is corrupted by
additive white Gaussian noise. Quasi-static fading is assumed
in which the channel is constant over one coding block and
varies independently across blocks. Capacity achieving codes
are used in each block such that the probability of block
error is equal to the channel outage probability, i.e., the prob-
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ability that the mutual information between the transmitted
and received signals is less than the target data rate. Such a
block fading model is applicable in several wireless systems.
For example, the channel in a wireless local area network is
constant for the duration of a packet and varies from packet
to packet. Thus, with capacity achieving codes applied to
each packet, the packet error rate is determined by the outage
probability.

The conventional definitions of multiplexing and diversity
gains of a MIMO system refer to asymptotic quantities as
the SNR approaches infinity. For instance, consider a space-
time system with average SNR per receive antenna ρ, spectral
efficiency R (bps/Hz) and corresponding outage probability
Pout. The asymptotic multiplexing and diversity gains defined
in [1] are given by

rasymptotic = lim
ρ→∞

R

log2 ρ
(1)

dasymptotic = − lim
ρ→∞

log2 Pout

log2 ρ
. (2)

These definitions capture the high-SNR tradeoff of data rate,
represented by the multiplexing gain, and reliability, rep-
resented by the diversity gain. Note that in environments
with high spatial correlation or line-of-sight components,
the asymptotic results are useful only at very large SNR’s,
high data rates and correspondingly low outage probabilities.
However, for system design, it is desirable to characterize the
diversity-multiplexing tradeoff at operational SNR’s, data rates
and outage probabilities.

These considerations motivate the new non-asymptotic def-
initions introduced in this paper. The multiplexing gain r is
defined as the ratio of R to the capacity of an AWGN channel
at SNR ρ:

r =
R

log2(1 + ρ)
. (3)

Note that for a constant multiplexing gain r, the spectral
efficiency must increase as the SNR increases. The multiplex-
ing gain r provides an indication of the sensitivity of a rate
adaptation algorithm as the SNR changes. As the value of r
increases, a more sensitive rate adaptation strategy is used in
which a moderate change in SNR can result in a significant
change in the data rate.

As illustrated in Fig. 1, the diversity gain d(r, ρ) of a system
with multiplexing gain r at SNR ρ is defined by the negative
slope of the log-log plot of outage probability versus SNR:

d(r, ρ) = − ρ

Pout(r, ρ)
· ∂Pout(r, ρ)

∂ρ
(4)

where Pout(r, ρ) is the outage probability as function of the
multiplexing gain and SNR. The significance of this definition
for system design is that the diversity gain at a particular
operating SNR can be used to estimate the additional SNR
required to decrease the outage probability by a specified
amount, for a given rate adaptation strategy represented by
the multiplexing gain.

log SNR
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g 
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o

u
t

Diversity Gain
= -Slope

Fig. 1. Definition of diversity gain as a function of SNR.

III. COMPUTATION OF FINITE-SNR
DIVERSITY-MULTIPLEXING TRADEOFF

The definitions given in Section II are now used to compute
the diversity-multiplexing tradeoff as a function of SNR for
OSTBC and SM-HE.

A. OSTBC

Orthogonal space-time block codes have the attractive prop-
erty that the maximum diversity gain of MT MR can be
achieved at high SNR in rich scattering using linear processing
at the receiver. Given a channel realization H, the mutual
information for OSTBC with spatial code rate rs is given
by [7]

IOSTBC = rs log2

(
1 +

ρ

MT
‖H‖2

F

)
(5)

where ‖H‖2
F is the squared Frobenius norm of H. The spatial

code rate rs is equal to the average number of independent
symbols transmitted per channel use through the MT transmit
antennas. For example, rs = 1 for the Alamouti space-time
code [8], and rs = 1/2 or rs = 3/4 for the complex
orthogonal designs given in [9]. From the fact that the squared
Frobenius norm of the i.i.d. complex Gaussian channel matrix
H is a gamma random variable with parameters (MT MR, 1)
[7], the outage probability for OSTBC is computed as follows:

Pout,OSTBC(r, ρ) = Pr{IOSTBC < r log2(1 + ρ)}
= Pr

{
‖H‖2

F <
MT

ρ

[
(1 + ρ)r/rs − 1

]}

=
γ
(
MT MR, MT

ρ

[
(1 + ρ)r/rs − 1

])
(MT MR − 1)!

(6)

where γ(a, x) =
∫ x

0
ta−1e−t dt is the incomplete gamma

function. Now, from (4), the diversity gain is

dOSTBC(r, ρ) =
MT

ρ

(
MT

ρ

[
(1 + ρ)r/rs − 1

])MT MR−1

γ
(
MT MR, MT

ρ

[
(1 + ρ)r/rs − 1

])
· e−MT

ρ [(1+ρ)r/rs−1]
[
(1 + ρ)r/rs − 1 − rρ

rs
(1 + ρ)r/rs−1

]
.

(7)
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B. SM-HE

Spatial multiplexing with horizontal encoding is a simple
technique to achieve high spectral efficiencies in MIMO
systems. In SM-HE, a high rate data stream is demultiplexed
into MT substreams that are then independently encoded.
In this paper, zero forcing (ZF) or minimum mean squared
error (MMSE) linear processing is assumed at the receiver
with MR ≥ MT . The mutual information for SM-HE is
limited by the smallest post-processing SNR among the MT

substreams. Therefore, the mutual information of SM-HE
given the channel H is [7]

ISM-HE = MT log2

(
1 + min

i∈{1,...,MT }
ηi

)
(8)

where ηi is the post-processing SNR of i-th substream. The
substream SNR ηi is given by

ηi =

{
ρ/MT

[(H∗H)−1]i,i
, ZF

1
[(IMT

+ ρ
MT

H∗H)−1]i,i
− 1, MMSE (9)

where IMT
is the MT ×MT identity matrix and the superscript

∗ denotes conjugate transposition. Note that the ηi are not
independent since the noise terms among the substreams are
correlated. The outage probability is given by

Pout,SM-HE(r, ρ) = Pr{ISM-HE < r log2(1 + ρ)}
= Pr

{
min

i∈{1,...,MT }
ηi < (1 + ρ)r/MT − 1

}
(10)

Due to the correlation of ηi for i = 1, . . . ,MT , direct
computation of (10) is complicated. Simple upper and lower
bounds for Pout,SM-HE(r, ρ) can be used to gain insight into
the diversity-multiplexing tradeoff. An upper bound is com-
puted using the following inequality [10]: mini∈{1,...,MT } ηi ≥

ρ
MT

λmin(H∗H) , where λmin(A) is the minimum eigenvalue
of a square matrix A. Thus,

Pout,SM-HE ≤ Pr
{
λmin(H∗H) <

MT

ρ
[(1 + ρ)r/MT − 1]

}
(11)

where the dependence of Pout,SM-HE on (r, ρ) has been
suppressed for notational convenience. The probability density
function (pdf) of λmin(H∗H) has been computed in [11] and
is given by

fλmin(λ) = αMR,MT
λMR−MT e−MT λ

ν∑
k=0

akλk, λ ≥ 0

(12)

where the normalization constant αMR,MT
is given by

αMR,MT
=

[ ν∑
k=0

ak
(MR − MT + k)!
MMR−MT +k+1

T

]−1

(13)

and ν = (MR − MT )(MT − 1). The positive coefficients ak

can be determined numerically from recursion relations. The
upper bound is simplified further using the following lemma:

Lemma : Let X be a gamma random variable with param-
eters (MR − MT + 1, 1/MT ). Then,

Fλmin(λ) ≤ FX(λ) (14)

where Fλmin(·) and FX(·) denote the cumulative distribution
functions (cdf’s) of λmin(H∗H) and X , respectively.

Proof: The proof is given in the Appendix.
From (14), the following upper bound is obtained for the

outage probability:

Pout,SM-HE ≤
γ
(
MR − MT + 1,

M2
T

ρ [(1 + ρ)r/MT − 1]
)

(MR − MT )!
(15)

A lower bound for Pout,SM-HE can be obtained by consid-
ering the post-processing SNR of any substream (e.g., the first
substream). Thus,

Pout,SM-HE ≥ Pr
{
η1 < (1 + ρ)r/MT − 1

}
. (16)

Since the distribution of ηi for the MMSE receiver is not
known in closed form, the lower bound for the ZF receiver is
obtained. For the ZF receiver, η1 follows a gamma distribution
with parameters (MR−MT +1, ρ/MT ). Thus, the lower bound
for the outage probability of SM-HE using the ZF receiver is
given by

Pout,SM-HE ≥
γ
(
MR − MT + 1, MT

ρ [(1 + ρ)r/MT − 1]
)

(MR − MT )!
.

(17)

Note that the upper and lower bounds for Pout,SM-HE differ
only by a factor of MT in the second argument of the
incomplete gamma function.

From (4) and the bounds for Pout,SM-HE, the following
bounds are derived for the diversity gain dSM-HE(r, ρ):

dSM-HE(r, ρ) ≥
M2

T

ρ

(
M2

T

ρ

[
(1 + ρ)r/MT − 1

])MR−MT

γ
(
MR − MT + 1,

M2
T

ρ

[
(1 + ρ)r/MT − 1

])
· e−

M2
T

ρ [(1+ρ)r/MT −1]
[
(1 + ρ)r/MT − 1 − rρ

MT
(1 + ρ)r/MT −1

]
(18)

dSM-HE(r, ρ) ≤
MT

ρ

(
MT

ρ

[
(1 + ρ)r/MT − 1

])MR−MT

γ
(
MR − MT + 1, MT

ρ

[
(1 + ρ)r/MT − 1

])
· e−MT

ρ [(1+ρ)r/MT −1]
[
(1 + ρ)r/MT − 1 − rρ

MT
(1 + ρ)r/MT −1

]
.

(19)

Note that while both (18) and (19) hold for the ZF receiver,
only the lower bound (18) on the diversity gain is valid for
the MMSE receiver.
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Fig. 2. Outage probability of OSTBC for different multiplexing gains r.
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Fig. 3. Bounds on outage probability of SM-HE for different multiplexing
gains r (upper bounds: solid, lower bounds: dashed).

IV. NUMERICAL RESULTS

This section provides some numerical results on the outage
probabilities and diversity-multiplexing tradeoff curves, in-
cluding a comparison with asymptotic results. Let dmax denote
the maximum diversity gain for each space-time code. Then,

dmax =
{

MT MR, OSTBC
MR − MT + 1, SM-HE

. (20)

The high-SNR limits of the diversity gains for OSTBC and
SM-HE are

lim
ρ→∞ dOSTBC(r, ρ) = dmax

(
1 − r

rs

)
, 0 ≤ r ≤ rs (21)

lim
ρ→∞ dSM-HE(r, ρ) = dmax

(
1 − r

MT

)
, 0 ≤ r ≤ MT (22)

which agree with the results of [1].
Consider a MIMO system with MT = MR = 2 and the

Alamouti code for OSTBC. The outage probabilities versus
SNR are plotted for OSTBC and SM-HE in Figs. 2 and 3,
respectively. An interpretation of these outage probability
curves is that they provide a measure of system performance
for a particular sensitivity of the rate adaptation strategy
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Fig. 4. Diversity-multiplexing tradeoff curves for OSTBC and different
SNR’s.
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Fig. 5. Bounds on diversity-multiplexing tradeoff curves for SM-HE and
different SNR’s (upper bounds: solid, lower bounds: dashed).

represented by the multiplexing gain r. Since OSTBC depends
on the Frobenius norm of the channel rather than the channel
singular values, the outage probability of OSTBC, in contrast
to SM-HE, decreases significantly even for moderate sensitiv-
ities of the rate adaptation (e.g., r = 0.5).

The diversity-multiplexing tradeoff curves for various
SNR’s are plotted in Figs. 4 and 5, for OSTBC and SM-HE,
respectively. It can be seen from the tradeoff curves that the
available diversity is significantly lower than the high-SNR
theoretical limit for practical values of SNR. For instance, the
Alamouti code provides a maximum diversity gain of only
around 2.5 at SNR = 10 dB, instead of dmax = 4. From
Fig. 5, the upper and lower bounds for dSM-HE coincide at
the endpoints r = 0 and r = MT . Furthermore, the bounds
converge as the SNR increases.

The convergence of the tradeoff curves to the asymptote as
SNR → ∞ is nonuniform in that the convergence is faster for
higher multiplexing gains. In fact, even for SNR = 50 dB,
neither OSTBC nor SM-HE reach a diversity gain of dmax.
For system design purposes, it is useful to study the maximum
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Fig. 6. Fraction of maximum achievable diversity gain as a function of SNR.

achievable diversity gain at finite SNR (i.e., the diversity gain
for r → 0). From (7), (18) and (19), the limit as r → 0 of the
diversity gain as a function of SNR is given by

lim
r→0

d(r, ρ) = dmax

[
1 − ρ

(1 + ρ) ln(1 + ρ)

]
(23)

where the corresponding dmax is used for OSTBC and SM-HE.
The fraction of the maximum achievable diversity gain is
plotted as a function of SNR in Fig. 6. Note that for SNR’s in
the range of 10 dB – 20 dB, the achievable diversity is only
around 60% – 80% of the asymptotic value dmax. This insight
is useful in predicting system performance at the operating
SNR.

V. CONCLUSION

A new framework is presented in this paper to charac-
terize the diversity-multiplexing tradeoff of space-time codes
at finite SNR. Non-asymptotic multiplexing and diversity
gains are defined to characterize the achievable performance
of space-time systems at operational SNR’s. The diversity-
multiplexing tradeoff analysis for OSTBC and SM-HE shows
that achievable diversity gains are significantly lower at op-
erational SNR’s than the conventional asymptotic values for
SNR → ∞. This finite-SNR analysis provides new insight to
design space-time codes optimized for realistic operating and
channel conditions.

APPENDIX

PROOF OF (14)

From the cdf’s of the random variables X and λmin(H∗H),

FX(λ) − Fλmin(λ) =
γ(MR − MT + 1,MT λ)

(MR − MT )!
−

αMR,MT

ν∑
k=0

akγ(MR − MT + k + 1,MT λ)
MMR−MT +k+1

T

= αMR,MT

{
γ(MR − MT + 1,MT λ)
αMR,MT

(MR − MT )!
−

ν∑
k=0

akγ(MR − MT + k + 1,MT λ)
MMR−MT +k+1

T

}

= αMR,MT

{ ν∑
k=0

ak

MMR−MT +k+1
T

·
[
(MR − MT + k)!

(MR − MT )!
γ(MR − MT + 1,MT λ)

− γ(MR − MT + k + 1,MT λ)
]}

. (24)

Now, from the fact that for integer m,

γ(m,x) = (m − 1)!
(

1 − e−x
m−1∑
n=0

xn

n!

)
(25)

we have

FX(λ) − Fλmin(λ) = αMR,MT

ν∑
k=1

ak

MMR−MT +k+1
T

·
[
(MR − MT + k)!

(
1 − e−MT λ

MR−MT∑
n=0

(MT λ)n

n!

)

− (MR − MT + k)!
(

1 − e−MT λ
MR−MT +k∑

n=0

(MT λ)n

n!

)]

= αMR,MT

ν∑
k=1

ake−MT λ(MR − MT + k)!
MMR−MT +k+1

T

·
MR−MT +k∑

n=MR−MT +1

(MT λ)n

n!

≥ 0 (26)

since ak > 0 and λ ≥ 0.
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