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Abstract— We provide expressions for the bit error rate of
various transmit and receive diversity schemes for Orthogonal
Frequency-Division Multiplexing (OFDM) systems in the presence
of frequency offset, phase noise and channel estimation errors.
The derivations are also applicable for a general multiplicative
distortion of the received signal. We compare two transmit di-
versity schemes (space-time and space-frequency diversity) with
maximal ratio combining (MRC) receive diversity for frequency-
selective Rayleigh fading channels. Our results show that with
perfect channel estimates, practical values of the phase noise do
not significantly degrade the performance of the various diversity
methods for BPSK modulation. In contrast, the transmit diversity
schemes for OFDM are much more sensitive to channel estimation
errors than MRC receive diversity.

I. I NTRODUCTION

Antenna diversity techniques are well known as an effective
means of combating multipath fading [1]. Conventional maxi-
mum ratio combining (MRC) requires multiple receiver chains
that may not be feasible for low-power, low-cost portable de-
vices. Recently, transmit diversity and space-time coding [2],
[3] have been proposed as a means to combat multipath fading
without requiring multiple receiver chains. Under quasi-static
conditions and perfect channel state information at the receiv-
er, the simple transmit diversity method described in [2] with
two transmitters and one receiver has the same performance as
a system using MRC with one transmitter and two receivers.

The orthogonal transmit diversity techniques described in
[2], [3] are directly applicable to narrowband (flat) fading. Or-
thogonal Frequency-Division Multiplexing (OFDM) is a popu-
lar technique for combating frequency-selective fading by di-
viding the transmission bandwidth into a set of narrowband
subchannels [4], [5]. With a cyclic prefix, equalization re-
duces to compensating for the channel transfer function at each
subcarrier [6]. Two transmit diversity schemes for OFDM,
space-time OFDM (ST-OFDM) and space-frequency OFDM
(SF-OFDM), are described in [7], [8] where the performances
of the two methods are evaluated assuming perfect synchroniza-
tion and channel state information at the receiver.

A drawback of OFDM systems is the sensitivity to carrier
frequency offsets and phase noise [9], [10], [11]. Frequen-
cy offsets and phase noise result in the loss of orthogonality
among the subcarriers and cause intercarrier interference (ICI).
Accurate channel estimation is also important for systems us-
ing coherent detection. The results given in [12] show that for
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Fig. 1. OFDM system with two-branch MRC receive diversity.

single carrier transmission in flat Rayleigh fading, the simple
space-time transmit diversity method of [2] is more sensitive to
channel estimation errors than MRC receive diversity.

In this paper, we analyze the performance of ST-OFDM,
SF-OFDM, and MRC receive diversity in the presence of fre-
quency offset, phase noise and channel estimation errors. Sec-
tion II describes the system models for the various diversity
methods. Expressions for the bit error rate (BER) of the di-
versity techniques are given in Section III with frequency off-
set and phase noise present and perfect channel state informa-
tion at the receiver. In Section IV, BER expressions are giv-
en with channel estimation errors present and perfect synchro-
nization (no frequency offset and phase noise). Section V pro-
vides performance results for frequency-selective Rayleigh fad-
ing channels. Conclusions are given in Section VI.

II. SYSTEM MODELS

A. MRC

A block diagram of an OFDM system with two-branch
MRC receive diversity is given in Fig. 1. The data sym-
bols enter the serial-to-parallel (S/P) converter at a rate of
1
�
Ts, to form a block of N data symbols, � Xk � k 	 0 
 � � ��
 N 
 1,

with duration NTs. Throughout this paper, BPSK modula-
tion (Xk � ��� 1 � 1 � ) and an even block length are assumed.
The block of data symbols is modulated using anN-point
inverse discrete Fourier transform (IDFT), to form a block
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of time domain samples,� xn � n 	 0 
 � � ��
 N 
 1. After parallel-to-
serial (P/S) conversion, a cyclic prefix ofG samples is in-
serted to form the transmitted OFDM symbol ofN � G sam-
ples: � xN 
 G ��������� xN 
 1 � x0 ��������� xN 
 1 � . The OFDM symbol is
transmitted through two independent frequency-selective fad-

ing channels whose impulse responses are denoted byh � 0�n and

h � 1�n for receiving Antennas 0 and 1, respectively. We assume
that the maximum length of the channel impulse responses is
less thanG samples so that interblock interference (IBI) is
avoided and that the channels are quasi-static (channel impulse
responses are constant for a few OFDM symbols). The received

signal at Antennai is y � i �n � i � � 0 � 1 � . For each receiving anten-
na, the samples corresponding to the cyclic prefix are discarded
and the remaining samples enter a serial-to-parallel converter to
form a time-domain vector of the received OFDM symbol. The
received OFDM symbol is demodulated using anN-point dis-
crete Fourier transform (DFT) to form the frequency-domain

vector � Y � i �k � . With perfect synchronization, the frequency-
domain samples for each antenna are

Y � i �k � H � i �k Xk � V � i �k � k � 0 � 1 ��������� N � 1 (1)

whereH � i �k andV � i �k , i � � 0 � 1 � denote the DFT’s of the channel
impulse response and additive white Gaussian noise (AWGN),
respectively, at receiving Antennai. The variance of the real

and imaginary parts ofV � i �k is σ2
V . For each subcarrierk, max-

imum ratio combining is achieved at the receiver by forming
X̃k 
MRC, where

X̃k 
MRC � H � 0���k Y � 0�k � H � 1���k Y � 1�k � (2)

The decision statistic for BPSK demodulation isUk 
MRC �
ℜ � X̃k 
MRC � , whereℜ ��� � denotes the real part; the estimate of
the transmitted data iŝXk 
MRC � sgn� Uk 
MRC  .
B. ST-OFDM

A block diagram of the two-branch ST-OFDM system de-
scribed in [7] is given in Fig. 2. Consider two OFDM symbols
(Symbol 0 and Symbol 1) for transmission. For Symbol 0 and
subcarrierk, Xk 
 0 � sk 
 0 andXk 
 1 � � sk 
 1 are transmitted from
Antenna 0 and Antenna 1, respectively; for Symbol 1 and sub-
carrierk, Xk 
 0 � sk 
 1 andXk 
 1 � sk 
 0 are transmitted from Anten-
na 0 and Antenna 1, respectively. With perfect synchronization,
the frequency-domain samples corresponding to Symbols 0 and
1 received at the single receiver antenna are given byYk 
 0 and
Yk 
 1, k � 0 � 1 ��������� N � 1, where

Yk 
 0 � H � 0�k sk 
 0 � H � 1�k sk 
 1 � Vk 
 0 (3)

Yk 
 1 � H � 1�k sk 
 0 � H � 0�k sk 
 1 � Vk 
 1 � (4)

H � i �k � i � � 0 � 1 � denotes the DFT of the channel impulse response
from transmitting Antennai to the receiver andVk 
 0 andVk 
 1
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Fig. 2. Two-branch ST-OFDM system.

denote the DFT’s of AWGN corresponding to received Symbols
0 and 1, respectively. For each subcarrierk, the receiver forms
s̃k 
 0 and ˜sk 
 1, where

s̃k 
 0 � H � 0���k Yk 
 0 � H � 1�k Y �k 
 1 (5)

s̃k 
 1 � � H � 1���k Yk 
 0 � H � 0�k Y �k 
 1 � (6)

The decision statistics for BPSK demodulation areUk 
 0 
 ST �
ℜ � s̃k 
 0 � andUk 
 1 
 ST � ℜ � s̃k 
 1 � ; the estimates of the transmitted
data are ˆsk 
 0 � sgn� Uk 
 0 
 ST  and ˆsk 
 1 � sgn� Uk 
 1 
 ST  .
C. SF-OFDM

A block diagram of the two-branch SF-OFDM system de-
scribed in [8] is similar to Fig. 2 except the space-time code is
replaced by a space-frequency code as explained below. For
each OFDM symbol, adjacent subcarriersk and k � 1 (k �
0 � 2 � 4 ��������� N � 2) are used in the space-frequency code. For
subcarrierk, Xk 
 0 � sk 
 0 andXk 
 1 � � sk 
 1 are transmitted from
Antenna 0 and Antenna 1, respectively; for subcarrierk � 1,
Xk / 1 
 0 � sk 
 1 andXk / 1 
 1 � sk 
 0 are transmitted from Antenna 0
and Antenna 1, respectively. With perfect synchronization, the
DFT outputs at the receiver for subcarriersk andk � 1 are given
by Yk andYk / 1, where

Yk � H � 0�k sk 
 0 � H � 1�k sk 
 1 � Vk (7)

Yk / 1 � H � 1�k / 1sk 
 0 � H � 0�k / 1sk 
 1 � Vk / 1 (8)

andVk denotes the DFT of AWGN corresponding to subcarrier
k. After conjugating (8), the DFT outputs for subcarriersk and
k � 1 can be written in the matrix notation0

Yk

Y �k / 1 1 �32 0
sk 
 0
sk 
 1 1 � 0

Vk

V �k / 1 1 (9)
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where

24�65 H � 0�k � H � 1�k

H � 1���k / 1 H � 0���k / 1 7 � (10)

We consider two methods of data detection. The first method
is a zero-forcing (ZF) approach which involves inverting the
matrix 2 and detectingsk 
 0 andsk 
 1 separately. This detection
method will be denoted by SF-OFDM-ZF. In this method, the
receiver forms ˜sk 
 0 and ˜sk 
 1 for k � � 0 � 2 ��������� N � 2 � , where0

s̃k 
 0
s̃k 
 1 1 �82 
 1

0
Yk

Y �k / 1 1 (11)

The decision statistics for BPSK demodulation areUk 
 0 
 SF �
ℜ � s̃k 
 0 � andUk 
 1 
 SF � ℜ � s̃k 
 1 � ; the estimates of the transmitted
data are ˆsk 
 0 � sgn� Uk 
 0 
 SF  and ˆsk 
 1 � sgn� Uk 
 1 
 SF  .

Since2 is not a scaled unitary matrix in general, correlation
of the noise terms is introduced after matrix inversion. The ZF
approach is not optimum in the presence of correlated noise.
For this reason, a second detection method (denoted by SF-
OFDM-ML) is considered based on the maximum likelihood
(ML) criterion:0

ŝk 
 0
ŝk 
 1 1 � arg min� sk 9 0 
 sk 9 1 ��:; 
 1 
 1 < 2 ====

0
Yk

Y �k / 1 1 � 2 0
sk 
 0
sk 
 1 1 ====

2 � (12)

III. PERFORMANCE WITHFREQUENCY OFFSET AND

PHASE NOISE

In this section, we present expressions for the BER of MRC,
ST-OFDM and SF-OFDM-ZF with frequency offset and phase
noise. Since a simple closed-form expression for the BER of
SF-OFDM-ML is not available, we use computer simulations
to evaluate the performance of this method. In this section, we
assume perfect channel estimates are available at the receiver.

A. MRC

Let the carrier frequency offset be denoted by∆ f , the
discrete-time phase noise process byφn and the time-domain

samples of the AWGN for Antennai by v � i �n . In the presence

of frequency offset and phase noise, the received signaly � i �n at

Antennai can be expressed byy � i �n �?> xn @ h � i �n A λ � i �n � v � i �n , where

λ � i �n � e j � 2πn∆ f Ts / φn � and @ represents convolution. IfΛ � i �k de-

notes the DFT ofλ � i �n , the received sample for subcarrierk is

Y � i �k � 1
N

XkH � i �k Λ � i �0 � 1
N

N 
 1

∑
m 	 0 
m B	 k

XmH � i �m Λ � i �k 
 m � V � i �k � (13)

We assume thatΛ � i �0 (sometimes known as the common phase
error) can be estimated perfectly using pilot symbols. There-
fore, (2) is modified as

X̃k 
MRC � Λ � 0���0 H � 0���k Y � 0�k � Λ � 1���0 H � 1���k Y � 1�k � (14)

Substituting (13) into (14) and taking the real part, we obtain
the decision statistic

Uk 
MRC � 1
N CEDΛ � 0�0 H � 0�k D 2 � DΛ � 1�0 H � 1�k D 2 F Xk� 1

N

N 
 1

∑
m 	 0
m B	 k

ℜ G Λ � 0���0 Λ � 0�k 
 mH � 0���k H � 0�m � Λ � 1���0 Λ � 1�k 
 mH � 1���k H � 1�m H Xm

� ℜ G Λ � 0���0 H � 0���k V � 0�k � Λ � 1���0 H � 1���k V � 1�k H � (15)

Proceeding as in [12], we derive the BER conditioned on� H � i �m �
and � Λ � i �m � . The performance is then evaluated in Section V for
frequency-selective Rayleigh fading channels and for a phase
noise process with a Lorentzian power spectral density [9], [10],
[11]. Since the data symbolsXm are independent and identically
distributed (i.i.d.) for different subcarriersm, Uk 
MRC (condi-

tioned onXk, � H � i �m � and � Λ � i �m � ) approaches a Gaussian random
variable for largeN (by the central limit theorem). The mean
and variance ofUk 
MRC can be calculated using the relations
E > Xm A � 0 � E > X2

m A � 1, whereE > � A denotes expectation. After
simplification, we obtain

E >Uk 
MRC A � ak 
MRCXk (16)

σ2
Uk 9MRC � 1

N2

N 
 1

∑
m 	 0 
m B	 k

ℜ2 G Λ � 0���0 Λ � 0�k 
 mH � 0���k H � 0�m� Λ � 1���0 Λ � 1�k 
 mH � 1���k H � 1�m H � C�DΛ � 0�0 H � 0�k D 2 � DΛ � 1�0 H � 1�k D 2 F σ2
V �
(17)

where ak 
MRC � 1
N CEDΛ � 0�0 H � 0�k D 2 � DΛ � 1�0 H � 1�k D 2 F . The prob-

ability of error for subcarrierk is given by Pe 
MRC I k �
Q � ak 
MRC

�
σUk 9MRC  , whereQ � x  � 1J

2π K ∞
x e 
 t2 L 2dt. The BER

conditioned on� H � i �m � and � Λ � i �m � is obtained by averaging over
all subcarriers:

Pe 
MRC � 1
N

N 
 1

∑
k 	 0

Q M ak 
MRC

σUk 9MRC N � (18)

B. ST-OFDM

Let Λk 
 0 andΛk 
 1 denote the DFT’s of the frequency offset
and phase noise term for OFDM Symbols 0 and 1, respectively.

Let X � i �m 
 n �O� i � n  P� � 0 � 1 � 2 denote the BPSK data symbol trans-
mitted from Antennai in Symbol n on subcarrierm. In the
presence of frequency offset and phase noise, the samples for
subcarrierk and Symbols 0 and 1 are

Yk 
 0 � 1
N C Λ0 
 0H � 0�k sk 
 0 � Λ0 
 0H � 1�k sk 
 1 F� 1
N

N 
 1

∑
m 	 0 
m B	 k C H � 0�m X � 0�m 
 0 � H � 1�m X � 1�m 
 0 F Λk 
 m 
 0 � Vk 
 0 (19)

Yk 
 1 � 1
N C Λ0 
 1H � 1�k sk 
 0 � Λ0 
 1H � 0�k sk 
 1 F
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� 1
N

N 
 1

∑
m 	 0 
m B	 k C H � 0�m X � 0�m 
 1 � H � 1�m X � 1�m 
 1 F Λk 
 m 
 1 � Vk 
 1 � (20)

As in Section III-A, we assume perfect estimation ofΛ0 
 0
and Λ0 
 1. We then obtain expressions for the decision
statistics Uk 
 0 
 ST and Uk 
 1 
 ST , which are Gaussian random

variables given � H � i �m � , � Λm 
 n � , sk 
 0 and sk 
 1. The means
and variances ofUk 
 0 
 ST and Uk 
 1 
 ST can be calculated by
using the fact that the space-time code is applied to each

subcarrier and that the following properties forX � i �m 
 n � i �� 0 � 1 � �Q� m � n  R� � 0 � 1 ��������� N � 1 �TS � 0 � 1 � hold: E >X � 0�m 
 nX � 1�m 
 n A �
0 � E > X � 0�m 
 0X � 1�m 
 1 A � 1 � E > X � 0�m 
 1X � 1�m 
 0 A � � 1 andE > X � i �m 
 0X � i �m 
 1 A � 0.

Define α0 
 ST � Λ �0 
 0 DΛ0 
 1 D 2Λk 
 m 
 0H � 0���k , β0 
 ST �DΛ0 
 0 D 2Λ0 
 1Λ �k 
 m 
 1H � 1�k , α1 
 ST � � Λ �0 
 0 DΛ0 
 1 D 2Λk 
 m 
 0H � 1���k

and β1 
 ST � DΛ0 
 0 D 2Λ0 
 1Λ �k 
 m 
 1H � 0�k . After simplification, we
obtain

E >Uk 
 0 
 ST A � ak 
 ST sk 
 0 (21)

σ2
Uk 9 0 9 ST � 1

N2

N 
 1

∑
m 	 0
m B	 k Uℜ2 G α0 
 ST H � 0�m H � ℜ2 G α0 
 ST H � 1�m H

� ℜ2 G β0 
 ST H � 0���m H � ℜ2 G β0 
 ST H � 1���m H� 2ℜ G α0 
 ST H � 0�m H ℜ G β0 
 ST H � 1���m H� 2ℜ G α0 
 ST H � 1�m H ℜ G β0 
 ST H � 0���m HWV� DΛ0 
 0Λ0 
 1 D 2 C DΛ0 
 1H � 0�k D 2 � DΛ0 
 0H � 1�k D 2 F σ2
V (22)

E >Uk 
 1 
 ST A � ak 
 ST sk 
 1 (23)

σ2
Uk 9 1 9 ST � 1

N2

N 
 1

∑
m 	 0
m B	 k Uℜ2 G α1 
 ST H � 0�m H � ℜ2 G α1 
 ST H � 1�m H

� ℜ2 G β1 
 ST H � 0���m H � ℜ2 G β1 
 ST H � 1���m H� 2ℜ G α1 
 ST H � 0�m H ℜ G β1 
 ST H � 1���m H� 2ℜ G α1 
 ST H � 1�m H ℜ G β1 
 ST H � 0���m HWV� DΛ0 
 0Λ0 
 1 D 2 CEDΛ0 
 1H � 1�k D 2 � DΛ0 
 0H � 0�k D 2 F σ2
V (24)

whereσ2
V is the variance of the real and imaginary parts ofVk 
 n

andak 
 ST � 1
N DΛ0 
 0Λ0 
 1 D 2 CODH � 0�k D 2 � DH � 1�k D 2 F . The BER condi-

tioned on� H � i �m � and � Λm 
 n � is given by

Pe 
 ST 
 OFDM � 1
2N

N 
 1

∑
k 	 0 X Q M ak 
 ST

σUk 9 0 9 ST N � Q M ak 
 ST

σUk 9 1 9 ST NZY � (25)

C. SF-OFDM-ZF

Let Λk denote the DFT of the frequency offset and phase
noise term for the OFDM symbol under consideration. Let

X � i �m � i � � 0 � 1 � denote the BPSK data symbol transmitted from

Antennai on subcarrierm. With frequency offset and phase
noise, the relevant DFT outputs are

Yk � 1
N U C Λ0H � 0�k � Λ 
 1H � 1�k / 1

F sk 
 0 � C � Λ0H � 1�k � Λ 
 1H � 0�k / 1
F sk 
 1 V� 1

N

N 
 1

∑
m 	 0

m B	 k 
 k / 1
C H � 0�m X � 0�m � H � 1�m X � 1�m

F Λk 
 m � Vk (26)

Yk / 1 � 1
N U C Λ0H � 1�k / 1 � Λ1H � 0�k

F sk 
 0 � C Λ0H � 0�k / 1 � Λ1H � 1�k
F sk 
 1 V� 1

N

N 
 1

∑
m 	 0

m B	 k 
 k / 1
C H � 0�m X � 0�m � H � 1�m X � 1�m

F Λk / 1 
 m � Vk / 1 � (27)

We proceed as in Sections III-A and III-B to obtain the decision
statisticsUk 
 0 
 SF andUk 
 1 
 SF assuming perfect estimation ofΛ0.
Since the space-frequency code is applied to all pairs of subcar-
riers � k � k � 1 � k � � 0 � 2 ��������� N � 2 � , we have for any� m � n  [�� 0 � 1 ��������� N � 1 � 2, E > X � i �m X � i �n A � δn 
 m andE > X � 0�m X � 1�n A �
δn 
 m 
 1 � δn 
 m / 1, whereδm is the Kronecker delta function.

Defineα0 
 SF � Λ �0Λk 
 mH � 0���k / 1 � β0 
 SF � Λ0Λ �k / 1 
 mH � 1�k � α1 
 SF �� Λ �0Λk 
 mH � 1���k / 1 andβ1 
 SF � Λ0Λ �k / 1 
 mH � 0�k . Given � H � i �m � ,� Λm � , sk 
 0 andsk 
 1, the quantitiesUk 
 0 
 SF andUk 
 1 
 SF are Gaus-
sian random variables whose means and variances are given by

E >Uk 
 0 
 SF A � ak 
 0 
 SF sk 
 0 � bk 
 0 
 SFsk 
 1 (28)

σ2
Uk 9 0 9 SF � 1

N2

N 
 1

∑
m 	 0

m B	 k 
 k / 1 Uℜ2 G Dk C α0 
 SF H � 0�m � β0 
 SFH � 0���m
F H

� ℜ2 G Dk C α0 
 SF H � 1�m � β0 
 SFH � 1���m
F H�V� 2

N2

N 
 2

∑
m 	 0

m B	 k 
 1 
 k 
 k / 1

ℜ G Dk C α0 
 SF H � 0�m � β0 
 SFH � 0���m
F H

S ℜ G Dk C Λ �0Λk 
 1 
 mH � 0���k / 1 H � 1�m / 1 � Λ0Λ �k 
 mH � 1�k H � 1���m / 1
F H� 2

N2

N 
 1

∑
m 	 1

m B	 k 
 k / 1 
 k / 2

ℜ G Dk C α0 
 SF H � 0�m � β0 
 SFH � 0���m
F H

S ℜ G Dk C Λ �0Λk / 1 
 mH � 0���k / 1 H � 1�m 
 1 � Λ0Λ �k / 2 
 mH � 1�k H � 1���m 
 1
F H� DDk D 2 CEDΛ0H � 0�k / 1 D 2 � DΛ0H � 1�k D 2 F σ2

V (29)

E >Uk 
 1 
 SF A � ak 
 1 
 SF sk 
 1 � bk 
 1 
 SFsk 
 0 (30)

σ2
Uk 9 1 9 SF � 1

N2

N 
 1

∑
m 	 0

m B	 k 
 k / 1 Uℜ2 G Dk C α1 
 SF H � 0�m � β1 
 SFH � 0���m
F H

� ℜ2 G Dk C α1 
 SF H � 1�m � β1 
 SFH � 1���m
F H�V� 2

N2

N 
 2

∑
m 	 0

m B	 k 
 1 
 k 
 k / 1

ℜ G Dk C α1 
 SF H � 0�m � β1 
 SFH � 0���m
F H

S ℜ G Dk C � Λ �0Λk 
 1 
 mH � 1���k / 1 H � 1�m / 1 � Λ0Λ �k 
 mH � 0�k H � 1���m / 1
F H

1554



� 2
N2

N 
 1

∑
m 	 1

m B	 k 
 k / 1 
 k / 2

ℜ G Dk C α1 
 SF H � 0�m � β1 
 SFH � 0���m
F H

S ℜ G Dk C � Λ �0Λk / 1 
 mH � 1���k / 1 H � 1�m 
 1 � Λ0Λ �k / 2 
 mH � 0�k H � 1���m 
 1
F H� DDk D 2 C DΛ0H � 1�k / 1 D 2 � DΛ0H � 0�k D 2 F σ2

V (31)

whereσ2
V is the variance of the real and imaginary parts ofVk

andVk / 1 and

Dk � H � 0���k H � 0�k / 1 � H � 1���k H � 1�k / 1 (32)

ak 
 0 
 SF � 1
N U DΛ0 D 2 DDk D 2� ℜ G Dk C Λ �0Λ 
 1H � 0���k / 1 H � 1�k / 1 � Λ0Λ �1H � 0���k H � 1�k

F HWV (33)

bk 
 0 
 SF � 1
N

ℜ G Dk C Λ �0Λ 
 1 DH � 0�k / 1 D 2 � Λ0Λ �1 DH � 1�k D 2 F H (34)

ak 
 1 
 SF � 1
N U DΛ0 D 2 DDk D 2� ℜ G Dk C Λ �0Λ 
 1H � 0�k / 1H � 1���k / 1 � Λ0Λ �1H � 0�k H � 1���k

F HWV (35)

bk 
 1 
 SF � 1
N

ℜ G Dk C � Λ �0Λ 
 1 DH � 1�k / 1 D 2 � Λ0Λ �1 DH � 0�k D 2 F H � (36)

The BER conditioned on� H � i �m � and � Λm � is then given by

Pe 
 SF 
 OFDM 
 ZF � 1
2N

N 
 2

∑
k 	 0

k even

1

∑
i 	 0 X Q M ak 
 i 
 SF � bk 
 i 
 SF

σUk 9 i 9 SF N� Q M ak 
 i 
 SF � bk 
 i 
 SF

σUk 9 i 9 SF NZY � (37)

IV. PERFORMANCE WITHCHANNEL ESTIMATION ERRORS

In this section, expressions for the BER of MRC, ST-OFDM
and SF-OFDM-ZF are given in the presence of channel estima-
tion errors. We assume perfect synchronization such that there
is neither a frequency offset nor phase noise. We assume that

the channel estimates can be written asĤ � i �k � H � i �k � ε � i �k � i �� 0 � 1 � � k � � 0 � 1 ��������� N � 1 � , whereε � i �k represent the estima-
tion errors.

A. MRC

With channel estimation errors, (2) becomesX̃k 
MRC �
Ĥ � 0���k Y � 0�k � Ĥ � 1���k Y � 1�k � As in Section III, we compute the BER

conditioned onH � i �k andε � i �k ; in Section V, we present perfor-
mance results for frequency-selective Rayleigh fading channels

and for i.i.d. Gaussian channel estimation errorsε � i �k [12]. Giv-

enXk, H � i �k andε � i �k , the decision statisticUk 
MRC is a Gaussian
random variable whose mean and variance are given by

E >Uk 
MRC A � ak 
MRCXk (38)

σ2
Uk 9MRC � CED Ĥ � 0�k D 2 � D Ĥ � 1�k D 2 F σ2

V (39)

whereak 
MRC � DH � 0�k D 2 � DH � 1�k D 2 � ℜ � ε � 0���k H � 0�k � ε � 1���k H � 1�k � .
Equations (38) and (39) are generalizations of the results given

in [12] to OFDM. The BER conditioned on� H � i �k � and � ε � i �k � is
then given by (18) with (38) and (39).

B. ST-OFDM

ReplacingH � i �k by Ĥ � i �k in (5) and (6) and taking the real part,
we obtain the decision statisticsUk 
 0 
 ST andUk 
 1 
 ST . By sym-
metry, it suffices to considerUk 
 0 
 ST to compute the BER. We
have

E >Uk 
 0 
 ST A � ak 
 0 
 ST sk 
 0 � bk 
 0 
 ST sk 
 1 (40)

σ2
Uk 9 0 9 ST � COD Ĥ � 0�k D 2 � D Ĥ � 1�k D 2 F σ2

V (41)

where ak 
 0 
 ST � DH � 0�k D 2 � DH � 1�k D 2 � ℜ � ε � 0���k H � 0�k � ε � 1�k H � 1���k �
andbk 
 0 
 ST � ℜ � ε � 1�k H � 0���k � ε � 0���k H � 1�k � . Equations (40) and (41)
are generalizations of the results given in [12] to OFDM. The
conditional BER is then

Pe 
 ST 
 OFDM � 1
2N

N 
 1

∑
k 	 0 X Q M ak 
 0 
 ST � bk 
 0 
 ST

σUk 9 0 9 ST N� Q M ak 
 0 
 ST � bk 
 0 
 ST

σUk 9 0 9 ST NZY � (42)

We note thatPe 
 ST 
 OFDM \ Pe 
MRC if ak 
 0 
 ST \ 0, which is true

for D ε � i �k D^]_DH � i �k D � i � 0 � 1.

C. SF-OFDM-ZF

We proceed as in Section IV-B to obtain the means and vari-

ances ofUk 
 0 
 SF andUk 
 1 
 SF (given � H � i �m � and � ε � i �m � ):
E >Uk 
 0 
 SF A � ak 
 0 
 SF sk 
 0 � bk 
 0 
 SFsk 
 1 (43)

σ2
Uk 9 0 9 SF � D D̂k D 2 C D Ĥ � 0�k / 1 D 2 � D Ĥ � 1�k D 2 F σ2

V (44)

E >Uk 
 1 
 SF A � ak 
 1 
 SF sk 
 1 � bk 
 1 
 SFsk 
 0 (45)

σ2
Uk 9 1 9 SF � D D̂k D 2 C`D Ĥ � 1�k / 1 D 2 � D Ĥ � 0�k D 2 F σ2

V (46)

where

D̂k � Ĥ � 0���k Ĥ � 0�k / 1 � Ĥ � 1���k Ĥ � 1�k / 1 (47)

ak 
 0 
 SF � ℜ � D̂k U Ĥ � 0���k / 1 H � 0�k � Ĥ � 1�k H � 1���k / 1 V � (48)

bk 
 0 
 SF � ℜ � D̂k C � ε � 0���k / 1H � 1�k � ε � 1�k H � 0���k / 1
F � (49)

ak 
 1 
 SF � ℜ � D̂k U Ĥ � 1���k / 1 H � 1�k � Ĥ � 0�k H � 0���k / 1 V � (50)

bk 
 1 
 SF � ℜ � D̂k C � ε � 1���k / 1H � 0�k � ε � 0�k H � 1���k / 1
F � � (51)

The conditional BER is given by (37) using (43)–(51).
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V. SIMULATION RESULTS

The average BER of each OFDM system can be ob-
tained by averaging the conditional BER expressions
given in Sections III and IV over the distributions for
the phase noise, channel gains and channel estimation
errors. For example, the BER of the MRC system can be

computed as follows. LetΛΛΛ �a>Λ � 0�0 ����� Λ � 0�N 
 1 Λ � 1�0 ����� Λ � 1�N 
 1 A T ,

H � >H � 0�0 ����� H � 0�N 
 1 H � 1�0 ����� H � 1�N 
 1 A T and εεε �> ε � 0�0 ����� ε � 0�N 
 1 ε � 1�0 ����� ε � 1�N 
 1 A T . The average BER of the MRC
system with frequency offsets and phase noise is given by

Pe 
MRC 
 avg� �cb Pe 
MRC p � ΛΛΛ � H  dΛΛΛdH (52)

wherep � ΛΛΛ � H  is the joint probability density function (PDF) of� ΛΛΛ � H  andPe 
MRC is the conditional BER given by (18). Sim-
ilarly, the average BER of the MRC system with channel esti-
mation errors is given by

Pe 
MRC 
 avg� � b Pe 
MRC p � εεε � H  dεεεdH (53)

wherep � εεε � H  is the joint PDF of� εεε � H  andPe 
MRC is the con-
ditional BER given in Section IV-A. The average BER’s for
ST-OFDM and SF-OFDM are computed in a similar fashion.

The average BER is evaluated for each system semianalyt-
ically by calculating the conditional BER followed by Monte
Carlo simulation for frequency-selective Rayleigh fading chan-
nels. The system parameters, listed in Table I, are based on
the physical layer specifications of the HIPERLAN/2 and IEEE
802.11a wireless LAN standards [13], [14]. Without any over-
head for pilot symbols, these parameters imply an uncoded data
rate of 16 Mbps. The average signal-to-noise ratio (SNR) is de-
fined by SNR� E > DHk D 2 A � σ2

V and the channel estimation error-

to-signal ratio (ESR) is defined by ESR� E > D ε � i �k D 2 A � E > DH � i �k D 2 A .We assume that the channel is quasi-static (constant impulse
response for a few OFDM symbols and no Doppler spread) and
that the channel estimation errors are i.i.d. Gaussian random
variables. The second assumption is justified by considering the
following least squares channel estimator. In the HIPERLAN/2
system, the frequency domain training sequenceXk for channel
estimation is a BPSK signal. From (1), the least squares channel

estimates are given bŷH � i �k � Y � i �k

�
Xk � H � i �k � V � i �k

�
Xk. Since

TABLE I
SYSTEM PARAMETERS.

Parameter Value
Power Delay Profile Exponential
RMS Delay Spread 100 ns
Sampling Rate� 1 � Ts  20 MHz
Number of Subcarriers� N  64
Cyclic Prefix � G  16

13 13.5 14 14.5 15 15.5 16 16.5
10−4

10−3

10−2

SNR (dB)

B
E

R

MRC (No PN)    
ST−OFDM (No PN)
MRC (PN)       
ST−OFDM (PN)   

Fig. 3. BER performance of MRC and ST-OFDM. The curves labeled by (No
PN) are results without frequency offset and phase noise; the curves labeled by
(PN) are results for∆ f d 10 kHz and rms phase noise 5o with 3-dB frequency
of 50 kHz.

DXk D � 1, the channel estimation errors are i.i.d. Gaussian vari-
ables with varianceσ2

V .
In obtaining the conditional BER expressions in Section III,

the ICI due to frequency offsets and phase noise was assumed
to be Gaussian distributed. This assumption was verified by
comparing the average BER’s obtained using the semianalyti-
cal approach with the results of exact simulations for each sys-
tem. The calculations and simulations are seen to agree. Since
the Gaussian ICI assumption is accurate, the results to follow
are obtained using the semianalytical approach, except for the
SF-OFDM-ML system for which the results are obtained from
exact simulations.

Figs. 3 and 4 are plots of the BER versus SNR for the vari-
ous diversity techniques. It can be seen that without frequency
offset or phase noise (curves labeled by (No PN)), the perfor-
mances of MRC and ST-OFDM are identical, as is expected
for transmit diversity and receive diversity with perfect channel
estimates and an ideal receiver. In contrast, there is a loss
of 1.3 dB at BER� 10
 3 for the SF-OFDM-ZF method with
respect to MRC and ST-OFDM. As discussed in Section II-C,
the SF-OFDM-ZF method is not optimal for channels with
nonzero delay spread since the channel matrix2 is not a scaled
unitary matrix, and the matrix inversion introduces correlation
of the noise terms on adjacent subcarriers. The performance
of the SF-OFDM method is improved significantly by using
the maximum likelihood criterion (SF-OFDM-ML); the loss of
SF-OFDM-ML with respect to MRC at BER� 10
 3 is 0.15
dB. The curves labeled by (PN) represent the performance for
a residual frequency offset of∆ f � 10 kHz and a Lorentzian
phase noise process with rms value of 5o and 3-dB frequency
of 50 kHz. It can be seen that the degradation is small for prac-
tical values of the residual frequency offset and phase noise;
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13 13.5 14 14.5 15 15.5 16 16.5
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SNR (dB)
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SF−OFDM−ZF (No PN)
SF−OFDM−ML (No PN)
SF−OFDM−ZF (PN)   
SF−OFDM−ML (PN)   
MRC (No PN)       

Fig. 4. BER performance of SF-OFDM-ZF and SF-OFDM-ML. The curves
labeled by (No PN) are results without frequency offset and phase noise; the
curves labeled by (PN) are results for∆ f d 10 kHz and rms phase noise 5o

with 3-dB frequency of 50 kHz. The curve for MRC is included for reference.
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ESR = −10 dB

SNR (dB)

B
E

R

MRC       
ST−OFDM   
SF−OFDM−ZF
SF−OFDM−ML

Fig. 5. BER performance of diversity techniques with channel estimation
errors.

at BER � 10
 3, the loss is 0.14 dB for MRC, 0.2 dB for ST-
OFDM, 0.26 dB for SF-OFDM-ZF, and 0.2 dB for SF-OFDM-
ML. The degradation would be larger for higher order constel-
lations.

Fig. 5 is a plot of the BER versus SNR in the presence
of channel estimation errors. From the plot, we see that the
transmit diversity methods for OFDM are much more sensitive
to channel estimation errors than MRC receive diversity. For
ESR � � 10 dB, the degradation at BER� 10
 2 is 2.25 dB for
MRC, 5.45 dB for ST-OFDM, 9.5 dB for SF-OFDM-ZF, and

5.9 dB for SF-OFDM-ML.

VI. CONCLUSIONS

Expressions have been derived for the BER of various trans-
mit and receive diversity methods for OFDM systems using
BPSK with carrier frequency offset, phase noise and channel
estimation errors. The derivations with frequency offset and
phase noise can be applied to a general multiplicative distor-
tion of the received signal. Simulation results for frequency-
selective multipath channels show a small loss in performance
due to frequency offset and phase noise. For the SF-OFDM
transmit diversity method, it is seen that SF-OFDM-ZF incurs a
loss with respect to ST-OFDM and MRC due to the variation in
the channel transfer function between adjacent subcarriers; us-
ing SF-OFDM-ML improves the performance significantly at
the expense of increased complexity. The results also indicate
that the transmit diversity methods are much more sensitive to
channel estimation errors than the MRC receive diversity tech-
nique.
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