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Mean and Variance of the Local Maxima of a
Rayleigh Fading Envelope

Ravi NarasimhanMember, IEEEand Donald C. CoxFellow, IEEE

Abstract—A derivation is provided for the mean and variance whereb, = E[r3(2)]; Jo(-) is the zeroth-order Bessel function
of the local maxima of a Rayleigh fading envelope. The calcula- of the first kind, and\ is the carrier wavelength. We note that for

tion is performed for a uniform 2-D angular distribution of inci- this model,r;(z) andrq(z) are zero-mean Gaussian random
dent power using the autocorrelation function given in the book by "I Q

Jakes. This calculation is useful to obtain estimates of the mean re- p_roc_esses,_an@(a:) is a zero-mean random process uniformly
ceived signal strength over a given spatial averaging interval. distributed in[0, 2r).

Index Terms—Probability, Rayleigh fading, statistics, wireless

communication. [1l. M EAN AND VARIANCE OF ENVELOPE LOCAL MAXIMA
Let {r**} denote the local maxima efx). From [4], [5],
the probability that the Rayleigh envelope:) has a local max-

_ _ . ~imum in the distance intervél:, = 4 dz) and in the amplitude
HE MEAN signal strength received at a mobile station ithterval (7, » + dr) is

a wireless system is needed to determine the quality of the o
radio link for use in handoff, power control, and channel assign- —dzdr / plr, v’ =0, 7")r" dr” )
ment algorithms. For Rayleigh fading with a uniform two-di- oo ’

mensional (2-D) angular distribution of incident power, a spatiglyare,’ and+ denote the first and second derivatives(f)
averaging interval of 20 to 40 Wayelengths has been suggeﬁy\ﬁg] respect tar, andp(r, ', "'} is the joint probability den-
to estimate the mean received signal strength [1]. In practl% function (pdf) of(, /, ") Therefore, the first and second

only signal samples taken at a constant temporal interval a8 . nts of the local maxima are given by
available. The corresponding temporal averaging interval de-

pends on the mobile speed. Since the local maxima of the re- /OO /0 P o(r, ! = 0, 7Y die dr
ceived envelope occur with a characteristic spatial scale, a fixe T =0 J =00 P =5

number of local maxima can be used to estimate the receiv ™)) = oo 0

signal strength averaged over a given spatial interval for vari- / / ) r p(r, ' =0,7") dr' dr
able mobile speed in a manner similar to the method given in =0 r=—eo A3)
[2]. The mean of the local maxima is needed for this estimatiQiheren — 1 for the first moment andh = 2 for the second
method. In addition, the mean square error of the estimate is gegment.

. INTRODUCTION

termined by the variance of the local maxima. The pdf p(r, ', 7"’} is determined by the change of vari-
ables (ry, rQ; ", Tle_T/T/v ) = .(7’, 93 8, 6.
Il. SIGNAL MODEL The Jacobian of this transformation is>. The vector

— [ . S AT _ H
Let () denote the envelope received at a mobile station 4= ("7 ?Cﬁ’ "1 TQy 1T ol IS @ zero-mean Gaussian random
a function of the scalar position variabten a Rayleigh fading VECtor with covariance

environment with a uniform 2-D angular distribution of inci- bo 0 0 0 —by O

dent power. The corresponding in-phase component, quadra- 0 bo 0 0 0 —b

ture component, and phase of the received signal are denoted s | 0 0 b 0 0 0 4)
by r1(z), rq(x), andé(z), respectively. For these conditions, 0 0 0 b O 0

the autocorrelation of the in-phase (or quadrature) component by 0 0 0 by 0

is given by [3] 0 —=bp 0 0 0 by

whereb, = (bo/2)(27/A\)?, andby = (3bo/8)(27/\)*. The
pdf of z is then

1 1 rey
zZ) = ————exp|——z" X "z}.
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— B2(r")2 4 boby(r')? + 2b2r7" After substitution of the expressions fog, b, by and the
+ Boba(r")2 — 362r2(6') + bobar?(6')? change of variables = 7" /[v/bo(27/A)?], v = r/v/bo, We

obtain the following integrals necessary for evaluating (3)
+ 4b0b2(7‘/)2(9/)2 — 2()0()27’7’” (9/)2

(3u/8)
n/2 n4(3/2)¢_ oaL/2
+b0b27’2(9’)4+4b0b2r7”9’9”+b0b27’2(9”)2]}. © =t / . / a3/ - )
X 62(3y/8+m)2—3y2/2—4acy—4ac2
The pdfp(r, +' = 0, ) for > [(bobs — 3b3)/(2bob )]r is x K14 (23y/8 + )?) dw dy
o0 0
n/2
., s [ f
p(r, 7 =0, 7 y=0 Jo=—(3y/8)
T nt(3/2) 1/2
X Jy/8+
/ / / Nk (By/8+x)
[ =0 =0

« 62(3y/8+x)2—3y2/2—4acy—41;2
X p(r, 0,7 =0,6, ¢ 6")de" d6’' do

2
B 7,3/2[(31)3 — boby)r + 2()0527’”]1/2 X [1_1/4(2(3y/8 +z) )2
[(3b3 — boby)r + 2bobar”]? The mean and variance of*** are determined by numerical
xe 165002 (bobs — b2) integration
byr? + 2borr” + bo(r")?
_ E .max P 1 72 10
2(bobs — 02) [ = Vo (10)
al; (363 — boba)r + 2b0b2r"']? var[rp®] = I— — B[] & 0.46 b. (11)
L4 16bob2 (bobs — b2) 0

[(3b2 — boby)r + 2bobar]? Results of computer simulation agree with the values given
I 7
+i1/4 < 166062 (boba — 12) )} (7) above.

[V. CONCLUSION
wherel.,,4( - ) is the modified Bessel function of the first kind

of order+1/4. Forr” < [(bobs — 33)/(2boba)r A calculation is presented to determine the mean and variance

of the local maxima of a Rayleigh fading envelope. The mean of
the local maxima is useful to obtain an estimate of the received

p(r, v =0, 7") signal strength averaged over a given spatial interval. The mean
3/2 2 172 square error of the estimate can be computed using the variance
T [— (3b2 - b0b4)7’ - 2b0b27’ ] . . .
= T . of the local maxima. The analytical values of the mean and vari-
V32m3 by~ (boby — b3)1/2 ance of the local maxima are validated by computer simulation.
v [(3()3 — b0b4)7’ + 2()0()27‘”]2
ex
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