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Abstract— This paper presents power-ef�cient transmission
schemes for the multiple-input multiple-output orthogonal
frequency-division multiplexing (MIMO-OFDM) block-fading
channel under the assumption that the channel during each
fading block is known perfectly at the receiver, but is unavail-
able at the transmitter. Based on the well-known vertical Bell
Labs layered space-time (V-BLAST) architecture that employs
independent encoding for each transmit antenna and successive
decoding at the receiver, this paper presents a per-antenna-based
power and rate feedback scheme, termed the “closed-loop” V-
BLAST, for which the receiver jointly optimizes the power and
rate assignments for all transmit antennas, and then returns
them to the transmitter via a low-rate feedback channel. The
power and rate optimization minimizes the total transmit power
for support of an aggregate transmission rate during each fading
block. Convex optimization techniques are used to design ef�cient
algorithms for optimal power and rate allocation. The proposed
algorithms are also modi�ed to incorporate practical system
constraints on feedback complexity and on modulation and cod-
ing. Furthermore, this paper shows that the per-antenna-based
power and rate control can be readily modi�ed to combine with
the conventional linear MIMO transmit precoding technique as
an ef�cient and capacity-approaching partial-channel-feedback
scheme. Simulation results show that the closed-loop V-BLAST
is able to approach closely the MIMO-OFDM channel capacity
assuming availability of perfect channel knowledge at both the
transmitter and the receiver.

Index Terms— Orthogonal frequency-division multiplexing
(OFDM), multiple-input multiple-output (MIMO), adaptive mod-
ulation and coding (AMC), power control, partial channel feed-
back, linear precoding, convex optimization.

I. I NTRODUCTION

M ULTIPLE-input multiple-output orthogonal frequency-
division multiplexing (MIMO-OFDM) is a promising

technique to support broadband transmission over frequency-
selective fading channels with multiple transmit and/or mul-
tiple receive antennas. When the channel is known perfectly
at both the transmitter and the receiver, the MIMO-OFDM
channel capacity limits can be achieved by signaling through
the channelÕs spatial eigenmodes at each OFDM tone along
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with water-Þlling-based power and rate assignments [1]-[4].
Two commonly adopted information-theoretic limits for fading
channels are the channelergodic capacity and the channel
delay-limited capacity. For data trafÞc that is not delay-
sensitive and thus allows for variable-rate transmission, the
ergodic capacity measures the maximum average-rate over
the fading channel by optimally adapting the transmission
rates at different fading states [5]. On the other hand, when
the data trafÞc is delay-constrained (e.g., real-time voice and
video) and hence requires for a constant-rate transmission, the
delay-limited capacity is a useful measure of the maximum
constant-rate that can be reliably transmitted over all fading
states [6]. Because of the constant-rate constraint, the delay-
limited capacity is always smaller than the ergodic capacity
for fading channels with the same average transmit power.
However, the delay-limited capacity is usually very close to
the ergodic capacity for the MIMO-OFDM frequency-selective
fading channel because of its inherent rich space-time diversity
[7], [8]. This fact makes the MIMO-OFDM very suitable
for support of high-rate and delay-constrained trafÞc over the
multi-path fading channel.

The transmission over spatial eigenmodes relies on the
perfect channel knowledge at the transmitter. For wireless
systems where the transmitter can acquire channel knowledge
only via a feedback channel, the amount of feedback overhead
can be very costly for the MIMO-OFDM with a large number
of antennas and/or multi-path delayed taps with signiÞcant
path gains. As a result, a great deal of research work has
studied the feedback of onlypartial channel knowledge for
MIMO and MIMO-OFDM channels, ranging from directly
quantized channel values (e.g., [9] and references therein)
to transmit parameters derived from the receiver channel
knowledge, such as transmit powers and rates [10]-[13] and/or
linear precoding vectors [14]-[17]. This paper inscribes itself
into this framework and studies power-efÞcient transmission
schemes for the MIMO-OFDM with a limited-rate feedback.

To achieve this goal, this paper presents aclosed-loopexten-
sion of the well-known vertical Bell Labs layered space-time
(V-BLAST) architecture [18], [19]. The V-BLAST architec-
ture was originally proposed as a simple spatial-multiplexing
scheme for the ßat-fading MIMO channel to support high-
rate data transmission when there is no channel knowledge
available at the transmitter. The V-BLAST is attractive from
an implementation standpoint:each transmit antenna simply
radiates an independently encoded data stream with equal
transmission rate and power, and these data streams are de-
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coded at the receiver via the nulling-based successive decoding
[19]. Because of the randomness of the MIMO channel, the
achievable sum-rate from all transmit antennas of this open-
loop V-BLAST is limited by the transmit antenna with the
weakest channel condition [19]. Therefore, several closed-loop
extensions of V-BLAST have been considered for which the
receiver assigns the power and rate for each transmit antenna
and then returns them to the transmitter via a limited-rate feed-
back channel (e.g., [10]-[13]). In [13], Chung et al. proposed a
closed-loop V-BLAST architecture with the minimum-mean-
squared-error (MMSE) -based optimal successive decoding
(OSD).1 Consequently, this closed-loop V-BLAST achieves
the MIMO channel capacity with equal power assignment
for each transmit antenna when there is only per-antenna rate
feedback. With both power and rate feedback for each transmit
antenna, in [13] it was shown that the achievable rate of this
closed-loop V-BLAST can be even very close to the MIMO
channel capacity attained through the eigenmode transmission
with optimal water-filling-based power and rate assignments.

The main contribution of this paper is to extend upon
[13] in several major aspects. First, an extended version
of the closed-loop V-BLAST scheme of [13] is proposed
to make it applicable to frequency-selective fading MIMO-
OFDM channels. Second, the optimal feedback power and
rate assignments are obtained as solutions to a sequence of
convex optimization problems for which efficient numerical
algorithms are presented. Third, practical constraints on power
and rate assignments as well as on modulation and coding
are incorporated into the closed-loop V-BLAST. Finally, it is
shown that the per-antenna-based power and rate control based
on the short-term channel dynamics can be modified to com-
bine with the linear MIMO transmit precoding derived from
the long-term channel statistics as an efficient and capacity-
approaching feedback scheme for MIMO and MIMO-OFDM
fading channels.

The rest of this paper is organized as follows: Section II pro-
vides the MIMO-OFDM system model. Section III illustrates
the closed-loop V-BLAST for the MIMO-OFDM. Section
IV presents solutions to optimization problems for feedback
power and rate assignments in the closed-loop V-BLAST.
Section V deals with the reduction of feedback complexity
by applying practical power and rate constraints. Section VI
considers practical coding and modulation constraints. Section
VII incorporates the linear transmit precoding into the closed-
loop V-BLAST. Section VIII presents the simulation results.
Finally, Section IX concludes this paper.

Notations: Scalars are denoted by lower-case letters, e.g.,
x, y, and bold-face lower-case letters are used for vectors,
e.g., x,y, and bold-face upper case letters for matrices,
e.g., S. |S| denotes the determinant, S−1 the inverse and
Tr(S) the trace of a square matrix S. For any general
matrix M , M † denotes its conjugate transpose. I denotes
the identity matrix. Diag(x) denotes a diagonal matrix with
all the diagonal elements represented by the vector x. E[·]
denotes statistical expectation. Cx×y denotes the space of

1The nulling-based successive decoding (or the so-called V-BLAST re-
ceiver) and the MMSE-based OSD are equivalent to the zero-forcing (ZF)
-based and MMSE-based generalized decision-feedback equalizer (GDFE),
respectively, for the Gaussian inter-symbol-interference (ISI) channel [20].

x × y matrices with complex entries. RM denotes the M -
dimensional real Euclidean space, and RM+ its non-negative
orthant. The distribution of a complex Gaussian vector with
the mean vector x and the covariance matrix Σ is denoted
by CN (x,Σ), and ∼ means “distributed as”. The quantity
min(x, y) and max(x, y) denote, respectively, the minimum
and the maximum between two real numbers, x and y, and
(x)+ = max(x, 0). The quantity ||x|| denotes the Euclidean
norm of a vector x.

II. SYSTEM MODEL

A MIMO-OFDM system is parameterized by the number
of transmit antennas, receive antennas and orthogonal OFDM
tones, denoted by Mt, Mr and N , respectively. This paper
assumes that the transmission is on a time-block basis and
the MIMO-OFDM channel is block-fading, i.e., the channel
remains constant during each transmission block but can
possibly vary from one block to another. It is further as-
sumed that the cyclic prefix of each OFDM symbol is suf-
ficiently long to suppress the inter-symbol-interference (ISI)
between consecutive OFDM symbols. By applying standard
OFDM modulation and demodulation at the transmitter and
the receiver, respectively, the demodulated signal during one
transmission block of interest can be represented as:

yk(n) = Hksk(n) + uk(n), (1)

where yk(n) ∈ CMr×1 and sk(n) ∈ CMt×1 are the received
and transmitted signal vectors at the kth OFDM tone, re-
spectively, k = 1, 2, . . . , N , n denotes the OFDM symbol
index, n = 1, 2, . . . , Q, and Q denotes the number of OFDM
symbols during each block transmission. Hk ∈ CMr×Mt

denotes the frequency-domain channel at the kth tone and is
assumed to be constant during the whole block transmission.
uk(n) ∈ CMr×1 is the additive noise at the receiver and it is
assumed that uk(n) ∼ CN (0, I). If the time-domain channel
responses have L delayed taps, then H̃� denotes the time-
domain channel at the �th tap, � = 1, . . . , L. The frequency-
domain channel Hk can be then expressed as:

Hk =
L�

�=1

H̃� exp (−j 2π(k − 1)(�− 1)/N) . (2)

This paper assumes that the optimal Gaussian codebook is
used at the transmitter, and the perfect decoding is employed
at the receiver. Practical coding and modulation constraints
are considered in Section VI. Under theses assumptions, the
transmitted signals at each tone {sk(n)} are independent
Gaussian vectors with zero-means and covariance matrices,
Σk = E[sk(n)s†

k(n)], k = 1, . . . , N , where the expectation is
taken over the codebook of each transmission block. Assuming
that the rate loss because of the insertion of cyclic prefix in
each OFDM symbol is ignored, the achievable transmission
rate of each block in terms of bits per real dimension can be
obtained as the mutual information between the transmitted
and received signals:

R =
1

2N

N�

k=1

log2

�
�
�I + HkΣkH

†
k

�
�
� . (3)
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If the eigenmode transmission is employed to achieve the
channel capacity limits, the optimal Σk has the eigenvalue
decomposition in the form of V kΓkV

†
k, where V k is the pre-

coding matrix obtained from the singular-value decomposition
(SVD) of Hk, and Γk is a diagonal matrix and its diagonal
vector denotes the power allocation for spatial sub-channels
derived by the water-filling algorithm (e.g., [3] and [4]).

The required total transmit power for this transmission block
is denoted by:

P =
1
N

N�

k=1

Tr(Σk). (4)

And the average signal-to-noise ratio (SNR) at the receiver is
defined as:

SNR �
P

� N
k=1 E

�
Tr(HkH

†
k)

�

MtNE
�
Tr

�
uk(n)u†

k(n)
�� . (5)

If it is further assumed that E[Tr(HkH
†
k)] = MrMt, ∀k, it

can be easily verified from (5) that SNR = P .

III. CLOSED-LOOP V-BLAST FOR MIMO-OFDM

This section presents an extension of the V-BLAST archi-
tecture shown in [18] for the frequency-selective block-fading
MIMO-OFDM channel. This V-BLAST extension is referred
to as the closed-loop V-BLAST, to be distinguished from the
open-loop V-BLAST described in [18]. The closed-loop V-
BLAST differs from the open-loop V-BLAST in that there
exists a feedback channel that enables the receiver to return
to the transmitter the optimized powers and rates for transmit
antennas at different OFDM tones. However, the closed-
loop V-BLAST does not feed back the complete channel
required by the eigenmode transmission. The optimization of
transmit parameters in the closed-loop V-BLAST is based
on the channel knowledge at the receiver with the goal of
minimization of the total transmit power to support a target
transmission rate, denoted by R, for each fading block. It is
assumed that the feedback delay is negligible compared to
the channel coherence time and, hence, the channel is not
changed during the feedback. Fig. 1 provides an illustration of
the closed-loop V-BLAST architecture for the MIMO-OFDM,
which is described in more details by the following bullets:

• Demultiplexer (Demux): All information bits of each
transmission block associated with a target rate, R, are
first divided into Mt data streams, each carrying a portion
of the total bits equal to Ri/R, i = 1, 2, . . . ,Mt, where
Ri denotes the rate for the ith data stream.

• Encoder: Each data stream is then independently pro-
cessed for channel coding and modulation.2 Modulated
symbols of each data stream are then divided into Q
consecutive N -tuples, each tuple assigned to one of Q
OFDM symbols.

2This encoding scheme is the “horizontal” encoding, i.e., independent
encoder for each data stream. This is different from the “vertical” encoding
scheme that uses a single encoder to spread coded information bits across
all data streams. The decoding methods for horizontal and vertical encoding
are also different: the former allows for the successive decoding for each
independent data stream, while the latter requires the joint decoding for all
data streams (e.g., [21]).

Fig. 1. An illustration of the closed-loop V-BLAST architecture for the
MIMO-OFDM.

• Power Amplifier: Each modulated symbol is then am-
plified according to its assigned data stream and tone
position at each OFDM symbol. For example, for the ith
data stream, the modulated symbols at every kth tone of
Q OFDM symbols are amplified according to the power
assignments pi,k, k = 1, 2, . . . , N .

• OFDM Modulator: The ith data stream is OFDM mod-
ulated and then transmitted through the ith antenna.

To summarize, a maximum number of Mt data streams with
transmit rate R1, R2, . . . , RMt , respectively, are independently
encoded, and each of these data steams is radiated by one
of Mt transmit antennas. If Ri = 0, then pi,k = 0, ∀k, and
antenna i is switched off. Therefore, the closed-loop V-BLAST
dynamically adapts the number of active transmit antennas
(or data streams). There are two sets of parameters for the
receiver to return to the transmitter: i) Rate assignment of each
transmit antenna: Ri, i = 1, . . . ,Mt; ii) Power assignments
of each transmit antenna at different OFDM tones: pi,k, i =
1, . . . ,Mt, k = 1, . . . , N .

Because each transmit antenna carries independent data
stream in the V-BLAST, the set of transmit covariance ma-
trices at different tones, Σk, k = 1, . . . , N , are constrained to
be diagonal matrices, i.e., Σk = Diag([p1,k, . . . , pMt,k]). As
a result, the achievable rate of the closed-loop V-BLAST is
sub-optimal compared to the channel capacities achieved by
the eigenmode transmission. On the other hand, each transmit
antenna in the closed-loop V-BLAST can be considered as one
virtual user in an equivalent Gaussian multiple-access channel
(MAC) that has Mt users each transmitting with a single
antenna to the common receiver with Mr receive antennas.
Therefore, the data stream carried by each transmit antenna
can be decoded at the receiver by various multiuser detection
techniques known for Gaussian MAC (e.g., [22] and [23]).
Like in [13], this paper assumes that the minimum-mean-
squared-error (MMSE) -based optimum successive decoding
(OSD) is used at the receiver. The OSD is known to be the
optimal multiuser detector that achieves the capacity region of
the Gaussian MAC [1], [24].
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In the case of the V-BLAST receiver, the OSD is param-
eterized by a set of projection vectors, f i,k ∈ CMr×1, and
detection vectors, di,k(n) ∈ CMr×1, i = 1, 2, . . . ,Mt, k =
1, 2, . . . , N and n = 1, 2, . . . , Q. Assuming first that the
decoding order of the OSD is from antenna 1 to antenna Mt,
the OSD decodes the data stream of the ith transmit antenna
by first finding its detection vectors di,k(n) for all k and n.
di,k(n) is obtained by subtracting the reconstructed signals
of already decoded transmit antennas 1, 2, . . . , i− 1 from the
received signal:

di,k(n) = yk(n)−
i−1�

j=1

hj,kŝj,k(n), (6)

= hi,ksi,k(n) +
Mt�

j=i+1

hj,ksj,k(n) + uk(n),(7)

where ŝj,k(n) is the reconstructed symbol from the jth trans-
mit antenna, j < i, and hj,k is the jth column vector of Hk.
In (7), the OSD assumes that the reconstruction of ŝj,k(n) is
perfect, i.e., ŝj,k(n) = sj,k(n), ∀k, n.

Next, the OSD estimates the signals of the ith transmit
antenna as ŷi,k(n) by applying the projection vectors f i,k to
di,k(n), i.e.,

ŷi,k(n) = f †
i,kdi,k(n), (8)

for all k and n. The projection vectors treat the interference
signals from not-yet-decoded antennas i+ 1, i+ 2, . . . ,Mt as
equivalent Gaussian noises and maximize the signal-to-noise
ratio (SNR) in ŷi,k(n). Hence, it can be shown that

f i,k =

�

	
Mt�

j=i+1

�
pj,khj,kh

†
j,k

�
+ I




�

−1

hi,k. (9)

From (7), (8), and (9), the equivalent channel for decoding the
ith data stream can be now expressed as:

ŷi,k(n) = ρi,ksi,k(n) + vi,k(n), (10)

where ρi,k = f†
i,khi,k is the equivalent channel gain at

the kth tone, and vi,k(n) ∼ CN (0, ρi,k) is the equiva-
lent AWGN noise. The signals of the ith transmit antenna
{ŝi,1(n), ŝi,2(n), . . . , ŝi,N (n)}, n = 1, . . . , Q, are then jointly
decoded from {ŷi,1(n), ŷi,2(n), . . . , ŷi,N (n)}, n = 1, . . . , Q.

From (10), the achievable rate of each transmit antenna can
be obtained as:

ri =
1

2N

N�

k=1

log2 (1 + ρi,kpi,k) , (11)

=
1

2N

N�

k=1

log2

�
1 + h†

i,k

� Mt�

j=i+1

�
pj,khj,kh

†
j,k

�

+I


 −1

hi,kpi,k



, (12)

=
1

2N

N�

k=1

log2

�
�
�
�I +

� Mt�

j=i+1

�
pj,khj,kh

†
j,k

�

+I


 −1

pi,khi,kh
†
i,k

�
�
�
� , (13)

=
1

2N

N�

k=1

log2

�
�
�I +

� Mt

j=i pj,khj,kh
†
j,k

�
�
�

�
�
�I +

� Mt

j=i+1 pj,khj,kh
†
j,k

�
�
�
, (14)

for i = 1, 2, . . . ,Mt. In the above, (12) is from the definition
of ρi,k, and (13) follows from the fact that log |I + AB| =
log |I + BA|. From (14), the achievable sum-rate from all
transmit antennas,

� Mt

i=1 ri, can be shown to be equal to the
mutual information expressed in (3), for a given set of Σk =
Diag([p1,k, p2,k, . . . , pMt,k]), k = 1, 2, . . . , N . This verifies
that the OSD is indeed the optimal detector for the closed-loop
V-BLAST to achieve the maximum sum-rate from all transmit
antennas.

From (3), it follows that the maximum sum-rate from all
transmit antennas only depends on {Σk} regardless of the
decoding orders between transmit antennas.3 This is analogous
to a similar result for the Gaussian MAC, i.e., given the power
allocation of each user, the sum-rate achieved by the OSD is
identical regardless of the decoding order among users, while
the rate distribution among users in achieving this sum-rate can
be different [1]. Similarly, in the closed-loop V-BLAST, any
one of all possible Mt! decoding orders provides the identical
sum-rate from all transmit antennas under a given set of power
allocation {pi,k}. For convenience, this paper assumes that the
decoding order of each transmit antenna is given by its index,
if not stated otherwise.

In practice, the OSD can have perfect successive decoding
in the V-BLAST only under the assumption that the signals
from each transmit antenna are decoded correctly and, thus, no
error propagation occurs. While this is an idealized assumption
for the open-loop V-BLAST, it becomes more valid in the case
of the closed-loop V-BLAST because of the per-antenna power
and rate control. It was shown in [25] that it is possible to
employ a Gaussian codeword with optimal power assignments
for each codeword symbol to achieve the capacity of a scalar-
fading channel. This result implies that in the closed-loop
V-BLAST, by employing one-dimensional capacity-achieving

3This is in contrast to the case of the open-loop V-BLAST with the equal
power and rate allocation to all transmit antennas for which it was shown
in [19] that the achievable throughput of the V-BLAST receiver is critically
dependent on the decoding order of transmit antennas.
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code4 for each transmit antenna along with different power
assignments at each OFDM tone, each transmit antenna can
communicate reliably at a rate no greater than the capacity
limit of an analogous scalar-fading channel as expressed in
(10).

IV. OPTIMAL POWER AND RATE ASSIGNMENTS IN

CLOSED-LOOP V-BLAST

This section presents algorithms for optimal feedback power
assignments in the closed-loop V-BLAST. Some important
properties of optimal power assignments are also examined.

This paper considers the power assignments of transmit
antennas at different OFDM tones {pi,k} to minimize the total
transmit power for each transmission block P given that the
sum-rate from all transmit antennas satisfies the target rate R.
Because the OSD achieves the sum-rate in (3), the optimal
power assignments can be obtained as the solutions of the
following optimization problem:

Problem 4.1:

Minimize P =
1
N

N�

k=1

Mt�

i=1

pi,k (15)

Subject to
1

2N

N�

k=1

log2

�
�
�
�
�
I +

Mt�

i=1

pi,khi,kh
†
i,k

�
�
�
�
�
≥ R,

(16)

pi,k ≥ 0 ∀i, k. (17)
The above problem is a convex optimization problem [28]
because it minimizes a linear (convex) objective function over
a convex set for {pi,k} specified by (16) and (17). Hence, this
problem can be solved by using standard convex optimization
techniques. In this section, the Lagrange dual-decomposition
method5 is applied to derive an efficient numerical algorithm
for the problem at hand. After solving the optimal power
assignments, the corresponding rate assignments of transmit
antennas can be obtained accordingly from (14).

By introducing a non-negative dual variable µ correspond-
ing to the rate constraint in (16), the Lagrangian [28] of the
original (primal) problem can be written as:

L({pi,k}, µ) =
1
N

N�

k=1

Mt�

i=1

pi,k − µ
�

1
2N

N�

k=1

log2

�
�
�
�I +

Mt�

i=1

pi,khi,kh
†
i,k

�
�
�
� −R



. (18)

The Lagrange dual function [28] is then defined as:

g(µ) = min
pi,k≥0,∀i,k

L({pi,k}, µ). (19)

The dual problem [28] of the primal problem and the corre-
sponding dual optimal value d∗ are then defined as:

d∗ = max
µ≥0

g(µ) � g(µ∗), (20)

4Practical coding and modulation schemes for approaching the capacity of
a scalar-fading channel are available, e.g., Turbo or LDPC code with Bit-
Interleaved Coded Modulation (BICM) [26].

5More applications of the Lagrange dual-decomposition method to resource
allocation in communication systems can be found in [27] and references
therein.

where µ∗ denotes the optimal dual solution for the dual
problem. Because the primal problem is convex and also
satisfies the Slater’s condition,6 the duality gap between the
optimal value of the primal problem, denoted by P ∗, and the
optimal value of the dual problem d∗ becomes zero, i.e.,

P ∗ = d∗, (21)

which suggests that P ∗ can be obtained by first minimizing
the Lagrangian L to obtain the dual function g(µ) for a given
µ, and then maximizing g(µ) over all non-negative values of
µ.

It is interesting to observe that the dual function can be also
written as:

g(µ) =
1
N

N�

k=1

g′k(µ) + µR, (22)

where

g′k(µ) = min
pi,k≥0,∀i

Mt�

i=1

pi,k − µ

2
log2

�
�
�
�
�
I +

Mt�

i=1

pi,khi,kh
†
i,k

�
�
�
�
�
.

(23)
Hence, the dual function can be obtained by optimizing N
independent problems, each solving for a dual sub-function
at one OFDM tone, i.e., g′k(µ), k = 1, 2, . . . , N . The above
technique is known as the dual decomposition. The dual-
decomposition method breaks the original problem into in-
dependent lower-dimensional sub-problems and, hence, offers
the potential for a significant reduction in implementation cost
because the same computational routine can be repeatedly
used to solve each sub-problem. Alternatively, if N parallel
processors are used to run simultaneously each solving for one
sub-problem, the overall algorithm convergence time can be
dramatically improved.

After obtaining {g′k(µ)} and hence g(µ) for a fixed µ, the
dual variable can be updated towards its optimal solution µ∗ by
using a sub-gradient-based search, e.g., the bisection method
[28]. A brief description of this method can be found in the
Appendix of this paper. To summarize, the following algorithm
can be used to solve Problem 4.1:

Algorithm 4.1:
• Initialize µmin = 0, µmax = µ̂
• Repeat

1. Set µ = 1
2 (µmin + µmax).

2. Solve the optimization problems defined in (23)
independently for each k, k = 1, 2, . . . , N , to obtain
an optimal solution set {p∗i,k} by using the interior-
point method [28].7

3. Update µ towards µ∗ by the bisection method:
If 1

2N
� N

k=1 log2

�
�
�I +

� Mt

i=1 p
∗
i,khi,kh

†
i,k

�
�
� ≥ R, set

µmax = µ; otherwise set µmin = µ.
• Until µmax − µmin ≤ δ where δ is a small positive

constant that controls the algorithm accuracy.

6Slater’s condition requires that the feasible set of the optimization problem
has non-empty interior [28], which is the case for the problem at hand because
for arbitrary large transmit powers, any finite target rate R is achievable.

7Similar iterative algorithms like those in [29] and [30] can be also used
to solve the optimization problem in (23). However, the interior-point method
is found to be more computationally efficient and numerically stable for
moderate values of Mt , which is the case when the gain of power optimization
is most significant.
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In the above algorithm,�µ is any suitable upper-bound forµ� ,
which can be found as follows: Let{ p(0)

i,k } be a set of feasible
power allocations such that the achievable sum-rate is equal
to R + 1 ,8 i.e.,

1
2N

N�

k=1

log2

�
�
�
�
�
I +

M t�

i =1

p(0)
i,k h i,k h •

i,k

�
�
�
�
�

= R + 1 . (24)

Let { p�
i,k } denote the Þnal optimal power assignments, the

following relations then hold:

0 � L ({ p�
i,k } , µ� ), (25)

� L ({ p(0)
i,k } , µ� ), (26)

�
1
N

N�

k=1

M t�

i =1

p(0)
i,k Š µ�

·
�

1
2N

N�

k=1

log2

�
�
�
�I +

M t�

i =1

p(0)
i,k h i,k h •

i,k

�
�
�
� Š R



, (27)

=
1
N

M t�

i =1

N�

k=1

p(0)
i,k Š µ� . (28)

Therefore, it is proper to choose�µ = 1
N

� M t
i =1

� N
k=1 p(0)

i,k .
Next, some important properties of optimal power assign-

ments { p�
i,k } are examined. From (23) the Karush-Kuhn-

Tacker (KKT) conditions [28] imply thatp�
i,k needs to satisfy

the following equations simultaneously:

h •
i,k Sk h i,k =

1 Š � i,k

(2 log 2)µ
, � i, k, (29)

Sk =

�

I +
M t�

i =1

p�
i,k h i,k h •

i,k

� Š 1

, � k, (30)

p�
i,k � i,k = 0 , � i, k, (31)

p�
i,k � 0, � i,k � 0, � i, k, (32)

where� i,k is the Lagrange dual variable associated with the
constraintpi,k � 0. Then the following observations can be
drawn:

€ Number of Active Antennas: First, consider the number
of active antennas withp�

i,k > 0 at a particular tone
k, denoted byM �

k . From (31), it is inferred that if
p�

i,k > 0, � i,k = 0 . With (29) corresponding to active
antennas at tonek, it follows that at leastM �

k linear
independent equations need to be satisÞed simultaneously
if the channels,h i,k Õs, are independent vectors. Because
Sk is a Hermitian matrix characterized withM 2

r real
variables (considering both real and imaginary parts of
each entry), the number of variables must be no less
than the number of equations for such a matrixSk to
exist [31]. Therefore,M �

k is upper bounded byM 2
r , i.e.,

M �
k � min(M t , M 2

r ). For the special case ofM r = 1 ,
it then follows thatM �

k � 1, i.e., at most one transmit
antenna is active at each tone. In this case,Sk is a scalar.
Because it is not possible for more than one antennas to
be active at tonek (p�

i,k > 0, � i,k = 0 ) and at the same
time satisfy (29), it is obvious that the only antenna that

8An easy way to Þnd such{ p(0)
i,k } is to makep(0)

i,k = P (0)

M t
, � i, k, and then

Þnd the minimumP (0) such that the achievable sum-rate is equal toR + 1 .

can be possibly active at tonek is the one associated with
the largest channel gain,||h i,k ||, which agrees with the
observations in [32]. In general, if there exists frequency-
selective fading (In (2),L > 1), M �

k and their associated
active antennas at different tones can be also different. As
a result, it is likely that all transmit antennas are active in
order to fully exploit the channel dynamics in both space
and frequency.

€ Low-SNR Region: Consider the case of asymptotically
low SNR, i.e.,P � 0. In this case, the additive noise
becomes dominant and from (30),Sk � I , � k. As a
result, for any OFDM tone withp�

i,k > 0 and � i,k = 0 ,
it follows from (29) that||h i,k ||2 � 1

(2 log 2) µ . Sinceµ is
Þxed, it follows that only a single tone corresponding to
the largest channel gain among all tones from all antennas
is allocated the total power.

€ High-SNR Region: Consider now the case of asymptot-
ically high SNR, i.e.,P � � . First, by applying the
matrix-inversion lemma,

�
A + xx • � Š 1

= A Š 1 Š
A Š 1xx • A Š 1

1 + x • A Š 1x
, (33)

to Sk in (30) and then bringing this new expression of
Sk into (29), it follows that

� i,k

1 + p�
i,k � i,k

=
1 Š � i,k

(2 log 2)µ
, � i, k, (34)

where� i,k = h •
i,k

�
I +

� M t
j =1 ,j �= i p�

j,k h j,k h •
j,k

� Š 1
h i,k .

From (31) and (34), it then follows that

p�
i,k =

�
(2 log 2)µ Š

1
� i,k


 +

. (35)

Assuming ÞrstM t � M r and H k is full column-rank,
� k, it is then not hard to verify thatci,k � � i,k �
||h i,k ||2, whereci,k is a constant that is strictly positive.
Becauseµ � � as P � � , from (35) it then
follows that asP � � , the equal-power assignment,
i.e., p�

i,k = P
M t

, � i, k , is ÒapproximatelyÓ optimal if the
constant offset 1

� i,k
is ignored. Unfortunately, the above

derivations are not extendible for the case ofM t > M r

and, hence, the asymptotically optimal power allocation
in this case still remains unknown.

€ Large Antenna Arrays: Consider now the case where
the number of transmit and receive antennas both go
to inÞnity while their ratio is kept to be a positive
constant, denoted by� , i.e., M t

M r
� �, asM t , M r � � .

Furthermore, it is assumed that each element ofH k is
i.i.d. distributed with mean of zero, variance of one and
bounded fourth moment. In this case, it is easy to check
that for any Þnite power,P > 0, the achievable rate
is not bounded from above. Hence, the rate demand in
terms of the asymptotic rate growth order is considered,
i.e., lim M t ��

R
M t

� R̄. Under this setting, the optimal
power allocation is also the equal-power assignment, i.e.,
p�

i,k = P
M t

, � i, k . To prove this result, the optimal KKT
conditions imply that it is sufÞcient to show that the
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equal-power assignment indeed satisfies (29) simultane-
ously, i.e.,

1
Mt

h†
i,k

�
I +

P

Mt

Mt�

j=1

hj,kh
†
j,k


 −1

hi,k → 1
(2 log 2)µ

(36)

almost surely ∀i, k, as Mt,Mr → ∞, Mt

Mr
→ α, where

the scaling 1
Mt

at the LHS of (36) is because of the rate
normalization for R̄. Similar to the asymptotically high-
SNR case, by using the matrix-inversion lemma, it can
be shown that (36) is equivalent to:

ψi,k

Mt

1 + Pψi,k

Mt

→ 1
(2 log 2)µ

, (37)

where in ψi,k, p∗j,k = P
Mt
, ∀j, k. In [33, Theorem 3.1], it

was shown ψi,k

Mt
→ β almost surely ∀i, k, as Mt,Mr →

∞, Mt

Mr
→ α, where β is the positive root of the following

quadratic equation:

αPβ2 + (α+ αP − P )β − 1 = 0. (38)

With the above result, it follows that (37) holds and the
proof is complete.

From the above observations, it can be inferred that the
performance gain of the variable-power allocation compared
to the equal-power allocation is indeed notable only when both
the number of antennas and the operating SNR are not too
large.

V. AUXILIARY POWER AND RATE CONSTRAINTS

The total feedback of the closed-loop V-BLAST consists of
MtN power values and Mt rate values. In this section, two
methods for reducing the feedback complexity in the closed-
loop V-BLAST are presented. First, Section V-A proposes
a class of sub-optimal power allocation schemes, named
as multi-band power control, which effectively reduces the
amount of power feedback by imposing a set of equal-
power constraints to adjacent space-frequency antenna-tone
pairs. Next, Section V-B optimizes the power assignments
under an additional constraint that the transmit rates of all
transmit antennas are set to be equal. This equal-rate constraint
simplifies the transmitter design and also avoids the necessity
of per-antenna rate feedback.

A. Multi-band Power Control
The idea of multi-band power control is described as

follows: Denote each tone-antenna pair in a MIMO-OFDM
symbol as (i, k), where i = 1, 2, . . . ,Mt, k = 1, 2, . . . , N .
For example, (1, 1) denotes the first tone of the first transmit
antenna. Hence, the total number of tone-antenna pairs or
space-frequency dimensions is MtN . Next, the total MtN
dimensions are divided into msmf disjoint subsets, denoted
by Jj,l ⊆ {(i, k) : i = 1, 2, . . . ,Mt, k = 1, 2, . . . , N}, j =
1, 2, . . . ,ms, l = 1, 2, . . . ,mf , where ms and mf are integers
and 1 ≤ ms ≤ Mt and 1 ≤ mf ≤ N . Each subset consists
of ds(j)df (l) number of adjacent dimensions, i.e., Jj,l =
{(i, k) : i = i0(j)+1, i0(j)+2, . . . , i0(j)+ds(j), k = k0(l)+
1, k0(l) + 2, . . . , k0(l) + df (l), i0(j) =

� j−1
j′=1 ds(j

′), k0(l) =

Fig. 2. An illustration of the multi-band dimension grouping for the MIMO-
OFDM with Mt = 4, N = 8, ms = 2, mf = 2.

� l−1
l′=1 df (l

′)}, where i0(1) = k0(1) = 0. It is easy to
verify that

� ms

j=1 ds(j) = Mt,
� mf

l=1 df (l) = N . The above
procedure is refereed to as multi-band dimension grouping,
which is illustrated in Fig. 2 for the case of Mt = 4, N =
8,ms = 2, ds(1) = 3, ds(2) = 1,mf = 2, df (1) = df (2) =
4. Multi-band power control then imposes the constraint that
the allocated transmit powers for all dimensions in each subset
(group) are equal, i.e., pi,k = pi′,k′ , if (i, k), (i′, k′) ∈ Jj,l.
This leads to a total of msmf feedback power values, as
compared to MtN before applying the multi-band grouping.
It is assumed that both transmitter and receiver are aware of
the grouping parameters, ms,mf , {ds(j)}ms

j=1, {df (l)}mf

l=1.
Next, Problem 4.1 is modified in order to incorporate the set

of additional equal-power constraints imposed by the multi-
band power control. This can be done by simply adding the
following constraints to Problem 4.1:

pi,k = pi′,k′ , (i, k), (i′, k′) ∈ Jj,l, ∀i, k, i′, k′. (39)

These new constraints in (39) are affine functions and, hence,
Problem 4.1 with these new constraints is still convex and
can be solved by modifying Algorithm 4.1 accordingly.9 The
details are thus omitted here. It is worth mentioning some
special cases of the multi-band power control:

• ms = Mt,mf = N : This case is considered in Problem
4.1, and is referred to as Per-Antenna and Per-Tone
(PAPT) power control.

• ms = Mt,mf = 1: Equal power is assigned to all
tones for each transmit antenna. This scheme is referred
to as Per-Antenna (PA) power control. If the number of
delayed taps, L = 1, this scheme becomes equivalent to
the PAPT. In general, the PA power control captures the
spatial diversity to some extent but ignores the frequency
diversity.10

• ms = 1,mf = 1: Equal power is assigned to all tones
and all antennas. This scheme is referred to as Equal-

9When solving Problem 4.1 with the additional constraints of (39), the
dual-decomposition method used in Algorithm 4.1 needs to be applied to mf
instead of N dual sub-functions, g′l (µ), l = 1, 2, . . . , mf . The number of
variables for the power assignments in each dual sub-function is also ms
instead of Mt given the additional power constraints in (39).

10For a general frequency-selective fading MIMO-OFDM channel, it usu-
ally holds that 1 < L � N . Because N

L roughly indicates the coherence
bandwidth of the channel in terms of the number of OFDM tones, a properly
selected value for mf should be approximately equal to L in order to
efficiently capture the spatial diversity in the channel.
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Power (EP) power control, for which neither spatial nor
frequency diversity is exploited.

B. Equal Rate Per Antenna

This subsection considers the scheme for which each trans-
mit antenna carries identical information rate, i.e., ri = R

Mt
,

i = 1, 2, . . . ,Mt. This scheme is referred to as Equal Rate
Per Antenna (ERPA). ERPA has two main advantages from an
implementation viewpoint. First, with equal-rate assignment,
the receiver needs not feed back the exact rate for each
transmit antenna and, hence, reduces the feedback complexity.
Second, equal-rate assignment implies that the same codebook
can be used for all transmit antennas, and this simplifies the
design of practical modulation and coding scheme (MCS) at
the transmitter. In this subsection, the issue of optimal power
assignments with the ERPA constraint is addressed. Without
loss of generality, the use of PAPT power control is assumed,
with it in mind that the additional power constraints like (39)
can be also incorporated similar like in Section V-A.

Surprisingly, the determination of optimal power assign-
ments for the ERPA is a hard problem. First, since each
antenna is restricted to carry an identical rate, it is no longer
obvious whether a permuted decoding order for transmit
antennas can help to save the total power consumption to
support a given rate demand. Second, if the decoding order
is fixed, say, according to the antenna indices, from (14)
it can be verified that ri is a non-concave function of the
powers assigned to not-yet-decoded transmit antennas, i +
1, . . . ,Mt. Hence, if the rate constraint is imposed directly
as ri ≥ R

Mt
, i = 1, 2, . . . ,Mt, the resultant minimization

of P becomes non-convex. The difference here compared to
Problem 4.1 lies in that the individual-rate constraint instead
of the sum-rate constraint is now considered for transmit
antennas.

As a result, the optimization problem needs to be refor-
mulated such that the optimal power assignments and the
optimal decoding orders can be jointly determined when the
ERPA constraint is applied. To achieve this goal, some key
results for the Gaussian MAC need to be applied. Recall
that each transmit antenna in the closed-loop V-BLAST can
be considered as one virtual user in a Gaussian MAC, the
problem at hand then becomes equivalent to the determination
of the minimum sum-power of Mt users under the constraint
that each user has an average-rate demand over N orthogonal
dimensions that is equal to R

Mt
. Equipped with this fact, the

following optimization problem can be formulated for the
ERPA:

Problem 5.1:

Minimize P =
1
N

N�

k=1

Mt�

i=1

pi,k (40)

Subject to ri ≥ R

Mt
, ∀i, (41)

pi,k ≥ 0 ∀i, k, (42)

r ∈ CMAC({Hk }, {pi,k}), (43)
where r = [r1, r2, . . . , rMt ] and CMAC({Hk }, {pi,k}) denotes
the region composed of all achievable rates of Mt equivalent

users in the Gaussian MAC under the set of power assignments
{pi,k} [34], i.e.,

CMAC({Hk}, {pi,k}) =
�

r ∈ RMt
+ :

�

i∈J
ri ≤ 1

2N

N�

k=1

log2

�
�
�
�I +

�

i∈J
pi,khi,kh

†
i,k

�
�
�
�, ∀J ⊆ {1, . . . ,Mt}

�
. (44)

Problem 5.1 is now a convex optimization problem because
apart from (43), the objective function and all constraints are
affine. From (44), (43) represents a convex set because of
the concavity of log | · | function. Therefore, the problem at
hand can be solved by using standard convex optimization
techniques. In the following, an efficient numerical algorithm
also based on the Lagrange dual-decomposition method is
presented.

Similar to Problem 4.1, the Lagrangian of Problem 5.1 is
written at below by introducing the set of dual variables, µ =
[µ1, µ2, . . . , µMt ],µ ∈ RMt

+ , associated with the set of rate
constraints in (41), i.e.,

L({pi,k}, {ri}, {µi}) =
1
N

N�

k=1

Mt�

i=1

pi,k −

Mt�

i=1

µi

�
ri − R

Mt



, (45)

which is defined over variables, {pi,k} and {ri}, in the set
specified by the remaining constraints in (42) and (43). Let
this set be denoted by D. The Lagrange dual function is then
defined as:

g({µi}) = min
{pi,k,ri}∈D

L({pi,k}, {ri}, {µi}). (46)

Similar to Problem 4.1, it can be also verified that the duality
gap is zero for the problem at hand. Let {µ∗

i } denote the
optimal dual variables that maximize g({µi}). The optimal
solutions for Problem 5.1 can be then obtained by first
minimizing the Lagrangian L to obtain the dual function
g({µi}) for given {µi} and then maximizing g({µi}) over
{µi}.

In order to obtain g({µi}) in (46), it is observed that if (44)
is used to represent directly the rate constraints associated
with {ri} in (43), a total number of 2Mt − 1 inequalities
are needed, which is too complex to be incorporated into
the optimization. Therefore, this constraint is first removed
by exploiting the polymatroid structure [35] of CMAC, which
implies that a weighted sum-rate maximization in the form of� Mt

i=1 µiri in (45) over CMAC can be cast into a simpler form.
Let π be a permutation over {1, 2, . . . ,Mt} such that µπ(1) ≥
µπ(2) ≥ · · · ≥ µπ(Mt), and assign the decoding order among
users (or equivalently, transmit antennas for the problem at
hand) according to the magnitude of µi, i.e., user π(i) is
decoded the (Mt− i+1)-th in the order, i = 1, 2, . . . ,Mt.The
fact that µi is identical for all tones, k = 1, 2, . . . , N implies
that the decoding orders of each transmit antenna are identical
at all tones, justifying the use of horizontal encoding in the
closed-loop V-BLAST. With the decoding order indicated by
π, the achievable rate of each transmit antenna can be then
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expressed as:

r � ( i ) =
1

2N

N�

k=1

log2

�
�
� I +

� i
j =1 pj,k h � ( j ) ,k h •

� ( j ) ,k

�
�
�

�
�
� I +

� i Š 1
j =1 pj,k h � ( j ) ,k h •

� ( j ) ,k

�
�
�
. (47)

With (47) and letµ� (M t +1) = 0 , the polymatroid structure of
CMACimplies that (46) can be rewritten as :

g({ µi } ) = min
pi,k � 0,� i,k.

1
N

N�

k=1

M t�

i =1

pi,k Š

M t�

i =1

�
µ� ( i ) Š µ� ( i +1)

� N�

k=1

1
2N

log2

�
�
�
� I +

i�

j =1

p� ( j ) ,k h � ( j ) ,k h •
� ( j ) ,k

�
�
�
� +

M t�

i =1

µi R
M t

. (48)

Next, the dual-decomposition method is applied tog({ µi } )
to obtain N dual sub-functions. From (48), the following
expressions are derived:

g({ µi } ) =
1
N

N�

k=1

g�
k ({ µi } ) +

M t�

i =1

µi R
M t

, (49)

where

g�
k ({ µi } ) = min

pi,k � 0,� i

M t�

i =1

pi,k Š
M t�

i =1

µ� ( i ) Š µ� ( i +1)

2

· log2

�
�
�
�
�
�
I +

i�

j =1

p� ( j ) ,k h � ( j ) ,k h •
� ( j ) ,k

�
�
�
�
�
�
. (50)

With g�
k ({ µi } )Õs and henceg({ µi } ), { µi } can be updated

towards the optimal values{ µ�
i } by using sub-gradient-based

search, e.g., theellipsoid method[36] (please also consult the
Appendix). At last, the optimal decoding order of transmit
antennas is given by the magnitude of{ µ�

i } . It is worth
mentioning here that the obtainedµ�

i may be equal for some
transmit antennas. In this case, a time-sharing of decoding
orders between these transmit antennas is necessary to achieve
a set of equal rates [37].

To summarize, the following algorithm can be used to solve
Problem 5.1:

Algorithm 5.1:

€ Given an ellipsoid E(0) � RK , centered atµ (0) and
containing the optimal dual solution,µ � .

€ Set j = 0 .
€ Repeat

1. Solve the optimization problems deÞned in (50)
independently for eachk, k = 1 , 2, . . . , N , to obtain
an optimal solution set{ p�

i,k } and{ r �
i } by using the

interior-point method [28].
2. Update the ellipsoidE(j +1) based onE(j ) and the

sub-gradient
 i = R
M t

Š r �
i . Setµ ( j +1) as the center

of ellipsoid E(j +1) [36].
3. Setj 	 j + 1 .

€ Until the stopping criteria for the ellipsoid method is met.
Similar to Algorithm 4.1, the upper-bound forµ � , denoted by
�µ , can be obtained as follows: For anyj � { 1, 2, . . . , M t } , let
{ p( j )

i,k } , i = 1 , 2, . . . , M t , k = 1 , 2, . . . , N , be a set of feasible

power allocations, such thatr i = R
M t

if i 
= j , and r j =
R

M t
+ 1 . Then thej th element of�µ , denoted by�µj , can be

obtained as1
N

� M t
i =1

� N
k=1 p( j )

i,k . After Þnding �µ , the initial
ellipsoid, E(0) , can be chosen to be one that covers�µ .

VI. PRACTICAL CODING AND MODULATION

CONSTRAINTS

In previous sections, the use of optimal Gaussian codebook
has been assumed for each transmit antenna to ensure that the
achievable transmission rate is given by the equivalent scalar-
fading channel capacity. In practice, there is always a gap
between the achievable rate and the channel capacity because
of practical coding and modulation constraints, e.g., non-
Gaussian codebook, Þnite codeword length, etc. To account
for this fact, one useful concept is the ÒgapÓ approximation
[38] that can be employed to determine the achievable rate by
modifying the capacity formula as:

r =
1
2

log2

�
1 +

SNR
�



, (51)

where � denotes the gap that is greater than 1. The gap is
in general a function of the required bit-error-rate (BER) and
the modulation and coding scheme (MCS). Another way of
interpreting the gap is the additional SNR margin required to
support a given target rate. For example, for uncoded M-QAM
modulation with the BER of10Š 6, � has the value of 8.8 dB.
With a more advanced capacity-achieving MCS,� can become
close to 1 (0dB).

Applying the gap approximation to the achievable rate of
each transmit antenna in (11) and assuming that all data
streams have the identical gap, the achievable rate of each
antenna can be now expressed as:

r i =
1

2N

N�

k=1

log2

�
1 +

� i,k pi,k

�

�
. (52)

Similar to the derivations in (11)-(14), the achievable sum-rate
associated with the decoding order from antenna 1 to antenna
M t can be expressed as:

M t�

i =1

r i =
1

2N

M t�

i =1

N�

k=1

log2

�
�
� I +

� M t
j = i +1 pj,k h j,k h •

j,k + pi,k

� h i,k h •
i,k

�
�
�

�
�
� I +

� M t
j = i +1 pj,k h j,k h •

j,k

�
�
�

. (53)

In Section III, it has been shown that for the special case of
� = 1 , the achievable sum-rate with the Þxed set of power
assignments,{ pi,k } , is independent of the decoding order
among transmit antennas. However, from (53) it is observed
that this is not true for the case of� > 1. Moreover, apart
from the case of� = 1 , the sum-rate in (53) is in general a
non-concave function of power assignments. This makes the
optimization of power assignments in Problem 4.1 a difÞcult
numerical task for the case of� > 1.

In the following, an approximate solution to Problem 4.1 is
presented to handle the case of� > 1. The solution is based
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on a new parameter, named as rate margin, which is defined
as:

Rmargin(I) =
|I|
2N

log2 Γ, (54)

where | · | here denotes the size of a set, and I ⊆ {(i, k) :
i = 1, 2, . . . ,Mt, k = 1, 2, . . . , N} denotes a subset of all
tone-antenna pairs. Let {p∗i,k}, (i, k) ∈ I, be the set of
optimal power allocations after solving Problem 4.1 (assuming
Γ = 1) with the modified rate demand, R + Rmargin(I),
i.e., 1

2N
�

(i,k)∈I log2(1 + ρi,kp
∗
i,k) = R + Rmargin(I). The

achievable sum-rate with the actual gap then satisfies:

Mt�

i=1

ri =
1

2N

�

(i,k)∈I,p∗i,k>0

log2

�
1 +

ρi,kp
∗
i,k

Γ



, (55)

≥ 1
2N

�

(i,k)∈I,p∗i,k>0

log2

� 1 + ρi,kp
∗
i,k

Γ



, (56)

= R+
1

2N

�

(i,k)∈I,p∗i,k=0

log2 Γ. (57)

Hence, the achievable sum-rate with the actual gap is at least
R for the set of power allocations {p∗i,k}.

One remaining issue is how to determine the optimal subset
I, such that the total power,

�
(i,k)∈I p

∗
i,k, is minimized. An

exhaustive search for the optimal I has the complexity of
O(2MtN ), which is infeasible even for moderate values of
Mt and N . In the following, a sub-optimal iterative algorithm
is presented.

Algorithm 6.1:

• Initialize I(0) = {(i, k) : i = 1, 2, . . . ,Mt, k =
1, 2, . . . , N}.

• j = 0.
• Repeat

1. Obtain optimal power allocations, {p(j)
i,k}, (i, k) ∈

I(j), such that 1
2N

�
(i,k)∈I(j) log2(1 + ρi,kp

(j)
i,k) =

R+Rmargin(I(j)), by solving Problem 4.1 (assuming
Γ = 1).

2. A(j) = {(i, k) : (i, k) ∈ I(j), p
(j)
i,k = 0}.

3. If A(j) = Ø, exit the loop; otherwise, I(j+1) ←
I(j)\A(j).

4. j ← j + 1.
The above algorithm is based on (57), i.e., if the active (with
positive power assignments) tone-antenna pairs in the (j+1)-
th iteration are restricted to be those with p(j)

i,k > 0 in the jth
iteration and reduce the rate demand in the (j+1)-th iteration
as:

R+Rmargin(I(j+1)) =

R+Rmargin(I(j))− 1
2N

�

(i,k)∈I(j),p
(j)
i,k=0

log2 Γ,(58)

the resultant sum-power will be further reduced as the iteration
proceeds. The above iterative algorithm terminates when all
tone-antenna pairs in I(j) are active. Since after each iteration,
the number of active tone-antenna pairs is reduced at least by
one, this algorithm needs at most MtN − 1 iterations.

The concept of rate margin can be also applied to handle
Problem 5.1 with Γ > 1. The only modification required is to
rewrite (41) as:

ri ≥ R

Mt
+Rmargin(Ii), ∀i, (59)

where Rmargin(Ii) = |Ii|
2N log2 Γ, denotes the rate margin for

the ith data stream and Ii ⊆ {(i, 1), (i, 2), . . . , (i, N)} is a
subset of all tones corresponding to the ith antenna. Algorithm
5.1 can be then used (assuming Γ = 1) with the modified rate
constraints to determine the set of power allocations and the
associated decoding order with which the achievable rate of
each transmit antenna is no less than R

Mt
when the actual gap

Γ is applied. Similar iterative algorithm like Algorithm 6.1
can be also used to determine each subset of active tones Ii
for each transmit antenna.

VII. COMBINING WITH LINEAR TRANSMIT PRECODING

The closed-loop V-BLAST uses per-antenna-based power
and rate control to capture the space-frequency diversity
inherent in the MIMO-OFDM channel. However, the closed-
loop V-BLAST is incapable of taking advantage of trans-
mit antenna-beamforming gains. Linear transmit precoding
for which the transmitted signal vector is multiplied by a
precoding matrix that is adapted to some form of channel
knowledge is known to be able to improve both the MIMO
channel capacity and the link performance (e.g., [39] and
references therein). Among others, linear transmit precoding
based on transmit antenna correlations has been intensively
studied in the literature (e.g., [14] and references therein).
In this section, linear transmit precoding based on the long-
term channel statistics is combined with per-antenna power
and rate control based on the short-term channel dynamics
as a further extension of the closed-loop V-BLAST. The
incorporation of the precoding structure into the closed-loop
V-BLAST can be implemented in a straightforward manner.
Let W k ∈ CMt×Mt denote the precoding matrix for tone k
and W k is unitary, k = 1, 2, . . . , N . After applying precoding
matrices, the transmitted signals at each tone k, sk(n) in
(1), can be then equivalently expressed as W ksk(n). With
precoding, per-antenna power and rate control now changes
to be per-stream based because each independently encoded
data stream may now span over multiple antennas instead of
a single antenna in the case without precoding.

From many existing linear transmit precoding techniques
that exploit various forms of channel statistics (mean, covari-
ance etc.), this paper simply adopts the channel covariance
knowledge [40] as an example to exploit the transmit antenna
correlations. It is assumed that the time-domain channel of
each tap � is represented as:

H̃� = H̃
w

� R
1
2
t , � = 1, 2, . . . , L, (60)

where {H̃w

� } are assumed to be independent random matrices,
each having entries independently distributed as CN (0, 1

L ).
Rt is the transmit antenna correlation matrix assumed to
be constant for all � = 1, 2, . . . , L. The frequency-domain
channel at each tone, Hk, can be then represented as:

Hk = Hw
k R

1
2
t , k = 1, 2, . . . , N, (61)
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Fig. 3. Achievable rates of the closed-loop V-BLAST versus the eigenmode
transmission, Mt = 4, Mr = 4, N = 64, L = 4.

where Hw
k =

� L
�=1 H̃

w

� exp(−j 2π(k− 1)(�− 1)/N). It can
be then verified that each element of Hw

k is independently
distributed as CN (0, 1). In order to satisfy E[Tr(HkH

†
k)] =

MrMt, ∀k, it is necessary that Tr(Rt) = Mt.
It is known that transmitting through the eigenvectors of

the correlation matrix Rt is usually a good precoding strategy
[14]. This paper also adopts the precoding matrix based on this
rule. Let the set of eigenvectors of Rt be denoted as QR t

, i.e.,
Rt = QR t

ΛR t
Q†

R t
, where ΛR t

is a diagonal matrix and QR t∈ CMt×Mt is unitary. The precoding matrix is then chosen to
be W k = QR t

, k = 1, 2, . . . , N .

VIII. NUMERICAL RESULTS

This section presents simulation results for evaluating the
performance of the closed-loop V-BLAST in the MIMO-
OFDM block-fading channel. The transmission traffic is as-
sumed to be delay-constrained and hence a constant-rate
transmission needs to be maintained for each fading block,
i.e., the rate demand per block R is assumed to be constant
regardless of the channel condition. The required minimum
average SNR over all transmission blocks is used as a measure
of the power efficiency. Monte Carlo simulations are used
to generate each plot by averaging over 100 independent
channel realizations. The number of OFDM tones is N = 64,
and the number of delayed taps is L = 4. If not stated
otherwise, the time-domain channels, H�, � = 1, 2, . . . , L,
are assumed to be independent random matrices, each having
entries independently distributed as CN (0, 1

L ). Two antenna
configurations are considered: (1) 4× 4 Case: Mt = Mr = 4,
(2) 2× 4 Case: Mt = 4,Mr = 2. If not stated otherwise, the
gap is assumed to be 1 (0dB). The results are presented in the
following subsections.

A. Comparison with Eigenmode Transmission
Fig. 3 and Fig. 4 show the comparison of the achievable

rates between the closed-loop V-BLAST and the eigenmode
transmission, for the 4×4 case and the 2×4 case, respectively.
It is observed that in the 4×4 case, the closed-loop V-BLAST
approaches closely the channel delay-limited capacity attained
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Fig. 4. Achievable rates of the closed-loop V-BLAST versus the eigenmode
transmission, Mt = 4, Mr = 2, N = 64, L = 4.

through the eigenmode transmission especially at the high-
SNR region. The rate difference increases as Mt becomes
larger than Mr, as observed from the rate comparison in the
2× 4 case. This is because of the incapability of per-antenna-
based transmission in capturing the linear precoding gain that
is fully achievable by the eigenmode transmission.

B. Auxiliary Power and Rate Constraints

Fig. 5 compares the achievable rates of the multi-band
power control presented in Section V-A under different values
of spatial and frequency groups, ms and mf . Recall that if
ms = Mt and mf = N , this setting corresponds to the
optimal Per-Antenna and Per-Tone (PAPT) power control.
The achievable rate of PAPT is compared to three reduced-
feedback power-control schemes: (1) ms = Mt, mf = L = 4,
(2) Per-Antenna (PA) power control: ms = Mt and mf = 1,
(3) Equal-Power (EP) power control: ms = mf = 1. The
2× 4 case is considered. The tradeoff between the achievable
rate and the amount of power feedback is clearly shown. It
is also observed that choosing ms = Mt = 4,mf = L = 4
(this corresponds to 16 power feedback values) attains almost
the identical rate as compared to the optimal PAPT with
ms = Mt = 4,mf = 64 (this corresponds to 256 power
feedback values).

Fig. 6 shows the achievable rate of the closed-loop V-
BLAST with the additional equal-rate-per-antenna (ERPA)
constraint considered in Section V-B for the 4×4 case. Three
multi-band power control schemes are also considered with
the ERPA constraint, namely, PAPT, PA and EP. For the case
of PAPT power control, the achievable rate without the ERPA
is also plotted for comparison. It is interesting to observe that
the ERPA constraint usually leads to a negligible rate loss
along with the PAPT power control, but a substantial loss
with the EP power control. Note that the EP power control
with the ERPA is equivalent to the equal-power and equal-rate
allocation for transmit antennas in the open-loop V-BLAST
[19]. These results demonstrate the importance of dynamic
power allocation for both transmit antennas and OFDM tones
when the ERPA constraint is imposed.
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C. Practical Coding and Modulation Constraints
Fig. 7 shows the performance of the closed-loop V-BLAST

under practical coding and modulation constraints by using
the gap approximation as described in Section VI. The 4× 4
case is considered with two target rates, R = 1 and R = 4 bits
per real dimension, respectively. The required average SNR is
used to measure the additional amount of power to compensate
for practical coding and modulation constraints.

D. Linear Transmit Precoding
Fig. 8 shows the the achievable rate of the closed-loop V-

BLAST when it is jointly used with linear transmit precoding
as described in Section VII. The power control used is the
optimal PAPT, and the 2× 4 case is considered. The channel
is assumed to exhibit a truncated Gaussian power azimuth
spectrum with 2◦ root-mean-square spread, and the transmit
correlations are hence expressed as (Rt)i,j ≈ exp(−0.05(i−
j)2). The achievable rates of the eigenmode transmission,
the closed-loop V-BLAST with and without linear transmit
precoding are compared. It is observed that linear transmit
precoding that captures transmit antenna correlations is able
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Fig. 7. Required average SNRs under modulation and coding constraints in
the closed-loop V-BLAST, Mt = 4, Mr = 4, N = 64, L = 4.
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Fig. 8. Achievable rates of the closed-loop V-BLAST with and without linear
transmit precoding versus the eigenmode transmission, Mt = 4, Mr = 2,
N = 64, L = 4.

to effectively reduce the performance gap between the closed-
loop V-BLAST and the eigenmode transmission.

IX. CONCLUDING REMARKS

This paper studies power-efficient transmission schemes for
the MIMO-OFDM block-fading channel when the channel is
known only at the receiver but is unknown at the transmitter.
A closed-loop V-BLAST architecture with per-antenna-based
power and rate feedback is shown to be able to approach
closely the channel capacity limits obtained by the eigenmode
transmission that requires the feedback of perfect channel to
the transmitter.

This paper assumes that the feedback power and rate are
continuous values, while in practice they are usually in the
form of discrete values. The algorithms presented in this paper
can be used to provide the performance limit for discrete-
valued power and rate feedback. Moreover, the obtained
continuous-valued power and rate solutions can be quantized
into discrete levels as approximate discrete-valued solutions.
Because the MIMO channels from adjacent OFDM tones are
usually correlated, it is very likely that the quantized power
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levels between adjacent tones have only small variation. This
fact can be used to further reduce the amount of feedback for
power control.

This paper considers power and rate optimizations for
each independent block transmission. With consecutive block
transmission and the sufficiently large channel coherence time,
there may be strong correlation between the MIMO-OFDM
channels during consecutive block transmission. As a result, if
a constant-rate transmission per block is required, the optimal
power and rate assignments for consecutive blocks can not
change abruptly. This observation has two important conse-
quences: First, feedback of only power and rate increments
and decrements between the current transmission block and
its preceding one is sufficient, which can hence reduce signif-
icantly the amount of feedback for each transmission block.
Second, the adaptive version of the algorithms presented in
the paper can be developed to determine the optimal feedback
parameters for the current transmission block based on those
of the preceding one and by doing so, the convergence time of
the algorithm for each transmission block can be dramatically
improved.

To summarize, per-antenna-based power and rate control is
a promising transmission technology for MIMO and MIMO-
OFDM channels if there exists a dedicated and timely feed-
back channel. It simplifies the transceiver design, provides
close-to-capacity throughput, and stabilizes the link perfor-
mance. It requires only moderate amount of feedback, and
can be effectively combined with existing linear transmit
precoding techniques to further improve the link performance.

APPENDIX

SUB-GRADIENT-BASED SEARCH

Consider the problem of minimization of a convex function,
f(x), defined over Rm. Assume that the minimum of f(x) is
finite and also attainable. If f(x) is continuously differentiable
and the analytical expressions for its differentials all exist,
this optimization problem can be handled by using standard
Newton’s method. Assume now f(x) is not continuously
differentiable or the analytical expressions for its differentials
do not exist. In such cases, standard Newton’s method can not
be directly employed and sub-gradients of f(x) can be used to
update the search of x towards their optimal values, denoted
by x∗, under which the minimum of f(x) is attained. θ ∈ Rm

is called a sub-gradient at x if g(φ) ≥ g(x) + (φ − x)Tθ
for all φ ∈ Rm. It then follows that x∗ cannot lie in the half-
space denoted by {φ ∈ Rm : (φ− x)Tθ > 0}. Therefore, at
each set of values x, their corresponding sub-gradient can be
used to remove the half of the remaining space for searching
x∗. Sub-gradient-based search can be efficiently implemented
as the ellipsoid method [36]. The details of this method are
omitted because of the space constraint. For the special case
of m = 1, sub-gradient-based searching becomes the so-called
bisection method. In general, the ellipsoid method converges
to the optimal solutions in O(m2) iterations.
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