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Finite-SNR Diversity—Multiplexing Tradeoft for
Correlated Rayleigh and Rician MIMO Channels

Ravi Narasimhan, Senior Member, IEEE

Abstract—A nonasymptotic framework is presented to analyze
the diversity—-multiplexing tradeoff of a multiple-input-mul-
tiple-output (MIMO) wireless system at finite signal-to-noise
ratios (SNRs). The target data rate at each SNR is proportional to
the capacity of an additive white Gaussian noise (AWGN) channel
with an array gain. The proportionality constant, which can be
interpreted as a finite-SNR spatial multiplexing gain, dictates the
sensitivity of the rate adaptation policy to SNR. The diversity gain
as a function of SNR for a fixed multiplexing gain is defined by
the negative slope of the outage probability versus SNR curve on a
log-log scale. The finite-SNR diversity gain provides an estimate of
the additional power required to decrease the outage probability
by a target amount. For general MIMO systems, lower bounds on
the outage probabilities in correlated Rayleigh fading and Rician
fading are used to estimate the diversity gain as a function of multi-
plexing gain and SNR. In addition, exact diversity gain expressions
are determined for orthogonal space—time block codes (OSTBC).
Spatial correlation significantly lowers the achievable diversity
gain at finite SNR when compared to high-SNR asymptotic values.
The presence of line-of-sight (LOS) components in Rician fading
yields diversity gains higher than high-SNR asymptotic values at
some SNRs and multiplexing gains while resulting in diversity
gains near zero for multiplexing gains larger than unity. Further-
more, as the multiplexing gain approaches zero, the normalized
limiting diversity gain, which can be interpreted in terms of the
wideband slope and the high-SNR slope of spectral efficiency,
exhibits slow convergence with SNR to the high-SNR asymptotic
value. This finite-SNR framework for the diversity-multiplexing
tradeoff is useful in MIMO system design for realistic SNRs and
propagation environments.

Index Terms—Finite signal-to-noise ratio (SNR), multiple an-
tennas, outage probability, random matrices.

I. INTRODUCTION

HE benefits of multiple antennas at both the transmitter
Tand the receiver in a wireless link consist of increased
reliability as well as high data rates. Techniques such as
space—time coding [1] are primarily concerned with increasing
reliability through spatial diversity, while spatial multiplexing
[2], [3] achieves high data rates by using the spatial degrees of
freedom to transmit independent data streams. For a particular
transmission scheme, the conventional definition of diversity
gain refers to the slope as the signal-to-noise ratio (SNR) tends
to infinity of the error rate versus SNR curve for the ideal
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channel conditions of independent and identically distributed
(i.i.d.) Rayleigh fading. With this asymptotic definition of
diversity, full-rank space-time codes ensure maximal spatial
diversity [1]. In practice, however, the SNR is often sufficiently
low such that the effective diversity, measured by the slope of
the error rate versus SNR at a particular point, is significantly
less than the slope at high SNR. This behavior is further exac-
erbated for multiple-input-multiple-output (MIMO) channels
with a high-spatial correlation or line-of-sight (LOS) compo-
nent, propagation conditions that are frequently encountered in
practice.

In addition to exploiting the available spatial degrees of
freedom, MIMO wireless systems typically employ rate adap-
tation algorithms based on the average received SNR. The
level of rate adaptation, related to the multiplexing gain, must
be selected for optimal performance at a given SNR. In this
context, the following question is of interest: how does the error
rate change for a change in the received SNR, given a certain
rate adaptation strategy?

In order to address this question, it is necessary to charac-
terize the behavior of the error probability as a function of the
rate adaptation parameters. Fundamentally, this characteriza-
tion involves the tradeoff between diversity and multiplexing
in MIMO systems. Such a tradeoff was obtained in [4], which
provides a framework to bridge the two extremes of pure
diversity gain, related to link reliability, and pure multiplexing
gain, related to spectral efficiency. The diversity—multiplexing
tradeoff curve of a given space-time code enables one to
determine the set of diversity and multiplexing gains that can
be obtained simultaneously. This tradeoff was obtained as the
SNR approaches infinity for i.i.d. Rayleigh-fading channels.
The asymptotic characterization is typically valid for high data
rates and correspondingly low error rates.

Systems such as wireless local area networks (WLANSs) have
moderate target packet error rates (PERs) around 1072-101
[5]. Furthermore, the SNRs encountered are usually in the range
3-20 dB. In addition, the wireless channel often exhibits high
spatial correlation and may contain LOS components. Several
recent papers [6]—-[9] have noted that codes designed for max-
imum performance at high SNR in i.i.d. Rayleigh-fading chan-
nels are not optimal at low to medium SNR, especially in the
presence of correlated fading. In such situations, asymptotic
theory for high SNR and i.i.d. Rayleigh channels yields op-
timistic results. Thus, it is essential to characterize the diver-
sity—multiplexing tradeoff for realistic SNRs, data rates, PERs,
and nonideal fading channels.

This paper presents a nonasymptotic, finite-SNR analysis
of the diversity—multiplexing tradeoff in MIMO systems for
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realistic propagation conditions. The two cases of spatially cor-
related Rayleigh fading at either the transmitter or receiver and
Rician fading are considered. Furthermore, no channel-state
information (CSI) is assumed at the transmitter. The finite-SNR
framework, necessary to evaluate the impact of these nonideal
propagation conditions, is derived for quasistatic channels, such
as those encountered in WLANS. In quasi-static fading, the
channel is constant over one coding block, or packet, and varies
independently across packets. Codes that approach capacity,
such as turbo codes [10] or low-density parity-check (LDPC)
codes [11], [12], are typically used on each packet such that the
PER is well approximated by the channel outage probability.
The outage probability is the probability that the mutual in-
formation, conditioned on the fading realization, between the
transmitted and received signals is less than the target spectral
efficiency. Based on the outage probability of MIMO systems,
new definitions of diversity and multiplexing gains as functions
of SNR are presented. The multiplexing gain is the ratio of the
spectral efficiency at each SNR to the capacity of an additive
white Gaussian noise (AWGN) channel with an array gain. For
a constant multiplexing gain, the diversity gain is the negative
slope of the outage probability versus SNR curve on a log-log
scale.

Although there exist closed-form expressions for the moment
generating and characteristic functions of the MIMO mutual in-
formation [13], [14], closed-form solutions for the cumulative
distribution function (cdf), needed for the outage probability,
are not tractable. Exact numerical computation of the cdf, which
involves determinants of matrices of hypergeometric functions,
provides little insight into the finite-SNR diversity—multiplexing
tradeoff. Thus, a lower bound on the MIMO outage probability
is derived to obtain an estimate of the diversity gain as a func-
tion of the multiplexing gain and SNR. This estimate is conser-
vative in that the exact diversity gain is typically lower. The spe-
cial case of orthogonal space—time block codes (OSTBC) is also
considered since closed-form expressions for the outage prob-
ability are available. For spatially correlated Rayleigh fading,
the achievable diversity gains at realistic SNRs are significantly
lower than the high-SNR asymptotic values. For Rician fading,
the maximum diversity gain is not always achieved at zero mul-
tiplexing gain. In fact, the diversity gain at some SNRs and mul-
tiplexing gains in Rician fading is larger than the asymptotic
value fori.i.d. Rayleigh fading. These qualitative characteristics
demonstrate the usefulness of the finite-SNR analysis described
in this paper.

The remainder of the paper is organized as follows. Section II
introduces the system model and the definitions of diversity and
multiplexing gains as functions of SNR. Lower bounds on the
outage probability are derived in Section III for the cases of
spatially correlated Rayleigh fading and Rician fading. From
these bounds, the diversity gain is estimated as a function of
the multiplexing gain and SNR. Exact diversity gain expressions
are computed for the case of OSTBC in Section IV. Section V
presents outage probability and diversity gain curves at finite
SNRs for various system and propagation conditions. Compar-
isons are also provided with high-SNR asymptotic results in the
literature. A discussion of the finite-SNR results and interpre-
tations of the limiting diversity gain as the multiplexing gain
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approaches zero are given in Section VI. Conclusions are given
in Section VII.

II. SYSTEM MODEL AND DEFINITIONS

Consider a narrowband MIMO system with My transmit
and Mg, receive antennas. Let H denote the Mg x My channel
matrix. For the case of correlated Rayleigh fading, correlation at
the transmitter is assumed in this paper, although the results are
easily applied to the case of receive antenna correlation. With
transmit antenna correlation, the channel matrix can be written
as H = HwR;/ 2, where R denotes the My x My transmit
covariance matrix and H,, is a Mg x My matrix whose ele-
ments are i.i.d. complex Gaussian random variables with zero
mean and unit variance [15]. For the case of Rician fading, the
channel matrix can be written as H = Hy,os + HxLos, where
H;os and Hypos denote the line-of-sight (LOS) and non-
line-of-sight (NLOS) matrices, respectively. Frequently used
models for these matrices are Hyos = \/K/(K + 1)1 a1, x My
and Hxpos = (1/vVK +1)H,,, where K denotes the Ri-
cian K-factor, 17, xar, denotes the Mpr x Mp matrix of all
ones, and no spatial correlation is assumed [15]. Note that the
rank-deficient LOS matrix arises in the usual case where the
antenna separations at the transmitter and receiver arrays are
much smaller than the range, or distance between transmitter
and receiver. For simplicity, the phases of the LOS component
are chosen such that the transmitter and receiver are in the
broadside orientation. Diagonal phase matrices are needed to
account for general array orientations. It can be shown that
an arbitrary diagonal receive phase matrix does not affect the
diversity—multiplexing tradeoff. Furthermore, if the transmit
array orientation is known, a diagonal transmit phase matrix
can be compensated for by adjusting the transmit antenna
phases. Let x and y denote the transmitted and received vec-
tors, respectively. The MIMO system equation is given by

y=Hx+n (1)

where n is a complex AWGN vector with covariance NolIaz,,,
and I,,, denotes the Mp X Mp identity matrix.

Under the assumption of quasistatic fading with capacity-
achieving codes per packet, the PER is equal to the outage prob-
ability. With this model, the conventional asymptotic definitions
of multiplexing and diversity gains of a MIMO system are given
as follows [4]:

Tasymptotic = pli)ngo 10g2 p @)
logy Poy

dasymptotic = — lim B2 : (3)
p—oo  logy p

where Tasymptotic aNd dasymptotic are the asymptotic mul-
tiplexing and diversity gains, respectively, R is the spectral
efficiency (in bits per second/Hertz) of the MIMO system, p is
the average SNR per receive antenna, and P, is the outage
probability. These definitions capture the high-SNR tradeoff of
data rate (represented by the multiplexing gain) and reliability
(represented by the diversity gain).

The need to characterize the diversity—multiplexing tradeoff
at realistic SNRs, data rates, and PERs motivates the new fi-
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Fig. 1. Illustration of diversity gain at finite SNR.

nite-SNR definitions introduced in this paper. The multiplexing
gain 7 is defined as the ratio of R to the capacity of an AWGN
channel at SNR p with array gain g:

R
r=—.
logy (1 + gp)

The array gain is chosen by considering the MIMO mu-
tual information / at low SNR. In the limit p — 0,
I =~ log,(1 + A%HHH%) where ||H||r is the Frobenius
norm of the channel matrix H [15]. Thus, for a fair comparison
of diversity and outage performance across different M and
My at low to medium SNRs, the array gain g is chosen such
that g = ;- E[|H|[%] = M.

Note that for a constant multiplexing gain r, the spectral ef-
ficiency increases as the SNR increases. The multiplexing gain
r provides an indication of the sensitivity of a rate adaptation
strategy as the SNR changes. As the value of 7 increases, a more
sensitive rate adaptation strategy is used in which a moderate
change in SNR can result in a significant change in the data rate.

As illustrated in Fig. 1, the diversity gain d(r, p) of a rate-
adaptive system with a fixed multiplexing gain r at SNR p is
defined by the negative slope of the log-log plot of outage prob-
ability versus SNR

“

8111 Pout(’r7 /))
dlnp
aln Pout (T7 P)
S
14

d(?", P) =

&)

where Py, (r, p), the outage probability of the MIMO link as a
function of the multiplexing gain and SNR, is given by

Poui(r, p) = Pr[I < rlog,(1+ gp)]. (6)

The significance of Definition (5) is that the diversity gain at
a particular SNR can be used to estimate the additional SNR
required to decrease the PER by a specified amount for a given
multiplexing gain. The finite-SNR diversity gain (5) is well
suited to a perturbation analysis of the MIMO system around a
specified SNR. For large deviations, the behavior of the outage
probability itself can be analyzed using (6).

III. OUTAGE PROBABILITY AND DIVERSITY GAIN

In this section, lower bounds on the outage probability are
computed for rate-adaptive MIMO systems under spatially cor-
related Rayleigh fading and Rician fading. The lower bounds
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are then used to estimate the finite-SNR diversity gain using (5).
The asymptotic diversity gain at high SNR is also computed.
The lower bounds on the outage probability are computed
under the assumption of no CSI at the transmitter and perfect
CSI at the receiver. In this case, equal power is allocated to each
of the M transmit antennas. Thus, the MIMO mutual informa-
tion conditioned on the channel realization H is given by [16]

I = log, det (IMT + LH*H) %
Mr

where the superscript * denotes conjugate transposition. For
simplicity, it is assumed that M > M7 in this paper, although
the results are easily generalized to arbitrary M and Mp.

A. Lower Bound on Outage Probability: Correlated Rayleigh
Fading

A lower bound on the outage probability is now derived for
Rayleigh fading with a possibly rank-deficient transmit covari-
ance matrix R7. A rank-deficient transmit covariance matrix
can arise with pinhole channels in which the transmitted sig-
nals have to reach the receiver through a small number of pin-
holes [17]. For a rank-one covariance matrix, there is only one
path to link the scattering clusters at the transmitter and receiver.
This situation can occur, for example, when signals have to go
through windows in buildings. Other conditions that give rise
to rank-one covariance matrices include zero angle spread or
nonzero angle spread with all paths fading coherently [18].

Let 0 < p1 < po < - < pn, denote the nonzero
eigenvalues of Rr, where the rank of Ry is Ny < Myp. Fur-
thermore, let a complex m x m Wishart matrix A with n de-
grees of freedom and covariance matrix 3 be denoted by A ~
Win(n, X). Note that A ~ W,,(n, %) if A = G*G, where
G is an X m matrix (n > m) of zero-mean independent com-
plex Gaussian row vectors with covariance matrix 3 [19], [20].
With these definitions, the mutual information has the following
equivalent statistical representation.

Lemma 1: The mutual information I, for correlated
Rayleigh fading is equivalent in distribution to the following:

Nt
Teorr ~ 10g2 H (1 + MLT/\corr,l> (8)
=1

where ~ denotes “equivalent in distribution,” Acorr,i <
Acorr,z < < Acorr,Ny are the sorted eigenvalues of
the complex Wishart matrix Aco;y ~ Wny. (Mg, D7), and
Dr = diag(u1, g2, - - -, pin ) 18 a diagonal matrix.
Proof: The proof is given in Appendix L. O
The outage probability of the rate-adaptive MIMO system can
be expressed using (6) and (8) as follows:

Pout,corr (Tv p)

Nr
=Pr [IOgQ H <1 + MLT)\COI‘I‘,I> < Tlog?(l + gp)
=1

C))

where g = Mpg. To derive a lower bound on Pyt core (T, p), the
following lemma is used.
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Lemma 2: For Rayleigh fading with transmit antenna corre-
lation

Pr[)\corr,l < zy, l= 1727-"7NT]
l
> Pr E:Tn<:1:l,l:172,...7

n=1

Nr| (10)

where 0 < 77 < 722 < -+ < zpn, and T, are independent
random variables. The variables 7T} can be written as

l
Tr=> G
n=1

where G, ; are independent gamma random variables with pa-
rameters ((y,1, Mp,;) and

(1)

1, n=12...,1—-1
Cn’l_{MR—NT+l, n=1 (12)
TNn,l = Hn, n = 12,l (13)

Proof: The proof is given in Appendix II. O

Note that from [21], [22], the cdf of T} can be written as a single
gamma series

=11 ()

Z(Skl’yMR—NT-}-Ql—l‘}‘kl’/ﬂl) (14)
£ I(Mp— Np+2l—1+k)
— T ym—1_—t : :
where y(m,z) = [; " 'e~"dt is the incomplete gamma
function and
S0 =1
| k] i
Sk = — 1-=— Oka1—il,
k=0,1,... (15)

For the case of i.i.d. Rayleigh fading, Ry = I,z,. Thus, from
(11)—(13), T; becomes a gamma random variable with parame-
ters (Mg — Mg + 21 — 1,1) and has the cdf

Y(Mp — Mr +2l -1, 7)

FT[(x): F(MR_MT+2I_1) )

(16)

A lower bound on the outage probability is given in the fol-
lowing theorem.
Theorem 1: For Rayleigh fading,

Ny

Pout,corr(T7 p) > H FT[ (apyl)
=1

a7)

where r = S ag,a0 = 0,a,,; = %[(1 +gp)" — (1 +
gp)“-1], and Fr,(-) is given by (14) for the case of transmit
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antenna correlation and by (16) for the case of no spatial corre-
lation.

Proof: From (9) and the fact that (1 + gp)” = f\;Tl(l +
gp)®, the lower bound on Pyt corr (7, p) is obtained as follows:

Nt
Pout,corr(T7 p) =Pr [H <1 + MLT)\COIT,I>

NT T
<[]+ gp)™ (18)
=1 _
p
>P 1 —/\corr 1 “
> r_( i ,z><( +gp)
1=1,2,...,Np (19)
- p l N
> Pril+ - X_j (1+gp)™
1=1,2,...,Nr (20)

M
> Pr [Tl < 7((1 +gp)" = (1+gp)"")

1=1,2,...

Ny
= H FTZ (Olp,l)
=1

Inequality (19) follows from the fact that for any positive set
of numbers u;,v;,l = 1,2,..., Np, we have v; < v;,l =
1,2,...,Nr = Hf\;Tl u < Hf\fl v;. Next, (20) follows from
Lemma 2, and (21) is derived using the observation that

2n

7NT

(22)

l
HMLT;T": ZT +—Tl

< (L4gp)™ + -,

My (23)

Finally, (22) follows from the independence of T;,I =
1,2,...,Np. ]

To obtain accurate diversity gains at finite SNR, the lower
bound (17) is maximized over the exponents {a;} for each r
and p. The feasible set A, for {a;} is determined by the fact
that a,; > 0. This constraint leads to the requlrement a; >
aj_1,1 = 1,2,..., Nr. From the conditions r = Zl 1 a; and
ag = 0, A, is given by

-1
T — _1 0k
o {(al’%’“"%) a1 < o< R
Nr—1
l:172-,-~.7NT—1;0,N,I,:7"_ Z ak}~ (24)
k=1

There exist efficient nonlinear programming techniques, such
as variations of Newton’s method [23] or sequential quadratic
programming [24], to determine the vector (a1, as, . .., ap. ) €
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A,. that maximizes the right hand side of (17). The initial con-
dition for the optimization is chosen as follows:

SN I=1
-1 (0)
0 RO I D _
a’l(): 3 a’l*l—l_ﬁ 1=2,3,...,Nr —1
r— Yt e, [ = Nr.

(25)

The computation time for the optimization is much smaller than
Monte Carlo simulations for the exact outage probability. Fur-
thermore, even without the maximization step, the analytical
form of the lower bound (17) provides useful insight that cannot
be obtained from simulations.

B. Lower Bound on Outage Probability: Rician Fading

In this section, a lower bound on the outage probability for
Rician fading is derived. The derivation is based on results for
noncentral Wishart matrices. In order to use these results, the
Rician channel matrix must modified by applying fixed unitary
transformations at the transmitter. Specifically, let the vector of
information symbols to be transmitted be denoted by s. Let F' 5,
denote the Mp-point discrete Fourier transform (DFT) matrix
whose elements are (Fy, )i, = e 927kn/Mr | /My kon =
0,1,..., My—1.LetP s, bethe M7 x My permutation matrix
given by

0 -~ 0 1
Py, =| . - (26)
0 1 0

With these definitions, the transmitted vector is given by
X = FIWT P]\,[T S. (27)

Under these unitary transformations, the equivalent channel
matrix is given by

H., = HiosF . Pary, + HyxvosFar, Py (28)
[K My
“VKx1 [Onrnx(arr—1) Larexi)
1 .
7Hw (29)
K+1
. 1 .
= Hpos + ———H,, (30)

K+1

where 0,7, » (a1, —1) denotes the Mp x (M7 — 1) matrix of all
zeros and H,, is an i.i.d. complex Gaussian matrix equivalent in
distribution to H,,.

Let a complex m X m noncentral Wishart matrix A with n
degrees of freedom (n > m), covariance matrix X, and matrix
of noncentrality parameters £ = X~'M*M be denoted by
A ~ W (n,X,Q). Note that A ~ W/ (n, %, Q) if A =
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G*G, where G is a n X m matrix of independent complex
Gaussian row vectors with covariance matrix ¥ and E[G] =
M. As in the case of correlated Rayleigh fading, it can be shown
that the mutual information Ig;c. in Rician fading is equivalent
in distribution to the following:

My

p
IRico ~ 10g2 H (1 + _)\Rico,l>
=1 My

where ARice,i < ARice,2 < ' < ARice,Mmp are the sorted
eigenvalues of the complex nonc~entral~Wishart matrix ARice ~
Wi, (M, 7251, (K + DH} osHros).
Similar to Lemma 2, the following lemma is introduced.
Lemma 3: For Rician fading

€1V

Pr[ARices < 1,0 =1,2,..., Mr]
!

>Pr|Y X, <am,l=12... . Mr| (32

n=1
where 0 < 71 < 72 < --- < 7, and X, are independent
random variables. For | = 1,2,... My — 1, X; are gamma

variables with parameters (Mg — My + 21 — 1,1/(K + 1)),
and X, is a noncentral gamma variable with shape parameter
Mpg + M7 — 1, noncentrality parameter K M r Mp, and scale
parameter 1/(K + 1). The cdf of X is given by (33) shown at
the bottom of the page.
Proof: The proof is given in Appendix III. O
A lower bound on the outage probability P,y rice(T, p) is
derived using Lemma 3, as given in the following theorem. The
proof is similar to the Proof of Theorem 1 and, hence, is omitted.
Theorem 2: For Rician fading

M~

Pout,Rice(T-, P) > H FX, (dp,l)
=1

(34)

where r = Y104 drydo = 0,4, = ME[(1+ gp)™ — (1 +
gp)®-1], and Fx,(-) is given by (33).

As in Section III-A, the lower bound (34) is maximized using
nonlinear programming over {a; } for each r and p. The feasible
set A, for {a;} is similar to that for {a;} in Section III-A

-1 ~
~ - " . - T — —1 0k
A, = {(al,az,...,aMT) aj—1 < ap < ﬁ
MT—l
1=1,2,...,Mp = Liap, =r— Y ak}. (35)
k=1

C. Finite-SNR Diversity Gain

The lower bounds on outage probability given in (17) and
(34) can be used to estimate the diversity gain as a function
of SNR and multiplexing gain. The result is summarized in the
following theorem.

Y(Mp—Myp+21—1,(K+1)x)
[ (Mgr—Mr+21-1)

(33)

Fx,(z) = {e—KMRMT 2 (KMgrMr)" v(Mg+Mzp—14n,(K+1)z)
n=0 ’

n!

T(Mp+Mr—14n)
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Theorem 3: For SNR p and multiplexing gain r, an estimate
of the diversity gain is given by (36) shown at the bottom of the
page, where (a1, as,...,any.) € A, and (a1, a2,...,a0,.) €
A, are chosen to maximize the lower bounds (17) and (34),
respectively, and F'(x) = dF/dzx.

Proof: The proof follows from substituting the lower
bounds in (17) and (34) into (5). (|

From the diversity gain (36), the high-SNR asymptotic be-
havior can be determined, as given in the following.

Corollary 1: The high-SNR diversity gain for multiplexing
gain r is

minblegr E;\Ql(MR — Np + 2l — 1)bl,

lim d(ﬁ p) = correlated anleigh fading .
p—oo ming g =y (Mr — Mr + 21 — 1)by,
Rician fadlng
(37

where B, = {(bhbg, . bNT) |0 < bNT < bNT 1 < - <
by, Y4 (1 —by)* <r} B = {(by,ba, .. bNT)|0<bNT <
bny—1 < -0 < by, Zl 1(l—bl) < r}, and (z)t =
max(0, z).

O

Proof: The proof is given in Appendix IV.
From the comparison of (37) with the results in [4], the
high-SNR diversity gain is equal to the asymptotic diversity
gain dasymptotic defined by (3) for both Rayleigh fading with a
full-rank transmit covariance matrix (N7 = M) and Rician
fading. Hence, the finite-SNR framework for diversity analysis
introduced in this paper can be viewed as a generalization of
previous asymptotic analysis in the literature. Furthermore,
since spatial correlation and LOS components do not affect
the high-SNR diversity gain, the finite-SNR analysis presented
here is essential to understanding MIMO system performance
in realistic propagation conditions.

IV. OUTAGE AND FINITE-SNR DIVERSITY PERFORMANCE:
OSTBC

In this section, closed-form expressions for the outage prob-
abilities of OSTBC are computed for both correlated Rayleigh
fading and Rician fading. These expressions are used to com-
pute the exact finite-SNR diversity gains of OSTBC. The mu-
tual information (conditioned on the channel realization) for
OSTBC with spatial code rate 5 is given by [15]

) P 2
Iostec = 75 log, (1 + V”HHF> : (38)
T
The spatial code rate 7, is equal to the average number of in-
dependent constellation symbols transmitted per channel use
through the M transmit antennas. For example, s = 1 for
the Alamouti space—time code [25], and r, = 1/2 or 1y =

3/4 for the complex orthogonal designs given in [26]. Since
IH||% = tr(Acorr) for correlated Rayleigh fading and ||H||% =
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tr(ARijce) for Rician fading, the following lemma is needed to
determine the outage probability of OSTBC.
Lemma 4: The cdfs of ||H||% are given by

Np Mg
I (7))
me1 \Hn
i oxY(MpNy + k,x/p1)

= I'(MgrNr + k)
correlated Rayleigh fading (39)

Fir(Aon) (7) =

> (KMgrMp)"
Ftangple) = ¢ Ktn0tr 5 (R

n!
n=0
V(MgMy + n, (K + 1)a)
F(MRMT + n)
Rician fading (40)
where
o =1
k+1 [ Ny i
N Mg Ml) <
Opt1 = —— 1-— Okt1—i
k1 k+1; ;( wi) |
k=0,1,---. (41)
Proof: The proof is given in Appendix V. O

The outage probability of OSTBC can now be stated as follows.
Theorem 4: For OSTBC, the outage probability is given by

PRETEC(r, p)
_{ Fu(ac)(dps.), correlated Rayleigh fading
7 Fir(Arieo)(@p,r, ), Rician fading

(42)

where &, ., = 21+ gp)/™ —1].

Proof: The proof follows from the mutual information ex-
pression for OSTBC given by (38). For instance, the outage
probability for correlated Rayleigh fading is given by

ontscon: (T P)
=Pr [rs log, (1 + LHHH%) < rlogy(1+ gp)}
Mr
(43)
M

= P < 2101+ g7~ 1] @)
= Fi(ac)(Gpr,)- (45)
O

The diversity gain is then obtained by substituting (45) into (5),
and as summarized in the following.

Theorem 5: The diversity gain for OSTBC as a function of
SNR p and multiplexing r is given by

cZ(r,p) _ Zz 1

p.l)
Py [and = 25 (a(1+ gp)*

MF(az) - M
S e [ — 222 (@ (1 + gp)

—aj—1(1 4 gp)©-t )} correlated Rayleigh fading
(36)

— a1 (1+ gp)&’*l)] Rician fading
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[ 1.0000 0.0043 + 0.9789i B
R = 10,0043 — 0.9780i 1.0000 , for My =2 “9)
1.0000 0.0043 + 0.9789i  —0.9172 + 0.0077i

Ry = | 0.0043 — 0.9789i 1.0000 0.0043 + 0.9789i for My = 3 (50)
| —0.9172 — 0.0077 0.0043 — 0.9789 1.0000
10000 0.0043 + 0.9789i  —0.9172 + 0.0077i  —0.0092 — 0.8197i

R | 00043 —0.9789i 1.0000 0.0043 + 0.9789i  ~0.91724 0.0077i | (0 o

T | —0.9172 — 0.0077;  0.0043 — 0.9789i 1.0000 0.0043 + 0.9789 r=5

[ —0.0092 + 0.8197i —0.9172 — 0.0077;  0.0043 — 0.9789 1.0000

dostac (T, p)
(——

) F (Acor) (Gpre)

Fir(Acore) (Gp,rs)
-~ rgM s—1
[O‘P,n — L (1 4 gp)/T ]
. Ft’r(ARice) <d0~7“s )
Ftr(ARice) (df’~"‘s )’

correlated Rayleigh fading

Rician fading.
(46)

The high-SNR diversity gain of OSTBC can be determined from
(46), as given in Corollary 2. The proof follows reasoning sim-
ilar to that of Corollary 1.

Corollary 2: The high-SNR diversity gain of OSTBC for
multiplexing gain r is

lim dostrc(r, p) = do {1 - L} , 0<r<r, (47)
p—o0 Ts
where
do = MgrNyp, correlated Rayleigh fading 48)
™\ MgMyp, Rician fading.

As before for general MIMO systems, the high-SNR asymp-
totic diversity gain for OSTBC does not depend on spatial cor-
relation or LOS components. Hence, it is necessary to consider
finite SNRs for the diversity—multiplexing tradeoff in order to
determine the effect of realistic propagation conditions.

V. NUMERICAL RESULTS

Numerical results are now presented for the finite-SNR
outage and diversity analysis given in Sections III and IV.
Uniform linear arrays with half-wavelength antenna spacing
are assumed at the transmitter and receiver. For correlated
Rayleigh fading, a single transmit scattering cluster is assumed
with angle of departure of 30° from broadside and a uniform
power azimuth spectrum with full-width angle spread of 15°.
With these parameters, the transmit covariance matrices for
My = 2,3,4 are given in (49)—(51) at the top of the page.
For Rician fading, K-factors of 5 and 10 dB are used. These
parameters are similar to those used in the IEEE 802.11 WLAN
Task Group N [27].

Fig. 2 is a plot of the outage probability versus SNR for cor-
related Rayleigh fading with Mr = My = g = 2. The lower

bound (17) is plotted as well as results of Monte Carlo simula-
tions for the exact outage probability. Although there is a gap
between the actual outage probability and the lower bound, it
can be seen that the slope of the lower bound is very similar to
that of the actual outage probability curve, in particular at low
SNRs. In fact, as shown in Fig. 3, the diversity—multiplexing
tradeoff curves obtained from (36) are very close to the sim-
ulated curves at SNRs of 5 and 10 dB. Note that (36) is typi-
cally larger than the actual diversity gain since J(r, p) is derived
using the lower bound (17) on outage probability. Nevertheless,
the estimate d(r, p) agrees with the simulation value as r» — 0.
From Fig. 3, transmit correlation causes much lower diversity
gain at realistic SNRs than the asymptotic result obtained in [4]
for SNR — oo.
_ Finite-SNR diversity-multiplexing tradeoff curves based on
d(r, p) given in (36) are plotted in Fig. 4 for Mg = My = g =
2 and several different fading scenarios with SNR = 10 dB. As
expected, the tradeoff curve for correlated Rayleigh fading is
greatly below the curve fori.i.d. Rayleigh fading. A qualitatively
different behavior is observed for Rician fading. At moderate
SNRs and a fixed multiplexing gain r satisfying 0 < rpmin <
r < 1 for some ryin, the presence of a LOS component gives
rise to a steep drop in outage probability, as seen in Fig. 5. As the
SNR increases, the minimum eigenvalue of H*H begins to af-
fect the outage probability and causes a flatter outage probability
curve (lower diversity gain). Hence, for 0 < rp;, < 7 < 1, the
log-log plot of outage probability versus SNR (Fig. 5) contains
an inflection point, and the diversity gain at moderate SNRs is
larger than the high-SNR asymptote. For » < 7y, the im-
pact of the LOS component on the outage probability slope is
less significant since the sensitivity of the rate adaptation algo-
rithm is quite low. Thus, diversity gain is less than the high-SNR
asymptote for 7 < 7.,i,. From the numerical results, a typical
value of r,,;, is around 0.25 for K = 5 dB and around 0.1
for K = 10dB (Mg = My = g = 2,3,4). Also note that
all the curves for SNR = 10 dB converge at » = 0. Finally,
for r > 1, the diversity gain in Rician fading approaches zero
rapidly since the rank-one LOS matrix limits the effective de-
grees of freedom in the channel. Note that as K — oo, the
Rician fading channel approaches a rank-one AWGN channel
such that the outage probability is unity for » > 1 and zero for
T < L

From the diversity estimates given in (36) and the exact di-
versity gain for OSTBC given in (46), three-way tradeoff sur-
faces of diversity gain, multiplexing gain, and SNR are plotted
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Outage Probability

10 0 10 20 30 40

SNR (dB)

Fig. 2. Outage probability for different multiplexing gains r, Mr = My =
g = 2, and correlated Rayleigh fading. The solid curves are exact simulation
results and the dashed curves are the lower bounds obtained using (17).

—— SNR =5 dB (exact sim.)
-~ SNR=5dB |
—— SNR = 10 dB (exact sim.)
-5 SNR=10dB
—A- SNR —» =

Diversity Gain

0 0.5 1 15 2
Multiplexing Gain

Fig. 3. Diversity gain versus multiplexing gain for M p = My, = g = 2 and
correlated Rayleigh fading. The actual diversity gain from Monte Carlo simu-
lations is plotted for SNRs of 5 and 10 dB.

in Figs. 6-8 for 1) Mr = Mr = g = 4 with correlated
Rayleigh fading, 2) Mr = Mr = g = 4 with Rician fading
(K = 5dB), and 3) Mp = My = g = 2 with the Alam-
outi space—time code and Rician fading (K = 5 dB). From
Fig. 6, spatial correlation significantly reduces the achievable
diversity gain and causes slow convergence with SNR of the di-
versity—multiplexing tradeoff curve to the high-SNR asymptotic
result. As was observed in Fig. 4, the increase in diversity gain
due to Rician fading at moderate SNRs can be seen in Figs. 7
and 8.

VI. DISCUSSION

The finite-SNR framework for the diversity—multiplexing
tradeoff provides useful insight into MIMO performance
under realistic propagation conditions. As demonstrated by
Corollaries 1 and 2, the effects of spatial correlation and LOS
components on the diversity—multiplexing tradeoff cannot be
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6 — T T T T
-©- i.i.d. Rayleigh Fading
—&- Corr. Rayleigh Fading

5f . - Rician Fading, K=5dB [

-A~ Rician Fading, K= 10 dB
—+— SNR - =

Diversity Gain

0 0.5 1 15 2
Multiplexing Gain

Fig. 4. Finite-SNR diversity—multiplexing tradeoff curves obtained using (36)
for Mp = My = g = 2 and different fading scenarios with SNR = 10 dB.

Outage Probability

—>— r=0.25
8- r=0.5
-©-r=1.25

0 10 20 30 40
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107%

Fig. 5. Outage probability lower bounds (34) for different multiplexing gains
r, Mr = My = g = 2, and Rician fading with X' = 10 dB.

20 5 -

—_
(&)
Tl

Diversity Gain

Multiplexing Gain

Fig. 6. Diversity gain estimate (36) versus multiplexing gain and SNR for
Mg = My = g = 4 and correlated Rayleigh fading.
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Fig. 7. Diversity gain estimate (36) versus multiplexing gain and SNR for

Mpgr = Mt = g = 4 and Rician fading with K’ = 5 dB.

Diversity Gain

Multiplexing Gain

Fig. 8. Diversity gain (46) versus multiplexing gain and SNR for Alamouti
code with M r = Mt = g = 2 and Rician fading (X = 5 dB).

observed at high-SNR. In contrast, the results given in Sec-
tion V for finite SNR quantify the effect of these propagation
conditions on the diversity—multiplexing tradeoff. The reason
for the difference can be explained intuitively as follows.
As the SNR approaches infinity, only the number of channel
eigenmodes determines the performance. The relative strength
of these eigenmodes do not affect high-SNR behavior. Since
spatial correlation and LOS components primarily affect the
condition number of the channel matrix, the impact of such
nonideal propagation effects can be captured only by analyzing
the performance at finite SNR. Furthermore, the finite-SNR
diversity—multiplexing tradeoff exhibits qualitatively different
behavior for Rician channels, as seen in Figs. 4, 7, and 8.
From (37) and (47), this behavior is not observed in the limit
SNR — oo since for finite Rician K-factors, the overall MIMO
channel matrix is still full rank with probability one, although
the condition number is increased.

3973

Finite-SNR diversity—multiplexing tradeoff curves are useful
to develop a systematic approach for space—time code design
for various propagation conditions. In the literature, the im-
pact of channel correlation is often studied for the extremes
of high and low SNRs. As aforementioned, nonideal channel
conditions do not affect high-SNR performance. In [28], the
low-SNR region is studied by assuming a certain fraction f
of the channel eigenvalues are sufficiently small such that they
do not contribute to the mutual information (8); the remaining
eigenvalues are assumed sufficiently large such that the term
“14+” in (8) can be ignored. Based on these assumptions, the
pairwise error probability (PEP), diversity gain, and coding gain
of a space—time code are approximated. Code design criteria
are proposed for correlated channels by taking into account fi-
nite SNR. Because the fraction f is difficult to determine, sim-
ulations are used to evaluate the impact of nonideal propaga-
tion conditions. In this context, the finite-SNR diversity—mul-
tiplexing tradeoff represents a useful analysis tool to evaluate
the performance of codes designed according to new criteria
such as those given in [28]. The finite-SNR diversity gain for
a given multiplexing gain quantifies the strength of the eigen-
modes at each SNR without resorting to an ad-hoc determina-
tion of the fraction f. Furthermore, the finite-SNR framework
can be used to evaluate the performance of codes that are ap-
proximately universal (at high SNR) [29]. Such codes achieve
the asymptotic (high-SNR) diversity—multiplexing tradeoff for
every slow fading channel. However, different codes will in gen-
eral have different performance at finite SNR. Detailed perfor-
mance analysis of space-time codes and new code design cri-
teria based on the finite-SNR diversity—multiplexing tradeoff are
interesting topics for future research.

An important property of the finite-SNR diversity gain is the
limiting behavior as the multiplexing gain approaches zero. This
region is most important for diversity gain since at low mul-
tiplexing gains, the rate adaptation strategy is not very sensi-
tive to changes in SNR. In other words, the data rate does not
change dramatically with SNR. Such a conservative rate adapta-
tion strategy is usually employed to benefit from increased reli-
ability using spatial diversity. With this motivation, the diversity
gain for » — 0 is given in the following theorem.

Theorem 6: The diversity gain as r — 0 of a rate-adaptive
MIMO system for SNR p and array gain g is

gp
(14 gp)In(1 + gp)

where dj is given in (48). The result also holds for the case of
OSTBC transmission.

Proof: The proof is given in Appendix VL. O
Fig. 9 is a plot of the normalized limiting diversity gain,
lim, _,o d(r, p)/dp, as a function of p for ¢ = 2,3,4. From
the plot, the diversity gain for SNRs between 3-20 dB is only
around 50%—-83% of the asymptotic value for practical numbers
of antennas. This result indicates that the high-SNR diversity
gain of dj is often quite optimistic and is close to the actual
diversity gain only for SNR greater than 40 dB. The slow con-
vergence of the diversity gain indicates that sacrificing data rate
by using a low multiplexing gain does not provide the expected
asymptotic diversity gain at realistic SNR. The achievable

lim, d(r,p) = do |1 — (52)
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Fig. 9. Normalized limiting diversity gain as a function of SNR.

diversity gain predicted by Theorem 6 and Fig. 9 is useful to
determine the actual drop in PER as the SNR increases for a
conservative rate adaptation policy (r — 0). Such insight can
be used to select the rate adaptation algorithm at a particular
SNR.

Note that the diversity gain as » — 0 depends neither on co-
variance matrix eigenvalues nor on Rician K-factors, as seen in
Fig. 4. As r — 0, the spectral efficiency R approaches zero. As
stated in [30], the infinite-bandwidth limit of zero spectral ef-
ficiency is not affected by fading. In fact, the limiting diversity
gain expression (52) has the following interesting interpretation
in terms of the wideband slope [30] and the high-SNR slope [31]
of spectral efficiency. Let C = log, (14 gp) denote the capacity
(in bits per second/Hertz) of an AWGN channel with array gain
g, and let E}, /Ny denote the energy-per-bit normalized to the
one-sided noise spectral level. From (52), the normalized lim-
iting diversity gain can be written as follows:

gp

(1+gp)In(1+gp)
dlnC

d_ hm d(r p)=1-—

07‘—>

(53)

where E,/Ng = p/C and C(E,/Ny) is the AWGN channel
capacity as a function of Ej,/Ny. From (53), the normalized
limiting diversity gain measures the ratio of the slope of ca-
pacity versus SNR to the slope of capacity versus Ej/Ng. In
this context, it is insightful to consider the wideband slope and
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the high-SNR slope of spectral efficiency, respectively, defined
by [30], [31]

s

dC(
%= ;I_I’% d10g2(

lim (
= dlog,

dC
= lim p—1
Jim pomin

dC
lim
p—co dlogy p’

(54)
:)
)
dlog, (£)

5|£‘j ZI@

/N

N}

(55)

In AWGN channels, S; = 2 and S = 1. Furthermore, the
following inequalities hold:

dc dC ( %
< dlogy p < S < o () ( _b)
32(N0)

At low SNR, the numerator of (53) approaches zero while the
denominator approaches Sy, and, hence, the normalized lim-
iting diversity gain approaches zero. At high SNR, both the nu-
merator and denominator approach S, and the normalized lim-
iting diversity gain approaches unity.

Another interesting interpretation of the normalized limiting
diversity gain arises from considering the relation between
mutual information and minimum mean-square error (MMSE)

< Sp. (56)

[32]. Consider a continuous-time Gaussian channel and
Gaussian input X (¢) with power spectral density given by
_Jg IfIsW
Sx(f) = {07 otherwise 7

where g is the array gain defined in Section II. The mutual infor-
mation rate for this channel (in nats/s) is then I(p) = W ln(1+
gp). Letmmse(p) and cmmse(p) denote the noncausal MMSE
and causal MMSE, respectively, in estimating the input given
the channel output. It is shown in [32] that

mmse(p) = —dz(p) (58)
cmmse(p) = %Ep) (59)

Note that (58) and (59) hold under more general conditions.
Hence, the normalized limiting diversity gain can be rewritten
as follows:

mmse(p)

— lim d(r p)=1- cmmse(s)

do r—0 (60)

Thus, the normalized limiting diversity gain can be interpreted
as difference between the causal MMSE and the noncausal
MMSE relative to the causal MMSE of a continuous-time
Gaussian channel. An interesting direction for future research
is to explore in greater detail the relations among the finite-SNR
diversity—multiplexing tradeoff, spectral efficiency in the wide-
band and high-SNR regimes, and the link between mutual
information and MMSE estimation.
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VII. CONCLUSION

Finite SNRs are important in analyzing the diversity—multi-
plexing tradeoff of MIMO systems in realistic environments.
This paper presents a nonasymptotic framework of this tradeoff
by introducing finite-SNR definitions of diversity and multi-
plexing gains. Based on these definitions, diversity gains are
computed as functions of the multiplexing gain and SNR for
correlated Rayleigh fading and Rician fading. The finite-SNR
diversity gain allows accurate estimation of the additional
power required to decrease the error probability by a specified
value when rate adaptation is employed in the MIMO system.
For a general MIMO system, the diversity gain is estimated
using lower bounds on the outage probability for a fixed multi-
plexing gain. The diversity estimate is typically slightly above
the exact simulation value. Exact diversity gain expressions are
obtained for OSTBC transmission. Spatial correlation signifi-
cantly lowers the achievable diversity gain at finite SNR. The
presence of LOS components in Rician fading yields diversity
gains higher than the high-SNR asymptotic values at some
SNRs and multiplexing gains; for multiplexing gains larger
than unity, the diversity gains are near zero.

As the multiplexing gain approaches zero, the normalized
limiting diversity gain as a function of SNR is the same for dif-
ferent MIMO systems and propagation environments. The lim-
iting diversity gain can be interpreted in terms of the wideband
slope and the high-SNR slope of spectral efficiency. In addition,
the normalized limiting diversity gain is equal to the difference
between the causal MMSE and noncausal MMSE relative to
the causal MMSE in estimating the input of a continuous-time
Gaussian channel given the channel output. The limiting diver-
sity gain is much lower than the high-SNR asymptotic value,
a fact that has implications for MIMO systems with conserva-
tive rate adaptation strategies. The insights gained from the fi-
nite-SNR diversity—multiplexing tradeoff analysis are useful to
design MIMO systems for realistic SNRs and propagation en-
vironments.

APPENDIX I
PROOF OF LEMMA 1

Let the eigenvalue decomposition of Ry be Ry =
UTINDTU}, where Ur is a My X My unitary matrix,
Dy = blkdiag(Dr,0(nz, — Ny )x (Mr—N))» and blkdiag de-
notes block diagonal concatenation. From (7), H = H,, R;/ 2,
and the identity det(I + AB) = det(I+ BA) [33], the mutual
information is given by

H,RrHY

P

Loore = log, det | Ty,
0gy de _ Mgr T My

= log, det |Ins, + ~—H, U D ULH?,
I Mr

(61)

~ log, det | Iy, + ~—H, D H?,
I Mr ]

where (61) follows from the fact that H,, U, ~ H,, since
Uy is unitary [19]. Now, define the following matrix partition:
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H, = [H,1 H,z], where H, ; is a Mg x Np iid. com-
plex Gaussian matrix. Thus,

Mr

P
Mr

Loom ~ logy det |y, + LHw,lDTH*wJ}
= 10g2 det INT + DTHZ;,le71:|

— log, det | Ly, + -2 (DIT/Z) H:, ,H, DY 2}
I My o

~ log, det _INT L (Hw,lDlT/Z)* (Hwle;«/Z):|

My
NT p
=1 14+ —Aeorr 62
Og2g< I ,z) (62)
where (62) follows by letting Acor =

(H,,1D}*)*(H,. D).

APPENDIX 11
PROOF OF LEMMA 2

Consider Acorr,, the [th smallest eigenvalue of the
Wishart matrix A, and define the [ x Npr matrix
X* = [I; O;x(n,—1)]- By definition, Ao, is full rank (rank
Nr). For an x n Hermitian matrix B, let \;(B),i = 1,2,...,n
denote the eigenvalues sorted in ascending order. By Poincare’s
separation theorem [33]

Ai (Arn) <X (XFALLX) < Avp—i4i (Ao
i=1,2,....1. (63)

From the relations X\;(AZL) = 1/An,—it1(Acorr) and
MN(XFA LX) = 1/N_ i ((X*ALX] 1), (63) can be

Ccorr
rewritten as

A — -1
)\l—i—i-l(Acorr) S /\l—i-l—l ([X Acoler] )
=1,2,...,

S /\NTf’H»l(Acorr); { L.
(64)
From (64) withz = 1
Acorr,l = /\I(Acorr)
<x([xrazix]™)
<tr([x"AZLX] ) (65)

since \([X* AL X]~1), the maximum eigenvalue of the | x [

matrix [X*A ! X]~!, is bounded above by the trace.

corr

The matrix [X*AZ! X]~! can be computed from the fol-

corr

lowing partitions of A .op:

Ao
:[ A1
Aoy (Np—D)x1
[ Bi1,-1)x@-1)
Bo1 (Ny—141)x(1-1)

A2 (Np—1) } (66)

Ao (N —1)x (N —1)

Bia,i—1)x(Nr—141) }
Boo (Ny— 14 1) (N —141) |
(67)
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_ Bfl_ v
o= [P Y]

v u

Ao = [

—1
Bii2 +Biiov(u — v*Bi1.ov) v By
—(u - V*B11.2V)_1V*B11.2
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(70)

—B11.2v(u - V*B11.2V)_1
(u — V*B11.2V)_1 ’ 7D

From (69)
% A — —1 _
[X*ALX] =An — ApAy Ay

corr (68)
=An

(69)

where A 1.5 is the Schur complement of Agy in A opp. Sim-
ilarly, define By, = Bi; — B12Byy Boy. From [19, Th.
3.2.10], Ay1.0 ~ Wi (Mg — Nr + 1, diag(p1, pro, - - ., 1)) and
Biio ~ Wl—l(MR — Npr +1 - 1,diag(u1,uz, . ,[1,1_1)).
From the inverse of partitioned matrices, one can show (70)
and (71) given at the top of the page, where visa (I — 1) x 1

vector and u is a scalar. If

T’l = tI‘(Bll.QV(u — V*B11.2V)_1V*B11.2)

+(u—v*'Biav) b (72)

then

tr(Aq1.2) = tr(B11.2) + T (73)

where T; is independent of tr(B11.2) [19]. By applying (73)
to B11.2 and to successively smaller upper left submatrices of
A .5, it can be seen that

1

tI‘(All.Q) = Z Tn

n=1

(74)

where the T, are independent. It remains to determine the dis-
tribution of 13,1 = 1,2,..., Np. Since A1;.o and By;.5 are
Wishart matrices, the Laplace transforms of the probability den-
sity functions (pdfs) of tr(A11.2) and tr(B11.2) are given by

1
L =
t1"(-A11-2)(8) an:1(1 + S,Un)]\/IR_NT—H

1
H’fq,_zll(l + sun)MR—NT+l—1'

From (73) and the independence of 7; and B;.2, the Laplace
transform of the pdf of 7 is

(75)

Lix(B11.0)(8) = (76)

- M

‘Ctr(Bn-z)(s)

Hl:11(1 + 8ty )Mr—Nr =1
I (L spag )M N
= 1

[Hi::ll(l + sun)] (1 + sy )Mr—Nr+l

By inspection of (77), T} can be written as the sum of indepen-
dent gamma variables, as given in (11). From (65), (69), and
(74),

‘CTI(S)

(77)

l
)\corr,l SZTny l:1,2,...,NT.

n=1

(78)

and, hence,
Pr[)\corr,l < zy, l= L2,... 7NT]

> Pr

l
> T, <xl7l:1,27...,NT] (79)

n=1

where 0 < 71 < 9 < -+ < TN,

APPENDIX 111
PROOF OF LEMMA 3

The proof is divided into two parts. First, suppose [ < Mp—1
and consider the following partitions of ARjce:

ARicc " "
[N A1 Ay }
Aoy, (Mr—xt A2z, (Mp—1)x (Mr—1)
[ ~Bug-nyxa-y B gy (p-141) ]

B21,(AIT*I+1)><(I71) B22,(MT7I+1)><(MT71+1)

(80)

(81)

As in (69), let All.g = All - A12A521A21 be the Schur
complement of Azg in AR;ce. It can be deduced from Problem
10.11 of [19] that Ay1.5 ~ Wi(Mg — My + I, 255T,) and
Biio ~ Wi_i(Mp—Mrp+1-1, ﬁll_l) are central Wishart
matrices. Proceeding as in Appendix II, one obtains

tI‘(All.g) = tr(]§11.2) + X (82)

where the random variable X, is independent of tr(f’xn.z).

Thus,
l

tT(Ana) = Z X,

n=1

(83)

where X, are independent. Since the Laplace transforms of the
pdfs of tr(A11.2) and tr(By;.9) for I < My — 1 are

1
Lir(hy2)(5) = 1(Mr—Msr+1) (84)
(1+ %)
1
Lir(By)(5) = (—1)(Mp—M7+i-1)’ (85)
(1+ %)
the Laplace transform of the pdf of X is
L (s) = Ltr(An.Q)(S)
tr(f}n.z)(s)
1
= (86)

Mp—Mr+20—1"
S
(1+ =)
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Thus, X;,l = 1,2,..., My — 1 are gamma variables with pa-
rameters (Mpr — My + 20 — 1,1/(K + 1)).

Now, suppose [ = M. From the partitioned matrix given
in (81), the (M7 — 1) x (Mg — 1) Schur complement By;.
has the central Wishart distribution B11.0 ~ Wy, 1(Mg —
1, 75 Iy —1)- In this case

tr(Agice) = tr(Bi1.2) + X, (87)
where X /.. is independent of tr(Bll.g) [19]. From the prop-
erties of noncentral Wishart matrices, it can be shown that the
Laplace transform of the pdf of tr(Agjce) is given by

KMpMr 25 }
4+

exo]-

(88)
(1+ =5

Ltr(AR;ce)(s) = >MRMT .

Thus, the Laplace transform of the pdf of X, is

Ltr(A . )(S)
EX ' (8) — Rice
e LBy (9)
KMRMTK'—jrl

oo |-

(89)
(1+ 2

)AIR—FMT—I °

From (89) and [34], X/, is a noncentral gamma random vari-
able with shape parameter Mg + M7 — 1, noncentrality param-
eter K Mg M7, and scale parameter 1 /(K +1). The cdf of Xy,
is given by (33) with [ = M. Thus, similar to (78)

1
)\Rice,l S ZXn7 l= 1727"'7MT (90)

n=1

and, hence
Pr[)\Rice,l <z 1=12,..., MT]

l
>Pr|Y Xo<a,l=1,2,...,Mp| 1)

n=1

where 0 < 71 < 2 < -+ < Tpq,-

APPENDIX 1V
PROOF OF COROLLARY 1

First, consider the case of correlated Rayleigh fading. Since
ar > aj—1,0 =1,2,..., Ny, we have o,y — Mpg®™ /p'~" as
p — oo. Furthermore, if a; > 1, F,(ap1) — 0as p — oo.
Thus, it suffices to consider the case a; < 1. In this case

. Mg
Iim |a,; — ar(1+ YW —aq_1(14+ -1
T o= 9 w1+ 90" = a1(1-+ 90|

. Mrg®  Mraig™
= lim Y T
p— 00 p 1 p 1
Mg
= lim — (1 q). (92)

p— 00 pl_ﬂrl
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In addition

im F:;‘,(O‘p,l)
p=—o0 By (1)

—a am Mp—Np+20—2+k 1
oo Owue TP (a, i /pa) T RT I

— lim k=0 T(Mgr—Ngp+2l-1+Fk)
T pSde Eoo S av(Mrp—Nr+2l—1+k,a, 1 /p1)
k=0 T(Mgr—Np+2l—1+k)
Mp—Nr+21-2 1
— I (api/pa) M= m
= pi{[olo (ap.l/m)MRfNTJrzl—l
Mpr—Np+20—1
_ oy Mr—Np+20-1
p=00 Qp,1
i (Mr — Ny + 21 - 1),01_“’
= lim " (93)
p—00 MTq 1

since y(m,z) = ™ /m, v < 1and o, ; — 0 as p — oo for
a; < 1. From (36), (92), and (93),

lim d(r, p)
p—o0

N l—a a
. (MR—NT+2l—l)p t Mpg™
= lim 1—a
p—00 ; MTgal pl—al ( l)
a;<1
N
= (Mg — Ny + 20— 1)by
=1

(94)

where b; = (1 — a;)*. Note that

(95)

since if a; > 1 (1 — b)" = 1. Now, as p — oo, maxi-
mizing the lower bound (17) on the outage probability is equiv-
alent to minimizing (94) with respect to {;}. From the fea-
sible set A, for {a;} and (95), the feasible set for {b;} is B, =
{(br, b2, by ) [0 < by < bypoa < oee < by, SO (1 -
b))t < r}. Thus, the high-SNR diversity gain for correlated
Rayleigh fading is

Nt

lim J(n p) = min (Mr — Nr+ 20— 1)b;.
p—00 b eB, =1

(96)

For Rician fading, since a; > a;—1,l = 1,2,..., M,
api — Mrg®/p'~% as p — oo. Furthermore, if a; > 1,
Fy (ap1) — 0as p — oo. From (33), it can be shown in a
manner similar to (92) and (93) that for a; < 1,

. . Mrg T i
1 _ 1 ap B 1 aj—1
Jim, {ap,z T3 gp @+ 90)" = aa(1+90)" )
My g™
= lim =2 (1—a) O7)
p—00 p
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lim —F&’ (Gp1)
=0 Fx, (&p1)
(MR — MT + 20 — 1),01_&1

= plin;o Mg (98)
Thus, from (36), (97), and (98)
lim d(r, p)
p—00
M (MR — My + 20— 1)/)1—&1
= lim Z —
p—oo L— Mpg™
a;<1
My g™ .
(- )
p l
My .
= (Mg — Mg+ 20— 1)} 99)

=1

where b; = (1—a;) ™. Similar to (95), > ZM7 (1—b;)*. Max-
imizing the lower bound (34) on the outage probability is equiv-
alent to minimizing (99) with respect to {bl} as p — oo. The
feasible set for {b }is B, = {(b17b2 by, )0 < by, <

bnp_1 < - < b, (1= b))t < 1"} Thus, the high-SNR
diversity gain for Rician fading is
Mr
lim d(r, p) = min Z (Mg — My + 21 —1)b.  (100)
p—o0 blEBr‘l 1
APPENDIX V

PROOF OF LEMMA 4

For correlated Rayleigh fading, Ao,y = A11.2, Wwhere Aq1.9
is the Schur complement defined in (69) with [ = Np. From
(76), the Laplace transform of the pdf of tr(Acorr) is

1
Lix(A o) (8) = - .
e TN (1 span) M
Thus, from [21], [22], the cdf of tr(A..) can be written as

()

(101)

f i oky(MpNr + ko /1)

TMaNr+h) OO

Hn =0
where the 6~k are defined in (41).

For Rician fading, the Laplace transform of the pdf of
tr(ARice) is given in (88). Thus, from [34], tr(ARic) is a
noncentral gamma random variable with shape parameter
Mg M7, noncentrality parameter K MM, and scale param-
eter 1/(K + 1). The cdf of tr(ARice) is given by (40).

APPENDIX VI
PROOF OF THEOREM 6

Note that as r — 0, a; — 0 and a; — 0, for correlated
Rayleigh fading and Rician fading, respectively. Since a; and
a, are functions of r, the following expansion can be written:
1=1,2,...,Np (103)
1=1,2,...,Mp (104)

a; = ¢r + o(r),

a; = ér+ o(r),
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where ¢; and ¢; are the coefficients of expansion. Similarly
M
apl = TTT(CI —c¢-1)In(1+gp) +o(r)  (105)

- My

Qpy = 77"(01 —¢-1)In(1 + gp) +o(r).  (106)

Thus, for correlated Rayleigh fading

M Mp—Np+2—1

0 &= MpT r(c; — 1) In(1 + gp)
[M

hm d(r p) = 1

r(cr — c—1) In(1+ gp)

1+gp(cl ~ e )]

Nt
(Mr— Nr+20-1)
=1

= lim
r—0

' [1 S+ gp)‘(iﬁ(l + gp)}

gp
= MpNy |1 —
i T[ (1+gp)In(1+gp)

since a,; — 0 as r — 0 implies
lim Fr,(ep0)/Fri () = i [(Mp — Np + 21 = 1)/a, ]

using an analysis similar to (93). For Rician fading, the same
procedure is used to give the result

lirrb d(r, p) = MrMry [1

] (107)

B gp
(1+gp) In(1+ gp)

Finally, for OSTBC, note that &, ,, = 2 In(1+gp)+o(r).
Furthermore, one can show that
/ ~
lim Ftr(Aco,r)( PTs _

r—0 Ftr(A

] . (108)

corr)

(

lim —tr(AR‘CE)( =
r—0 Ftr(ARice)(dpyrs

Thus

lli% dostac(T, p)

“ln(1 4 gp) —

rgMr ] do
rs(L+gp) | M= In(1 + gp)

= dy [1 T gp)‘?g(l + gp)} '

(110)
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