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Abstract. We present a novel abstraction technique which allows th#ysis of
reachability and safety properties of Markov decision peses with very large
state spaces. The technique, calieegnifying-lens abstractio(MLA) copes
with the state-explosion problem by partitioning the stgtace into regions, and
by computing upper and lower bounds for reachability andtggéroperties on
the regions, rather than on the states. To compute thesalboht A iterates
over the regions, considering the concrete states of eaébnren turn, as if one
were sliding across the abstraction a magnifying lens walldwed viewing the
concrete states. The algorithm adaptively refines the megiosing smaller re-
gions where more detail is needed, until the difference betwupper and lower
bounds is smaller than a specified accuracy. We provide iempetal results on
three case studies illustrating that MLA can provide adeusaswers, with sav-
ings in memory requirements.

1 Introduction

Markov decision processes (MDPs) provide a model for syst&ith both probabilis-
tic and nondeterministic behavior, and they are widely us@dobabilistic verification,
planning, optimal control, and performance analysis [13648, 10]. MDPs that model
realistic systems tend to have very large state spaceshamain challenge in their
analysis consists in devising algorithms that work effiliean such large state spaces.
In the non-probabilistic setting, abstraction technigo@ge been successful in coping
with large state-spaces: abstraction enables to answstiggabout a system by con-
sidering a smaller, more concise abstract model. This hasexgpresearch into the use
of abstraction techniques for probabilistic systems [722319]. We present a novel
abstraction technique, calledagnifying-lens abstractio(MLA), for the analysis of
reachability and safety properties of MDPs with very lartgesspaces. We show that
the technique can lead to substantial space savings in #tgsaof MDPs.

An MDP is defined over a state spageAt every states € S, one or morections
are available; with each action is associated a probabistyibution over the successor
states. We focus asafetyandreachabilityproperties of MDPs. A safety property spec-
ifies that the MDP’s behavior should not leaveaesubset of state$' C S; a reach-
ability property specifies that the behavior should reacktd’sC S of target states.
A controller can choose the actions available at each states $0 maximize, or min-
imize, the probability of satisfying reachability and dsfproperties. MLA computes
converging upper and lower bounds for the maximal reacityabil safety probability;
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the minimal probabilities can be obtained by duality. Ireibslity to provide both upper
and lower bounds for the quantities of interest, MLA is santio [19].

In the analysis of large MDPs, the main challenge lies in #prasentation of the
valuev(s) of the reachability or safety probability at all € S. In contrast, actions
and transition probabilities from each statean usually be either computed on the
fly, or represented in a compact fashion, via Kronecker sepriations or probabilis-
tic guarded commands [23,10, 17]. The goal of MLA is to rediieespace required
for storingv and, secondarily, the running time of the analysis. To thit LA par-
titions the state spacg of the MDP intoregions;for each regionr, it stores upper
and lower bounds™ (r), v~ (r) for the maximal reachability or safety probability. The
valuesv™ (r), v~ (r) constitute bounds for all states< r. In order to update these
estimates, MLA iterates over the regions, “magnifying” aig¢hem at a time. When
the regionr is magnified, MLA computes™ (s), v~ (s) at all concrete statese r via
value iteration, and then summarizes these results bygetti(r) = max;e, v (s)
andv™ (r) = minse, v (s). Figuratively, MLA slides a magnifying lens across the ab-
straction, enabling the algorithm to see the concretestdtene region at a time when
updating the region values. Given a desired accutaity the answer, MLA periodi-
cally splits regions- with v*(r) — v~ (r) > ¢ into smaller regions. In this way, the
abstraction is refined in an adaptive fashion: smaller regare used where finer de-
tail is needed, guaranteeing the convergence of the boanddarger regions are used
elsewhere, saving space. When splitting regions, MLA takes to re-use information
gained in the analysis of the coarser abstraction in theiatiah of the finer one. MLA
can be adapted to the problem of computing a control strdigggcording the optimal
actions for the concrete states of interest, when they agmified.

Related work on MDP abstractioCompared with other approaches to MDP abstrac-
tion, MLA has two distinctive features:

1. itclusters states based on value, rather than based smtierity in their transition
function;

2. it updates the valuation of abstract states by consigéhie concrete states associ-
ated with the abstract states, rather than by consideriagpstnact model only.

The second of the above points underlines how MLA is a sersiratt, rather than fully
abstract, approach to verification: the abstract compntaiill involves consideration
of the concrete states, even though this is done in a way thaides space savings.
For the most part, approaches to MDP abstraction in theatitee have followed
another route, which we call very broadly thdl abstractionapproach: an abstract
model is constructed, and then analyzed on the basis of araebisansition structure,
without further reference to the concrete model. Thesg faltistract approaches gen-
erally rely on clustering states that are similar not onlyatue, but also in transition
structure: in this way, every region of concrete states essulnmarized via an abstract
state with an associated abstract transition structure.alfstract transition structure
may, or may not, be similar to the concrete one. For instai®,bases the abstract
transition structure on games, rather than MDPs: in thikifes player 1 can repre-
sent the choice of action of the MDP, and player 2 can repteékenuncertainty about
the concrete state corresponding to the abstract state.approach enables the com-
putation of lower and upper bounds for properties of interg@milarly to MLA. In a



somewhat related spirit, but using entirely different t@chl means, [14] proposes to
abstract Markov chains intabstract Markov chaing/hose transitions are labeled with
intervals of probability, representing the uncertaintgatthe concrete state. Clustering
states based on the similarity in their transition prohtiéd has also been used in [12],
which proposes to find the coarsest refinement of an MDP wleeesich action, states
in the same region have the same probability of going to atbgions. An approach
for the verification of probabilistic reachability propes via abstraction has been pro-
posed in [7]. The abstraction is built through successiVimements starting from a
coarse partition based on the property. Several other appes also, in fact, rely on
constructing MDP abstractions based on simulation or abisinterpretation [18, 22,
21]; all of these approaches rely on clustering states viitlilar transition structure,
and representing these clusters of states, and their ticanstructures, via compact
abstract representations.

The full-abstraction approach outlined above, and thaglardlue-based approach
followed by MLA, each have advantages. The full-abstractiesult can handle un-
bounded, and (depending on the specific approach) eventénéitsite spaces. In con-
trast, the space savings afforded by MLA are limited to a sefwaot factor (a system of
sizen can be studied i®(y/n) space), due to the need to consider the concrete states
corresponding to each abstract one. Furthermore, thalfsiiraction approaches typi-
cally need to construct the abstract model only once; inrestitMLA needs to refer to
concrete states (albeit not all of them at once) during tmepzdation.

On the other hand, the ability of MLA to cluster states based/aue only, dis-
regarding differences in their transition relation, caadeo compact abstractions for
systems where full abstraction provides no benefit. We il ¢pelow an example sup-
porting this. Furthermore, in MLA the abstraction is refirigghamically, depending on
the required accuracy of the analysis; there is no need tesgithe right state partition
in advance. In our experience, MLA is particularly welltsdi to problems where there
is a notion oflocality in the state space, so that it makes sense to cluster staed ba
on variable values — even though their transition relatioray not be similar. Many
planning and control problems are of this type. MLA insteaghdt as well-suited to
problems where clustering states based on variable valless effective. Approaches
based on predicate abstraction could lend the MLA approauie generality.

An example of Magnifying-Lens Abstractiofo illustrate MLA, and its potential ben-
efits, we give a simple example. We consider the problem afyasing ann x n mine-
field. The minefield contains: mines, each with coordinatés;, y;), for 1 < i < m,
wherel < z; < n, 1 < y; < n. We consider the problem of computing the maximal
probability with which a robot can reach the target coraiem), from alln x n states.
At interior states of the field, the robot can choose amongdotions:Up, Down, Letft,
Right; at the border of the field, actions that lead outside of thd fie¢ missing. From
a states = (z,y) € {1,...,n}? with coordinategx, y), each action causes the robot
to move to squarér’, y’) with probabilityg(2’, y'), and to “blow up” (move to an ad-
ditional sink state) with probability — g(«’, y'). For actionRight,we haver’ = x + 1,

y' = y; similarly for the other actions. The probabiligyz’, y’) depends on the prox-
imity to mines, and is given by

q(a',y") = TI;" exp(=0.7- ((«' — z:)* + (v — v:)?)).
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Fig. 1. Initial, and final refined abstraction, for the problem of mntplanning in a24 x 24
minefield. The circles denote the mines.

The problem, fom = 24, is illustrated in Figure 1.

Intuitively, it is desirable to group th& x 8 states in the top-middle area into a
single regionry: since no mines are nearby, the robot can freely roamyjrso that
the maximal probability of reaching the target corner isasally constant across.
Indeed, to a human trying to determine a best path to thettaogeer, the states im
are essentially equivalent. When the 8 concrete states are grouped-in MLA leads
to accurate results, since it can analyze the dynamicsangidhenr, is magnified. We
also note how, in this example, the ability of MLA to refine tidestraction adaptively is
crucial. As shown in Figure 1(b), MLA is able to use small tegi close to mines, and
large regions elsewhere. If we insisted on a uniform regipg, shen we would have to
adopt the smallest size throughout, and no space savingd weypossible.

On the other hand, the full-abstraction approaches destghrlier, such as [7, 22,
19], based on probabilistic simulation [27], are not wellked to this example. Such
techniques would associate with an abstract state, sugfy assummary of the tran-
sition structure from states € ry, and use that summary to analyze the abstraction.
The problem is that the statessip, while similar in value, are not similar in transition
structure: the states on the bordergfcan transition outside of;, while those in the
interior cannot. In the abstraction, the probability ofmgpifromr, to the region at the
right hand side will be modeled as being in an inteffal], for someg close to 1 (all
mines are far away). Consequently, previous techniqueddntave yielded a lower
bound of 0, and an upper bound close to 1, for the maximum piltityaof reaching
the target corner. Similarly, the technique of [12] woulddéo recursively splitting the
MDP, until the regions consisted of only one concrete stathe

Other related work. MLA is reminiscent to methods that represent value funaion
via ADDs or MTBDDs [6, 1] with an approximation factor usedrterge leaves. The
similarity, however, is superficial: MLA leads to far moreeprse results in the analysis;
we discuss this in the conclusions, where the appropriatgina will be available.

MLA is also loosely reminiscent agfdaptive mesh refinemei®MR) methods used
in the solution of partial differential equations [3]. Tleeare, however, two important
differences between MLA and AMR. In AMR, separate lower apder bounds are not



kept. AMR methods perform computation at the finest mesls sinéy where needed. In
MLA, due to the discrete nature of MDPs, we have no way of caingwver a “coarse
mesh” only: to update valuations over a region, we need tayif@’ the region to its
individual states. Thus, MLA is forced to consider the indial states over the whole
system, and it summarizes and returns the results in terhasvef and upper bounds,
which are well-suited to answering verification questions.

2 Preliminary Definitions and Algorithms

For a countable sef, a probability distributionon S is a functionp : S — [0, 1] such
that) " s p(s) = 1, we denote the set of probability distributions Srby D(S). A
valuationover a sefS is a functiorw : S — R associating a real numbefs) with every
s € S.Forz € R, we denote by the valuation with constant value for ' C S, we
indicate by[T'] the valuation having value 1 i and O elsewhere. For two valuations
v,uonsS, we defing|v — ul| = sup,cg |v(s) — u(s)|.

A partition of a setS is a setk C 29, such that J{s|s € R} = S, and such that for
allr,r" € R, if r # ' thenr N’ = (. Fors € S and a partition® of S, we denote by
[s]r the element € R with s € r. We say that a partitioR’ is finerthan a partitionR
if the elements of? can be written as unions of the elements®f

A Markov decision procesé@MDP) M = (S, A, I',p) consists of the following
components:

— Afinite state spac§.

— Afinite setA of actions (moves),

— A move assignmenkt’ : S — 24\ 0

— A probabilistic transition functiop : S x A — D(S).

At every states € S, the controller can choose an actione I'(s); the MDP then
proceeds to the successor stateth probabilityp(s, a,t), forallt € S. A pathof G
is an infinite sequence = sy, s1, $2, . . . Of states ofS; we denote by5“ the set of all
paths, and we denote By the k-th states;, of 5 = s¢, s1, s2, . . ..

We model the choice of actions, on the part of the controliara strategy(strate-
gies are also variously calletheduler$26] or policies[13]). A strategyis a mapping
7 : ST — D(A): given a past historgs € ST for the MDP, a strategyr chooses
each actioru € I'(s) with probability 7 (os)(a); we obviously requirer(os)(b) = 0
forallb € A\ I'(s). Thus, strategies can be both history-dependent, and mgin€d.
We denote byiT the set of all strategies.

We considersafetyand reachability goals. Given a subsét C S of states, the
reachability goaldT = {5 € S“ | 3k.5;, € T'} consists in the paths that res€hand
the safety godllT = {5 € S | Vk.5, € T'} consists in the paths that stay alwayqin
These sets of paths are measurable [28], so that given egstraE 7, we can define
the probabilities PY(¢T), Prf (OT) of following a path in these sets from an initial
states € S under strategyr. By choosing appropriate strategies, the controller can
maximize or minimize these probabilities. Thus, we condide problem of computing,



Algorithm 1 Vallter(T', f, g,en0at)  Value iteration
v:=[T]
repeat
V=
forall s € Sdow(s) := ([T] ), 9{>sesp(s,a,s") - 0(s") | a €I )})
until ||v — 6] < efoat
return v

o0~ WNhE

atall s € S, the quantities:

Vare(s) = max P (OT) Vor(s) = max PrE (OT)
min — P7T I:lT min — P T
VE#(s) = min P(O7) V" (s) = min P (0T).

The fact that on the right-hand side we harex, min rather tharsup, inf is a conse-
guence of the existence of optimal (and memoryless) sie¢$j3]. In the remainder
of the paper, unless explicitly noted, we present algoritlamd definitions for a fixed
MDP M = (S, A, T, p).

Reachability and safety probabilities on an MDP can be cdetpwia a clas-
sical value-iteration scheme [13,4,11]. The algorithnpided as Algorithm 1, is
parametrized by two operatofsg € {max, min}. The operatorf specifies how to
merge the valuation of the current state with the expectatstate valuation; we use
f = max for reachability goals, andl = min for safety ones. The operatgispecifies
whether to select the action that maximizes, or minimizesekpected next-state valua-
tion; we usgy = max to compute maximal probabilities, apd= min to compute min-
imal probabilities, The algorithm is also parametrizedlpy; > 0: this is the threshold
below which we consider value iteration to have convergdr fllowing facts are
well-known (see, e.g., [13, 8, 9]). For alloa: > 0 and for all f, g € {min, max}, the
call Vallter(T, f, g, efioat) terminates. Moreover, consider amy {max, min} and any
A e {0,0}, andletf = min if A =0, andf = max if A = . Then, forallé > 0,
there issqoat > 0 such that, at alk € S:

v(s) =6 < VA&p(s) < v(s)+46

wherev = Vallter(T, f, g, en0at). We note that can replace statement 1 of Algorithm 1
with the following initialization:if f = max thenv := 0 elsev := 1.

3 Magnifying-Lens Abstraction

Magnifying-lens abstraction@LA) is a technique for the analysis of reachability and
safety properties of MDPs. Let be the valuation o that is to be computea: is one

of VI, Vi, Vggg“, V5. Given a desired accuraeyhs > 0, MLA computes upper
and lower bounds fov* spaced less thatyps. MLA starts from an initial partitionR

of S, and computes the lower and upper bounds as valuatiorendu™ over R. The
partition is refined, until the difference between andw™, at all regions, is below a



Algorithm 2 MLA (T, f, g, €fioar, €abs)  Magnifying-Lens Abstraction

1. R :=some initial partition.

2. if f=maxthenu™ :=0;u" :=0elsev :=1;u" =1

3. loop

4. repeat

5. ot i =uti 4T = u

6. for r € Rdo

7. u™ (r) := Magnifiedlteratiotr, R, T, o ", 4™, 4", max, f, g, €fioat)
8. u~ (r) := Magnifiedlteratiofir, R, T, 4,4, 4", min, £, g, €foat)
9. end for

10.  until [Jut — @]+ |ju” —a || < enoar

11. if ||u+ - U7|| > Eabs

12. then R, v~ ,ut := SplitRegion$R, v, u™, cans)

13. elsereturn R, u~,u™

14. end if

15. end loop

specified threshold. To compute andu™, MLA iteratively considers eachin turn,
and performs anagnified iterationitimproves the estimates far (r) andu™ (r) using
value iteration on the concrete states r.

The MLA algorithm is presented as Algorithm 2. The algorithas parameters,
f+ g, which have the same meaning as in Algorithm Vallter. The@dlgm also has
parametersqoa > 0 andegps > 0. Parametet s indicates the maximum difference
between the lower and upper bounds returned by MLA. Paramgig as in Vallter,
specifies the degree of precision to which the local, maghifaue iteration should
converge. MLA should be called wittyns greater tharesoq by at least one order of
magnitude: otherwise, errors in the magnified iteration camse errors in the estima-
tion of the bounds. Statement 2 initializes the valuationsandu™ according to the
property to be computed: reachability properties are cdatpas least fixpoints, while
safety properties are computed as greatest fixpoints [1liseful time optimization,
not shown in Algorithm 2, consists in executing the loop a¢$ 6—9 only for regions
where at least one of the neighbor regions has changed walumete tharegg,;.

Magnified iteration. The algorithm performing the magnified iteration is givenfhs
gorithm 3. The algorithm is very similar to Algorithm 1, exdor three points.

First, the valuatiorv (which here is local te) is initialized not to[T’], but rather,
tou (r) if f = max, and tou™(r) if f = min. Indeed, iff = max, value iteration
converges from below, and~(r) is a better starting point tha’], since[T](s) <
u~ (r) <v*(s) atalls € r. The case foff = min is symmetrical.

Second, fors € S\ r, the algorithm uses, in place of the valug) which is not
available, the value~ (') or u*(r'), as appropriate, wheré is such that € /. In
other words, the algorithm replaces values at concretesstaitsider with the “ab-
stract” values of the regions to which the states belonghitodand, we need to be able
to efficiently find the “abstract” counterpa# ; of a states € S. We use the following
scheme, similar to schemes used in AMR [3]. Most commonly,state-spacé' of
the MDP consists in value assignments to a set of variables {x1, zo, ..., z; }. We



Algorithm 3 Magnifiedlteratiotir, R, T, u,u™,u™, h, f, g, €fioat)
: a valuation o

Lif f = max

then for s € rdov(s) = u™(r)

else fors € r dowv(s) = u™ (r)

. repeat

V=0

forall s € rdo

v(s) = f([T](SL g{zp(&m $)-o(s)+ Y p(s,a.s’) - ul(s]r)

s'er s'eS\r

SurWNES

ac F(s)})

~

until ||v — 9| < efoat
.return h{v(s) | s € r}

[e¢]

represent a partitio®® of S, together with the valuations™, u~, via a binary decision
tree. The nodes of the tree are labeledbyi), wherey € X is the variable according
to which we split, and is the position of the bitq =LSB) of the variable according to
whose value we split. The leaves of the tree correspond tonregand they are labeled
with 4, ™ values. Givers, finding [s| in such a tree requires time logarithmic in
|S|.

Third, once the concrete valuatieris computed at al € r, Algorithm 3 returns
the minimum (if2 = min) or the maximum (ifc. = max) of v(s) at all s € r, thus
providing a new estimates far=(r), u™ (r), respectively.

Adaptive abstraction refinementVe denote thémprecisionof a regionr by A(r) =
ut(r) —u~(r). MLA adaptively refines a partitiof® by splitting all regions- having
A(r) > eaps This is perhaps the simplest possible refinement schemeexXyveri-
mented with alternative refinement schemes, but none of tem consistently better
results. In particular, we considered splitting the regiwith high A-value, all whose
successors, according to the optimal moves, havedevalue: the idea is that such re-
gions are the ones where precision degrades. While thi€esdiomewhat the number
of region splits, the total number of refinements is incrdaand the resulting algorithm
is not clearly superior, at least in the examples we consitiéie also experimented
with splitting all regionsr € R with A(r) > ¢, for a threshold that is initially set
to % and that is then gradually decreased4g. This approach, inspired by simulated
annealing, also failed to provide consistent improvements

In the minefield example, each regiorsiguarish(horizontal and vertical sizes dif-
fer by at most 1); we split each such squarish region into 4lemsguarish regions.
In more general cases, the following heuristic for splgtiegions is widely applica-
ble, and has worked well for us. The user specifies an ordeging,, ..., z; for the
state variablesY defining.S: this specifies a priority order for splitting regions. As
previously mentioned, we represent a partitidnia a decision tree, whose leaves cor-
respond to the regions. In the refinement phase, we splitf@aéearding to the value
of a new variable (not present in that leaf), following theiahle ordering given by
the user. Precisely, to split a regionwe look at the labe(z;, i) of its parent node. If
i > 0, we split according to bit — 1 of z;; otherwise, we split according to the MSB



of z;41. A refinement of this technique allows the specification @fugs of variables,
whose ranges are split in interleaved fashion. Once a reglwas been split into re-
gionsry, 72, we setu” (r;) = u™(r) andu™(r;) = u™(r) forall j = 1,2. A call to
SplitRegion$R, v, u~, caps) returns atripleR, @, &, consisting of the new partition
with its upper and lower bounds for the valuation.

Correctness.The following theorem summarizes MLA correctness.

Theorem 1. For all MDPs M = (S, A, I',p), all T C S, and allegps > 0, the follow-
ing assertions hold.

1. Termination.For all epoar > 0, and for all f,g € {min, max}, the call
MLA(T, f, g, Efioat, €abs) tErMinates.

2. (Partial) correctnes€onsider anyy € {max, min}, anyeaps > 0, and anyA €
{0,¢0},and letf = min if A = 0, and f = max if A = {. The following holds.
For all § > 0, there issfat > 0 such that:

VreR: ut(r) —u=(r) < eabs
u—

Vse S ([slr) =6 < Vi,(s) < uT([s]gr)+6

where(R, u-, U+) = MLA(T, f5 9, Efloat, 5abs)-

We note that the theorem establishes the correctness of Eoweeupper bounds only
within a constant > 0, which depends oByqq:. This limitation is inherited from the

value-iteration scheme used over the magnified regionmdat programming [13, 4]

were used instead, then MLA would provide true lower and uppends. However, in

practice value iteration is preferred over linear prograngndue to its simplicity and

great speed advantage, and the concerns abanat solved — in practice, albeit not in
theory — by choosing a smaljjpa; > 0.

4 Experimental Results

In order to evaluate the time and space performance of MLAhawe implemented
a prototype, and we have used it for three case studies: thefield navigation prob-
lem, the Bounded Retransmission Protocol [7], and the Zend@rotocol for the au-
tonomous configuration of IP addresses [5, 19].

When comparing MLA to Vallter, we compute the space needé@faigorithms
as follows. For Vallter, we take the space requirement to dpgakto |S|, the do-
main of v. For MLA, we take the space requirement to be the maximumevalu
2 - |R| + max,cr |r| that occurs every time MLA is at line 4 of Algorithm2: this g
the maximum space required to store the valuatiohsu—, as well as the valuasfor
the largest magnified region. Sinaeax,cr |r| > (|S|/|R|), the space complexity of
the algorithm is (lower) bounded by a square-root functjé®- |S|.

4.1 Minefield Navigation

We experimented with different-size minefields in the miiedd example. In all cases,
the mines were distributed in a pseudo-random fashion adhasfield. The perfor-
mance of algorithms Vallter and MLA, fafyps = 0.01, are compared in Figure 2. As



Algorithm| Space| Time Algorithm| Space| Time Algorithm| Space | Time
Vallter 16,384| 21.97 |Vallter |65,536| 130.18 Vallter 262,1441,065.36

MLA 7,926| 123.54 MLA 7,944| 185.13 MLA 30,180(3,199.31
MLA Iteration Details MLA lteration Details MLA Iteration Details

#Abs| |R| D |Time| |#Abs| |R| D | Time #Abs| |R| D | Time
1 1441 0.994| 9.21 1 256 (0.983| 49.48 1 576] 0.999| 299.07
2 576| 0.837| 38.48 2 985|0.656| 76.27 2 2,295/ 0.777| 1648.67
3 |2,312|0.663| 47.34 3 [1,513|0.776| 12.61 3 4,347/ 0.777| 206.64
4 |3,256| 0.645| 11.39 4 |2,341|0.605| 17.58 4 7,171| 0.659| 228.95
5 [3,566|0.020| 14.59 5 (3,844|0.007| 29.19 5 (11,678| 0.525| 362.7(
6 [3,899|0.007| 2.52 (b) n = 256, m = 128 6 (14,862 0.007| 453.33
(@n =128, m=128 (€)n =512, m =512

Fig. 2. Comparison between MLA and Vallter farx n minefields withrm mines, foreaps = 1072
andenoar = 1071, Mine densities 6:/n?) are (a)1/64, (b) 1/512, and (c)1/512. All times
are in seconds. #Abs is the number of abstraction steps @uafdoops 3—15 of MLA), and
D = max,er(ut (1) —u™ (r)).

Algorithm| Space| Time| [Algorithm| Space| Time | |Algorithm| Space| Time
Vallter 16,384| 20.51 |Vallter |65,536| 130.08 |Vallter 262,144| 1,065.65
MLA 3,672| 54.51 |MLA 4,548 126.40 |MLA 15,476| 1,853.01
(@n =128 m=128 ®) n = 256, m = 128 (©)n =512, m = 512

Fig. 3. Comparison between MLA and Vallter farx n minefields withm mines, foreaps = 1071
andesoat = 1072, Mine densities#/n?) are (a)1/64, (b) 1/512, and (c)1/512. All times are
in seconds.

we can see, the space savings are 2.06 for a mine density&fdrifl an average of
8.47 for a mine density of 1/512. This comes at a cost in ruptime, which is of
5.67 for a mine density of 1/64, and 1.42 to 3.00 for a mine itheid 1/512. Espe-
cially for lower mine densities, MLA provides space savirtlgat are larger than the
incurred time penalty. The space savings are even more pnzed when we decrease
the desired precision of the resultdg,s = 0.1, as indicated in Figure 3.

4.2 The ZeroConf Protocol

The ZeroConf protocol [5] is used for the dynamic self-comfagion of a host joining a
network; it has been used as a testbed for the abstractidrothebnsidered in [19]. We
consider a network with 4 existing hosts, and 32 total IP esls; protocol messages
have a certain probability of being lost during transmissiye consider the problem
of determining the worst-case probability of a host evelhf@quiring an IP address:
this is a probabilistic reachability problem.

The abstraction approach of [19] reduces the problem #6m21 concrete reach-
able states tG37 abstract states. MLA reduces the problem to 131 regionsijniag
a total space of 1267 (including also the space to perfornmthgnification step) for
€abs = 1072 andegoar = 1075, We cannot compare the running times, due to the ab-
sence of timing data in [19].
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N | MAX| Vallter| #Reachable MLA | MLA

time states space time
16 3| 0.08 1,966 91§ 27.34
32 5 0.21 5,466 2,604140.74
64 5/ 0.40 10,65Q 5,380266.53

Fig. 4. Comparison between MLA and Vallter for BRF. denotes number of chunks andA X
denotes the maximum number of retransmissions. All timesreseconds.

4.3 Bounded Retransmission Protocol

We also considered the Bounded Retransmission Protocotided in [7]. We com-
pared the performance of algorithms Vallter and MLA on “Rydp 1” from [7], stating
that the sender eventually does not report a successfidntiasion. The results are
compared in Figure 4, fatps = 1072 andegoat = 10~%. MLA achieves a space saving
of a factor of 2, but at the price of a great increase in runtime.

4.4 Discussion

From these examples, it is apparent that MLA does well onlprob where there is
some notion of “distance” between states, so that “neartayés have similar values for
the reachability or safety property of interest. These [@ois are common in planning
and control. As we discussed in the introduction, many o$¢hgroblems do not lend
themselves to abstraction methods based on the simildritamsition relations, such
as [19, 7], and other methods based on simulation. We believ® LA algorithm is
valuable for the study of this type of problems. We note tla@hemine affects a region
of size5 x 5 by more than the desired precisiofys = 10~2. Therefore, while the mine
density is only 1/512, the ratio of “disturbed” vs. “undidted” state space is 25/512,
or 1/20. This is a typical value in planning problems withrsgaobstacles.

On the other hand, for problems where simulation-basedodstban be used, these
methods tend to be more effective than MLA, as they can cocstonce and for all, a
small abstract model on which all properties of interestlmaanalyzed.

5 Conclusions

A natural question about MLA is the following: why does MLAmrgider the concrete
states at each iteration, as part of the “magnification”stegther than constructing an
abstract model once and for all, and then analyze it, as athgroaches to MDP ab-
straction do [7, 18, 22, 19]? The answer has two parts. Fwstannot build an abstract
model once and for all: our abstraction refinement approaxhdwequire the computa-
tion of several abstractions. Second, we have found thaidsteof building abstractions
that are sufficiently precise, without resorting to a “mdigation” step, is substantial,
negating any benefits that might derive from the ability tof@en computation on a
reduced system.

To understand the performance issues in constructing qgreafstractions, con-
sider the problem of computing the maximal reachabilitybataility. To summarize
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the maximal probability of a transition from a regiento r;, we need to compute
PF(r) = minge, max,cpg P (rUry), where U is the “until” operator of linear
temporal logic [20]; this quantity is related to buildingsaitactions viaveak simulation
[27,2,24]. These probability summaries are not additiee:rf # ro, we have that
P (r1)+ P (re) < PT(rq1 Urg), and equality does not hold in general. Indeed, these
probability summaries constitutapacitiesand they can be used to analyze maximal
reachability properties via the Choquet integral [25, B, To construct a fully pre-
cise abstraction, one must compuitg (R’) for all R’ C R, clearly a daunting task. In
practice, in the minefield example, it suffices to considesé&?’ C R that consist of
neighbors ofr. To further lower the number of capacities to be computedexgeri-
mented with restricting?’ to unions of no more thah regions, but for all choices of
k, the algorithm either yielded grossly imprecise resultgroved to be markedly less
efficient than MLA.

The space savings provided by MLA are bounded by a squatdtnoction of the
state space. We could improve this bound by applying MLAdr&hmically, so that each
magnified region is studied, in turn, with a nested applocatf MLA.

Symbolic representations such as ADDs and MTBDDs [6, 1] H@een used for
representing the value function compactly [10, 17]. Thesleo-tree structure used by
MLA to represent regions and abstract valuations is closgéted to MTBDDs, and in
future work we intend to explore symbolic implementatiofidt.A, where separate
MTBDDs will be used to represent lower and upper bounds.
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