
which for t < t~ is bounded by (1 - 6 /n)  '+2°. Since w.h.p. 

te 
E C I ( t ) < M n  , 
t=O 

it follows tha t  the probabil i ty of C0(te) = @ is at  least 

i - + o(1) >_ e -6(M+20) "}-o(I) , 

which is bounded away from O, as desired. [] 

To prove Lemma 3 we will t race the  evolution of the ran- 
dom variables Ci(t), i = 2,3, for 0 < t < re. In particular,  
the lemma will follow from Lemma 4 below (this last proof 
appears in Appendix  B). Let 6 = 10 -v ,  and recall the  def- 
inition of ~, te and F from Lemma 3. Also, recall tha t  ¢, ¢ 
are the  functions determining the  density of W(t ) ,  E( t )  re- 
spectively. 

LEMMA 4. There exists a choice of ¢, ¢ such that if we 
r~n mWW on F for te rounds, then each of the following holds 
w.h.p. 

* For all 0 < t < t¢, C2(t) < 2(1 - 6)w(t)(n - 2t). 

• C2(t,)  + Ca(t , )  < (1 - ~)(n - 2t,) .  

P r o o f  o f  L e m m a  4. We will apply Theorem 3 for random 
variables C2, Ca taking m = n and C = r* (as Ci(t) <_ r* n 
for all t). Thus, H( t )  = ( C ( 0 ) , . . .  , ~ ( t ) ) ,  where C(t)  = 
(C2(t),Oa(t)). With  foresight, we take the  domain D to be 

D = {(yl ,y2,ya) : 0°_ < yl _< 0.41, y2 _> e/2,ya >_ e/2} . 

We will first determine the differential equation for Ca and 
then for C2. 

• A clause leaves Ca(t) during round t i f f  it  contains at  least 
one of the variables set in round t. Hence, by uniform ran- 
domness, we see tha t  conditional on H( t ) ,  

Ca(t + 1) = Ca(t) - X , 

where X o= Bin(Ca(t),pa(t)) and 

2 × s("-% + 8("-21 6 
pa(t) -- 8(n~2, ) = n -- 2-----t + o(1/n)  . 

Thus, E(Ca(t  + 1) - Ca(t) I H( t ) )  = - 6 C 3 ( t ) / ( n -  2t) + o(1). 
Moreover, applying the Chernoff bound to X implies tha t  
condition (ii) of Theorem 3 is satisfied immediately for Ca. 
Finally, if fa(yl,  y2, ya) = -67/3/(1 - 2yl),  then 

E ( c a ( t + l ) - C z ( t )  I H ( t ) ) =  fa( t /n ,  C2(t)/n,  Ca(t)/n)+o(1). 

It is clear tha t  fa is continuous and satisfies a Lipschitz 
condition on D (since yl _< 0.41). Thus, the  differential 
equation and initial condition corresponding to Ca are 

dza _ 6za , za(O)=r* . (7) 
ds 1 - 2s 

Solving (7), yields 

Z3(8) ---~ r*(1 - 2s) a . 

• Unlike the case for Ca, the  expected change of C2 in round 
t clearly depends on the  values of W(t ) ,  E(t).  

( . )  If W(t )  = 1 then, analogously to C3, each clause leaves 
C2(t) during round t i f f  it  contains at  least one of the vari- 
ables set in tha t  round. Moreover, by uniform randomness, 
each clause in Ca(t) containing precisely one of the two vari- 
ables set in round t, ends up in C2(t + 1) with probability 
1/2. Therefore, letting 

n--2~--2 
2 × 4 ( " - ]  o ) _  4 + o ( 1 / . )  

= n -  2t ' 

12×8(n-  _ 3 
p32(t) ~ 2 8 ( n 3  2~) --  n - -  2-'-~ + o ( 1 / n )  , 

we see tha t  conditional on H( t )  and W(t )  = 1, 

C ' 2 ( t W 1 ) = C 2 ( t ) - X + Y  , 

where X D Bin(C2(t) ,p2(t))  and Y D Bin(Cz(t),ps2(t)).  

(*) If W(t )  = 0 we note tha t  ( t /n,  C2(t)/n,  Ca(t) /n)  6 m im- 
plies C2(t) /n  > e/3 > 0 and therefore tha t  there certainly 
exists c = (~1 V ~2) 6 C2(t) to pick and either gently-satisfy 
or just-satisfy 1. Moreover, every clause in C2(t) other than 
c leaves C2(t) during round t i f f  it contains at least one 
of V(~l),V(~2). Therefore, the number of 2-clauses leav- 
ing C2(t) during round t when W(t )  = 0, is T + 1, where 

T D= Bin(C2(t) - 1,p2(t)). 
Before we proceed to analyze the distr ibution of the num- 
ber of 3-clauses leaving Ca(t) and entering C2(t + 1) when 
W(t )  = 0, let us observe tha t  this  number is bounded by 
the number, Z, of 3-clauses in Ca(t) containing precisely one 

of v(~l),v(~2). Since g D_ Bin(Ca(t),2p32(t)), by applying 
the Chernoff bound for each of X,  II, T, Z, we see that  con- 
dition (ii) of Theorem 3 is satisfied for C2 when W(t)  = 0, 
independently of the  value of E(t) .  

Let U denote the random variable equal to the  number of 
3-clauses leaving Ca(t) and entering C2(t  JI- 1) in round t. 
If W(t )  = 0 and E(t )  = 1 then U behaves identically to 
the case W(t )  = 1. To see this, note tha t  in order to just- 
satisfy(£1 V £2) the algori thm does not consider any clauses 
in Ca(t) and, therefore, the claim follows by the uniform 
randomness of c. 
To determine the distr ibution of U when W(t )  = E(t)  = 0 
let £(t,~1,£2) be the  set of all clauses in Ca(t) containing 
exactly one of ~1,~1,~2,~2 (since a clause containing two of 
these literals either gets satisfied or ends up in Cl(t + 1)). 
Moreover, let XI ,  X2, Xs, Xa be the random variables corre- 
sponding to the  number of clauses in E(t, ~1, ~2) containing 
~t, ~1,12, ~2, respectively. Finally, let us define the  function 
sb : R  4 - + R ,  by 

sb(wl,  w2, ws, w4) = rain(rain(w1, w2) + max(ws, w4), 

max(w1, w2) + min(wa, w4)) . 

Thus, sb (X1 ,X2 ,Xa ,X4 )  is the number of 3-clauses that  
will leave Ca(t) to enter C2(t + 1) if we need to assign the 
"second best" value assignment to v( t l ) ,v(g2)  in executing 

*This is precisely the  reason for which we add en 2-clanses 
to the  input  formula: while initially (and for a long time) the 
rate  a t  which 2-clauses are generated is substantially greater 
than the rate  at  which they disappear,  if C2(0) -- 0 then it 
is possible tha t  in the first polylog(n) rounds, C2(t) = @ 
occurs a number of times; the ext ra  fl(n) 2-clauses provide 
a "cushion" guaranteeing tha t  w.h.p, this does not happen. 
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gently-satisfy. Note now that  the probability of this last 
event is precisely 1/4 (independently of everything else). 
This is because the "best possible" value assignment for 
V(el), v(g2) is a function only of clauses in Cs(t) and there- 
fore, by uniform randomness, that  assignment falls to satisfy 
c E C2(t) with probability 1/4. Hence, conditional on H(t)  
and W(t )  = E(t)  = O, the expected value of U is 

3 
x E(min(X, ,  X2) + rain(X3, X4)) 

(8) 1 
"k~ X E ( s b ( X l , X 2 , X s , X 4 ) )  . 

To determine the expectations in (8) we first note that while 
the random variables X~ are identically distributed, they 
are not independent; e.g. if XI = C3(t) then X2 = 0. Yet, 
since the number of appearances of each literal is, asymptoti- 
cally, distributed as a Poisson random variable with constant 
mean, it is intuitively clear that as long as both t and C3(t) 
are f/(n), the dependence between the Xi is minuscule. In 
particular, let p* = ~ denote the probability that a 

clause in C3(t) contains a given literal. Now, let X~,... ,X~ 

be i.i.d, random variables with X" D_ Bin(Cs(t),p*). It is 
not hard to prove that  for ( t /n,  Cg.(t)/n, Ca(t)/n) e D, the 
quantity in (8) equals 

3 
× 2 E ( m i n ( X i , X ~ ) )  

(9) 
1 , , , 

+-~ x E( sb (X1 ,X2 ,X~ ,X~)  ) + o(1) . 

To handle the expectations in (9) we use the following lemma 
(its proof appears in Appendix C). 

LEMMA 5. Let S1 , . . .  ,$4 be i.i.d, random variables with 
Si D Bin(N,p),  where Np  = A + o(1) for some constant 
A > 0 (asymptotically in N) .  Let Y = min(S1,S2), and 
Z = sb(S1, $2, $3, $4) .  

(a) There exist functions g, h : R --~ R such that E(Y) = 
g(~)  + o(1) ~nd E ( Z )  = h (~ )  + o(1) .  
(b) Let functions % X be as defined in Appendix O. Then 
7, X are continuous, satisfy a Lipsehitz condition in [0, oo), 
and for all A > O, 

g(A)<-},(A)_<A and h(A) < x(a) <_ 2a . 

Recall that  E(X~) = 3Cs( t ) / (2 (n -2 t ) ) .  Therefore, from (a) 
of Lemma 5 we get E(U [ H(t)  N W(t )  = E(t)  = O) = 
fu (t/n, C2 (t)/n,  C3(t)/n) + 0(1), where 

( 3y3 '~ 1 ( 3y3 ) 
fv(y , ,Y2,ya)  = 3g \2 (1  - 2y l ) ]  + ~h \2 (1  - 2 y z )  

Thus, combining our estimates for the different cases we get 

E(Cz(t+ l)-Cg.(t)  ] H ( t ) ) = f 2 ( t / n ,  C2(t)/n, Cs(t) /n)+o(1),  

where [writing ¢(yl,  y2, ys) as ~b and ¢(y , ,  y2, y3) as %hi 

f2 (Yl, yg., Y3) = 

¢ X 3y3 
1 -- 2y1 

[ 3y3 ) 
+ (1 - ¢) × ~ ¢  ~--=-~u~ + (~ - ¢ ) / ~ ( U l , U ~ , u 3 )  - 

4y9. 
1 -- 2yl 

L e t ~  = ~(yl,Y3) -- ~ For %X as in Lemmah,  we 2(1 --2y I )" 
define ¢ by 

¢(yi, u2, u3) = ~ ~ (~) + ¼ x (~) -/u (y,, y~, u3) 
-/v(y,, us, y3) (lO) 

so that  [again writing ¢(Yl, y2,ya) as ¢] f2 simplifies to 

f2 (y l ,  y2, ys)  = 

~b X 3y3 
1 -- 2yl 

3ys 1 / 
/ 

4y2 
1 -- 2yl " 

Note that our choice of ¢ above is valid since, by Lemma 5, 
both enumerator and denominator in (10) are strictly posi- 
tive, and the former is no greater than the latter. 

Regarding the choice of ¢, it is not hard to see that  the rate 
at which 1-clauses are generated is 2C2 ( t ) / ( n -  2t) + o(1) for 
all t (we show this in the proof of Lemma 3). Thus, as one 
might guess, we choose ¢ so that  for some arbitrarily small 
0 > 0, (and as long as Cg.(t)/(n - 2t) < 1) 

2. ¢( t /n ,  C2(t)/n, Cs(t) /n)  = (1 + 0) 2C2(t) 
n - 2t 

Hence, for some (small) /9 to be specified, we define 

¢(Yl'Y2'Y3) = min ( (~ +--O)y22yz ' 1) 

With this choice of ¢ and recalling that  za(s) = r*(1 - 2s) z, 

we let 7-s(s, zg.) ---- rain \ 1-2s , 1 and v(s) _= 3r*(1 - 2s) 2. 
The differential equation and initial condition corresponding 
to C2 are thus 

dz2 
ds 

= r s ( s , z ~ )  × ~(s )  

+ (1-'rs(s, z2))x ~7 +~X -1  

4z2 
l - 2 s  ' 

z 2 ( 0 ) =  ~ . 

It is easy to verify that  for s E [0, 1) and z~ E [0, oo), dz2/ds 
is continuous and satisfies a Lipschitz condition (therefore 
satisfying the condition of Theorem 3 on D). 

Taking 0 -- 10 -5, we solved the above differential equation 
numerically, using two different methods. The first one, easy 
to use but without guaranteed results, was by employing the 
numerical option in the dsolve function in Maple [36]. The 
second method was by using the interval arithmetic differen- 
tial equation solver in [35]. The latter, partitions the domain 
of s in intervals and returns guaranteed, i.e. provable, upper 
and lower bounds for the value of z2 in each interval. (Maple 
remained inside those bounds out to six decimal digits.) 
The lower bounds calculated using interval arithmetic give 
that indeed for all s E [0,0.41], z2(s) > 0.9e and thus that 
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zg. does not leave the  domain for s < 0.41. (For za this 
follows immediately from the fact t ha t  za is decreasing and 
z3(0.41) = 0.018.. > e/2.) The upper  bounds calculated for 
z2 yield that  indeed for all s e [0,0.41], zg.(s)/(1 - 28) < 
(1 - 5)/(1 + 0) and therefore tha t  indeed with our choice of 
~b, ¢ w.h.p. 

c~(t) 
n - 2-------t < 2(1 - ~)w(t) , for all 0 < t < te . 

Finally, the upper bound z2(0.4) < 0.13 along with za(0.4) = 
0.025.. imply tha t  w.h.p. 

C2(t,) + Ca(t~) < (1 - ¢)(n - 2t¢) . 

6.  D I S C U S S I O N  
More than two variables: In setting two variables at  a time, 
our algorithm exploits the correlation implicit  in the  fact 
that  the two variables chosen appear  in the  same 2-clause. 
It is not hard to see tha t  since the  underlying 2-SAT formula 
is sparse, picking at  random any constant number q > 1 of 
2-clauses would not yield further progress: the q 2-clanses 
and the corresponding 3-clanses involved, w.h.p, will have 
no variables in common; thus, the decisions for each pair of 
variables would be independent of the choices made for the 
other pairs. 

Backtracking: It  is not hard to show tha t  TT can be modified 
to incorporate a l imited form of backtracking ( that  proposed 
in [19]), so tha t  i t  succeeds with w.h.p, for all r g 3.145. 

A question on (2+p)-SAT: In [33; 34], using the non-rigorous 
"replica method" of stat ist ical  physics, it was suggested tha t  
there exists c > 0 such tha t  for any e > 0, a conjunction of 
F2(n,(1 - e ) n )  and Fa(n, cn) (on the same n variables) is 
w.h.p, satisfiable; moreover, it was proposed tha t  if c3 is 
the greatest such c, then ca ~ 0.71... While  the  proposition 
ca > 0 is perhaps counterintuitive, in [1] it  was shown tha t  
indeed 2/3 <_ ca ~ 2.21. One of the benefits of analyzing 
satisfiability algorithms using our framework is a very simple 
proof of this lower bound for ca. In particular,  one can 
show tha t  all the  algorithms considered in [5; 19], along 
with TT, succeed with positive probabil i ty on a conjunction 
of F2(n, (1 - e)n) and Fa(n, cn), for any e > 0 and c < 2/3 
(and this probabil i ty can be suitably boosted to 1 - o(1)). 
Yet, also using our methods,  one can show tha t  replacing 
2/3 by any greater constant causes each of these algorithms 
to fall w.h.p. 
Determining whether c3 = 2/3 is a very interes t ing open 
problem on its own, with significant implications for the 
replica method. Moreover, any improvement over ca > 2/3 
would immediately yield an improved lower bound for r3. 
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A P P E N D I X  

A .  A P P E N D I X  
In the s ta tement  of Theorem 3, below, asymptotics denoted 
by o and O, are for n -~ co but  uniform over all other 
variables. In particular,  "uniformly" refers to the  conver- 
gence implicit in the  o0  terms. For a random variable X, 
we say X = o( f (n) )  always if max{x [ Pr[X = x] ~ 0} = 
o(f(n)) .  We say tha t  a function f satisfies a Lipschitz 
condition on D C ~" if there exists a constant L > 0 

.. L ~-~i=1 I TM - vii, such that  ] I ( U l , - -  • , Uj )  --  / ( V l , .  , Uj)  I ___~ J 
for all ( u i , . . .  ,uj)  and ( v i , . . .  ,v j )  in D. 

THEOREM 3 ([38]). Let Y~(0),Y~(1),... ,Y i ( t ) , . . .  be a 
sequence of real-valued random variables, 1 <_ i <_ k for 
some fixed k, such that for all i , t ,n ,  [Yi(t)l < Cn /or some 
constant C. Let H(t )  be the history of the sequence, i.e. the 
matrix (Y(O), . . .  ,Y ( t ) ) ,  where 12(t) = (Yl ( t ) , . . .  ,Yk(t)).  
Define the set I to be 

{ ( y l , . . .  ,Ya):  Pr[Y(0) = ( y ln , . . .  ,yan)] • 0 for some n} . 

Let D be some bounded connected open set containing the 
intersection of {(s, y l , . . .  ,Yk) : s > 0} with a neighborhood 2 
Of{(O, y l , . . .  , Y k ) :  ( y l , . . .  ,Yk) • I}.  

Let f~ : R k+l -+ R, 1 < i < k, and suppose that for some 
m = m(~), 

(i) for all i and uniformly over all t < m,  

E (Y~(t + 1) - Y~(t)lH(t)) = 

f i ( t /n ,  Yo(t) /n, .  .. ,Yk( t ) /n)  + o(1) , always; 

(ii) for all i and uniformly over all t < m, 

(iii) for each i, the function f~ is continuous and satisfies a 
Lipsehitz condition on D. 

(a) for (0, ~(o), . . .  , $(~)) E D the system of differential equa- 
tions 

dzi 
d-'s = fi(s,  zo , . . .  ,zk), 1 < i < k 

has a uni~lue solution in D for zi : R --+ R passing through 
zi(O) = £.(i), 1 < i < k, and which extends to points arbi- 
trarily close to the boundary of D; 

(b ) almost surely 

~ ( t )  = z i ( t /n)  . n + o(n) , 

uniformly for 0 < t < min{crn, m} and for each i, where 
zi(s)  is the solution in (a) with ~(i) = Y~(O)/n, and a = a(n) 
is the supremum of those s to which the solution can be 
extended. 

N o t e :  The theorem remains valid if the reference to "al- 
ways" in (i),(ii) is replaced by the restriction to the  event 
( t /n,  Yo( t ) /n , . . .  ,Yk( t ) /n)  e D. 

2That is, after takinK a bail around the set I ,  we require D 
to contain the  par t  oirthe ball in the  halfspace corresponding 
to  s = t /n >_ O. 
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B .  A P P E N D I X  
P r o o f ' o f  L e m m a  2. Let us say tha t  Q returns at step 
t, if Q(t) < s and Q(t - 1) > s; let us say tha t  Q departs 
at step t, i f Q ( t )  ~ s and Q ( t - 1 )  < s. For j > 0, let 
B i = t j - t  d ,whe re  ~ d -- . tj,tj > 0 axe the steps corresponding 
to the jth return and the jth departure, respectively. For 
t > 0, let hr(t) = min{j  : t~ > t}, i.e. the index of the first 
return occurring no earlier than t. 
We first observe tha t  for any values (realizations) b0, b l , . . .  
of the random variables Bj, 

m--1 hV(rn-1) 1 h r ( m - l )  

Z q/,)_< E + 1)-  2)_<s. E 
t=0 j = 0  j = 0  

since Q decreases by at  most s in each step and, therefore, 
cannot exceed s(bj + 1) - 2 between t ]  and t~ (the '~rorst 
case" occurs when Q "shoots up" from below s and then 
continually drops). 
For each i = 0 , . . .  , s  - 1 and t = 0 , 1 , . . . ,  let us define 
two sequences of random variables W~(z), F~(z), z > O, 
by W~(z) 9. W(t  + z) and F~(z) ~- F(t  + z). Now, for 
each i = 0 , . . .  , s  - 1 and t = 0 , 1 , . . .  , we define the se- 
quence of random variables D~(z), as follows: D~(0) = i and 
D~(z + 1) = max (D~(z) - s.  Wti(z), 0) + F:(z). Finally, let 
b~ = min{z > t : D~(z) < s}. If we now consider for each se- 
quence D~ its subsequence from z = 0 to z ---- b~ we see that  
Q is realized by some concatenation of these subsequences. 
Therefore, 

m--1 $--1 m--1 

<s .  2 = s .  z .  
t = 0  ~ i=0 t = 0  

To g.et a handle on the distr ibution of Z we will bound 
Pr[b~ > x] for each i , t  and integer x > 0. For this, we 
first observe that  if for some I > 0, 

l l 

~ F:i~) < s. ~ w : ( ~ )  (11) 
z~0 z = 0  

then there exists 0 < z < l such tha t  D~(z) < s. So, for a 
fixed l, the probabili ty tha t  (11) does not hold is bounded 
by 

Pr  (z) > (1 + e/3) f ( t  + z) 
kz=0 z = 0  

(12) 

+ Pr W:(~) < (1 - ~/3) ~ ~ ( t  + ~) , 
z=0 z~-~.0 

since if neither of the events in (12) occurs, then (1) implies 
that  (11) holds. 
Now, using the fact that  both w(t), f( t)  axe bounded away 
from 0 for all 4, along with the given tail  bound for y~ F( t ) ,  
and the Chernoff bound for ~ W(t ) ,  we get tha t  there exist 
r/, ~ > 0 depending on a, b, c, s, e, A such tha t  for all i, t 

Pr[b~ > x] < exp(-~/x ¢) . (13) 

Thus, Z is the sum of sm independent random variables 
Ro,.. .  ,Rsm-I (where R~t+i = (b~) 2) such tha t  for every 
integer x > 0, Pr[Rj > x 2] < exp(-~/x¢). Hence, E[Rj] is 
bounded by a constant: 

E[R#] = Z Pr[Rj > y] _< exp(-~/ ( [v~J)¢  ) < K 0 / , s , ¢  ) . 
y=0 y=0 

Let k = r3/¢] and write K = K(~/, s, ¢). To conclude the 
proof we let 

, { 0 R J  i f R j < l o g  km, 
R~ = if Rj  > log k m. 

and 
sin--1 

j = 0  

We first observe tha t  Pr [Z # Z'] < smPr[R~ # I~] = 
O(m -2) (we take O(m -2) as it is sufficient for our pur- 
poses). This immediately proves our claim in (2). Moreover, 
E[Z']  < E[Z] < Kin. Thus, for L = L(a, b, c, s, e, A) = 2K 
we get 

Pr[Z > Lm] < Pr[Z '  > 2Kin] + O(m -2) 
_< P r [ Z ' - E ( Z ' ) > K m ] + O ( m  -2) . (14) 

To bound the probabil i ty in (14) we consider the martingale 
sequence formed by the random variables To, T1, . . .  , Tsm-r 
where To = E ( Z ' ) / l o g  k m and Tj+I is 1 / log  k m times the 
conditional expectation of Z'  given the values of P ~ , . . .  , R~. 
Applying Azuma's  inequality, yields 

Pr[Z' - E(Z')  > Km] < 2exp ( -  K2m ) = O(m -2) 
2(log m) ~ 

and, thus, taking C = sL yields (3). [] 

P r o o f  of  L e m m a  3. Since, by Lemma 4, (6) holds w.h.p. 
it will suffice to prove tha t  each of (4) and (5) hold w.h.p. 
Let flow 1 it) be the random variable equal to the number 
of clauses tha t  shrink to length 1 during round t. Then, 
C1 (0) = 0 and it is easy to see tha t  for all t _> 0, 

C l  ( t  "3 L 1) ~--- m a x ( C l  ( t )  - -  2 .  W ( t ) ,  0)  -~-j~o?D 1 ( t )  , (15)  

Let G(t) be defined by G(0) = 0 and G(t + 1) = max(G(t)  - 
2. Wit),O ) + flowl(t), for t > 0. An easy induction shows 
that  G(t) > 01 (t) for all t. Now, let 

4("-? 2 
- - -  + o(1) , p~l(t) - 4 ( . ~  ) ~ -  2t 

3 
w l ( 0  = s ("~  ~)  = 2 ( ~ -  2t)~ + o(1) 

By uniform randomness it follows tha t  f/O?/) 1 ( t )  ----- j~0~/]21 (t) '~- 
flow3l (t), where 

flow2,(t) ~ Bin(X(t),p2,(t)) , 

floWal(t) D= BiniCa(t),pal(t)) ,  

and X(t)  is either C2(t) or C2(t) - 1. 
Using the above facts and Lemma 4 it is straightforward 
to construct,  via a simple coupling, a random variable Qit) 
which i) satisfies the conditions of Lemma 2 by construction, 
and such tha t  ii) w.h.p. C1 ( t )  _<< Q i t )  for all 0 < t < t~. The 
lemma then follows by applying Lemma 2 for Q and using 
the fact tha t  if events A and B each hold w.h.p, then so does 
the event A N B. [] 
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C .  A P P E N D I X  

Definition of function 3': 7 is the piecewise finear function 
defined by 3'(0) = 0, 3'(1) = 0.476223 3'(3/2) = 0.840260, 
3'(2) -- 1.228495, 3"(5/2) ---- 1.631218, 3"(3) = 2.043874, 
3'(7/2) = 2.463906, 3'(4) ---- 2.889703, 3"(9/2) = 3.320170, 
7(5) ---- 3.754520, 3'(6) = 6; 3'(),) ----- A, for A _> 6. 
Definition of function X: to define X let z()~) = i_ff6(2 ~ 1  2 + 
174A-22). Then, for A E [0, 1/2], X()0 = 2),; for A ~ [1/2, 1], 
x(A) = 2(z(1) - 1)A + 2 - z(1); for A e [1, 51, X(A) = z(A); 
for A e [5, 6], X(A) = (12 - z(5))A + 6z(5) - 60; X(A) = 2A, 
for A _> 6. 
P r o o f  o f  L e m m a  5. 
a) Using the standard approximation of the Binomial ran- 
dom variable with the corresponding Poisson random vari- 
able it is easy to show that  

E(Y) = f i  /')-~=o e-2x Ai+j min(i ' j)  + i,j, 

g(A) + o(1) , 

and 

E ( Z )  
f i f i f i  __~ .i+j+k+l 

= ~-~e-4X^ilj~kWlV . . . .  sb(i , j ,k , l)  +o(1)  
i=O j = O  k = O / = O  

- h (~ )  + o ( 1 )  . 

b) The fact that  3", X are continuous and satisfy a Lipschitz 
condition on [0, co) is trivial to verify by inspection. Simi- 
laxly, for the facts 3"(A) < A and X(A) ~ 2A, for all A > 0. 
From the fact that  the inequalities min(i , j)  ~ ( i+ j ) / 2  and 
sb( i, j, k, l) <_ ( i + j + k + l) /2 are strict for certain i, j we get 
that  for all )~ > 0, g(A) < A and h(A) < 2A. This yields that  
for A > 6, g(A) < 3'(A) and h(A) < X(A). Therefore, we are 
left to prove g (A)<  3"(A) and h(),) < X(),), for ~ E (0, 6]. 

To show that  3' strictly bounds g from above we will use 
the following fact (due to Diaconis, see p. 293 in [29]): if 
W1,.. .  , Wk axe i.i.d. Poisson random variables with mean A, 
and ¢ : R k --+ R is a convex function, then E(¢(W1, • • • , Wk)) 
is a convex function of A. Since rain is convex, it follows that  
g is bounded from above by any piecewise linear function de- 
fined by upper bounds for values of g. To get such bounds, 
we use that for any u _> 0, 

_ ~-~e_2X ^ i + j  -- min(i,])  
g(X) < ~ -  z _ .  ~ 2 

i = 0  j = 0  

- ~ -  q~(~)  . (16) 

Now, q~ can be bounded numerically with guaranteed accu- 
racy using interval arithmetic. For this, we used the function 
shake of Maple [36]. The values defining 3' were derived by 
substituting the returned lower bound for qao at each respec- 
tive point to (16), dividing by 1 - 10 -s ,  and rounding up. 
For h matters axe complicated by the fact that  sb is not a 
convex function. Analogously to g, though, we note that  for 
any u >_ 0, h is bounded by 

i = 0  j = O  k=O 1=O 

u u u u x i + j + k q - I  
- - 4 ) ~  A . . + sb( ,3,k,l) 

i=O j = O  k=O /=O 

- 2 ~ - h ~ ( ~ ) .  

By inspection, i.e. plotting, we observed that  z(A) bounds 
2 A -  his(A) from above in [1/2,6]. To prove this we used 
interval arithmetic to bound the range of z() 0 - 2A + h15 ()0 
from below for ), E [1/2, 6]; we got a lower bound of 8.32603 x 
10 -7. For (0, 1/2] the fact h(A) < X(A) follows from the fact 
h(A) < 2A for all A > 0 and the definition of X. [] 
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