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Abstract

For a large number of random constraint satisfaction probjesuch as random+SAT and random graph and
hypergraph coloring, we have very good estimates of theetdrgonstraint density for which solutions exist. Yet,
all known polynomial-time algorithms for these problema fa find solutions even at much lower densities. To
understand the origin of this gap one can study how the streicif the space of solutions evolves in such problems as
constraints are added. In particular, it is known that mwefote solutions disappear, they organize into an expaoalenti
number of clusters, each of which is relatively small ancefaart from all other clusters. Here we further prove that
inside every cluster a majority of variables are frozen, take only one value. The existence of such frozen vasable
gives a satisfying intuitive explanation for the failure tbe polynomial-time algorithms analyzed so far. At the
same time, our results lend support to one of the two main thygses underlying Survey Propagation, a heuristic
introduced by physicists in recent years that appears fonpeextraordinarily well on random constraint satisfanti
problems.

1 Introduction

For a number of random Constraint Satisfaction Problem#$JCl8/ now we have very good estimates of the largest
constraint density (ratio of constraints to variables)vidrich typical instances have solutions. For example [3], we
know that a random graph of average degies with high probability! k-colorable ifd < (2k — 2)In(k — 1),
but w.h.p. nonk-colorable ifd > (2k — 1) In k. This implies that for everyi > 0, w.h.p. the chromatic number of a
random graph with average degrgis eitherk, or k4 + 1, wherek, is the smallest integédrsuch thatl < 2k1In k. The
proof in [3] is via the second moment method, applied to thalper ofk-colorings. As a result, while it establishes
the existence of (exponentially manscolorings, it gives no information whatsoever on how tocédfintly find one.
Algorithmically, it is very easy to get a factor-2 approxitioa for the graph coloring problem on random graphs.
The algorithm “repeatedly pick a random vertex and assigmandom available color” will w.h.p. succeed in coloring
a random graph of average degrk# originally each vertex ha8k, available colors. Alternatively; colors suffice
whend < klnk. In spite of significant efforts over the last 30 years, norovement has been made over this
trivial algorithm. Specifically, no polynomial-time algthrm is known that-colors random graphs of average degree
d = (1+ ¢)kInk, for some fixedt > 0 and arbitrarily largek.
In the randomk-SAT problem one asks if a randotaCNF formula, F. (n, m), with n variables andn clauses
is satisfiable. It is widely believed that the probabilityattsuch a formula is satisfiable exhibits a sharp threshold.
Specifically, theSatisfiability Threshold Conjectussserts that, = r; forall £ > 3, where

r, = sup{r: Fy(n,rn) is satisfiable w.h.p. ,
ry = inf{r: Fy(n,rn) is unsatisfiable w.h.p. .

1we will say that a sequence of eveiits occurs with high probability (w.h.p.) #im,,—cc Pr[€n] = 1.



k | 3 4 7 10 20 21
Best known upper bound foj; 4.508 10.23 87.88 708.94 726,817 1,453,635
Best known lower bound far, 3.52 791 84.82 704.94 726,809 1,453,626
Best known algorithmic lower bound 3.52  5.54 33.23 172.65 95,263 181,453

Itis easy to see thaf < 2% 1In 2, since the probability that at least one assignment satiBfién, rn) is bounded
by 2"(1 — 27%)™ a quantity that tends to O far> 2¥In 2. In [7] it was shown that randork-CNF formulas have
satisfying assignments for densities very close to thisuppund. Specifically, for alt > 3,

(k+1)In2+3

e >28In2 — 5

)
Similarly to thek-coloring problem, the lower bound on the largest densitywibich solutions exist w.h.p., is also
based on the second moment method. Here, the gap relatilgotitlams is even greater: no polynomial algorithm is
known that finds satisfying assignments in a rande@NF formulawhen = w(k) 2¥ /&, for any functionv(k) — oo
(arbitrarily slowly). In Table 1, we illustrate this gap feome small values df. Fork = 3, the upper bound of;
comes from [14], while fok > 3 from [13, 20]. The best algorithmic lower bound for= 3 is from [16, 19], while
for k > 3itis from [15].

Similar results (and gaps) exist for a number of other caigtsatisfaction problems, such as random NAEAT
and hypergraph 2-coloring, regular random graph coloriagdom Maxk-SAT, and others (see [2, 4, 5, 6]). Indeed,
this phenomenon seems to occur in nearly all random CSP inhwthie underlying constraint graph is sparse and
random, making it natural to ask if there is a common undegyiause. (The bipartite graphs where constraints are
adjacent to the variables they bind are also known as facéuhg.)

As itturns out, sparse random CSP have been systematitadied by physicists in the past few decades under the
name “mean-field diluted spin-glasses”. Spins here aredhiahles (reflecting the notion that variables have small,
discrete domains), the term glass refers to the fact thatytbiem has not been allowed to relax to a configuration in
which spins interact in a mutually agreeable way (reflectiveg different constraints prefer different values for the
variables), diluted refers to the fact that the factor grespsparse (reflecting that each spin interacts with only a few
other spins), while “mean field” refers to the fact that thetéa graph is random, i.e., there is no underlying geometry
mandating the interactions. The interest in such “unpla/s&ystems is partly motivated by the fact that in many
statistical mechanics problems where the variables daoliz lattice such ag&?, the effect of the underlying geometry
vanishes forl sufficiently large (but finite).

Perhaps more surprising is the fact that in the last few yeaogivated by ideas developed for the study of ma-
terials, physicists have put forward a hypothesis for thgiiof the aforementioned algorithmic gap in random CSP
and, most remarkably, a method for overcoming it. Specljicklézard, Parisi, and Zecchina [22] developed an ex-
tremely efficient algorithm, called Survey Propagation)(3& finding satisfying assignments of random formulas in
the satisfiable regime. For example, their algorithm tylhidands a satisfying truth assignment of a random 3-CNF
formula withn = 10° variables and.25n clauses in minutes (and appears to scalé@slog n)). No other algorithm
practically solves formulas of such density with= 10%.

Our original motivation for this work was to see if some of fhteysically-motivated ideas underlying SP can be
proven mathematically. More generally, we believe thatarsthnding the geometry of the space of satisfying truth
assignments in random formulas is essential for understgice behavior of algorithms on them. This is particularly
true for the case of random-walk type algorithms, which wexwas the first natural class to target armed with such an
understanding and for which very little is known rigoroysiyth the notable exception of [9].

In [1] we made progress towards this goal by proving thataalyenuch below the satisfiability threshold, the set
of satisfying assignments fragments into exponentiallpyr@onnected components (clusters) that are relativelyl sma
in size and far apart from one another. Here, we additiomalbye that inside each such connected component, the
majority of variables are “frozen”, i.e., take only one w&lAs the formula density is increased towards the threshold
the fraction of frozen variables in each component increassusing the connected components to decrease in volume
and grow further apart from one another. As we discuss belmsvexistence of frozen variables provides a good



explanation for the origin of the barrier faced by all analgzalgorithms on random CSP, i.e., “local”, DPLL-type
algorithms.

Our results regarding frozen variables are in perfect agese with the physics picture and strongly suggest that
one of the two main assumptions underlying SP regardingttietare of the set of solutions is essentially correct.
This brings us closer to a rigorous analysis of SP and ansaffamatively the main open question raised by Maneva,
Mossel and Wainwright in [21]. Specifically, we prove that &l £ > 9, the connected components of the set of
satisfying assignments of random formulas have non-tridees, as assumed by SP (see Definition 9). We point out
that it is not clear whether this is true for small Indeed, [21] gave experimental evidence thatior 3, random
formulas donot have non-trivial cores. As we will see, our methods also givae evidence in that direction. This
gives additional motivation for the “core-like” objectgriaduced in [21] whose existence would relate to the success
of SP for smallt (we discuss this point further in Section 3.1).

In the next section we give an informal discussion relathmgperformance of DPLL-type algorithms on random
formulas to notions such as Gibbs sampling and long-rangelations. This is meant to provide intuition for the
empirical success of SP and motivate our results. We enggh#isat while both the discussion and the results are
about randonk-SAT, this is not strictly necessary: our ideas and prooésarite generic, and should generalize
readily to many other random CSP, e.g., graph coloring.

1.1 DPLL algorithms, Belief Propagation, and Frozen Varialles

Given a satisfiable formul& on variables);, v, .. . , v, it is easy to see that the following simple procedure samples
uniformly from the set of all satisfying assignmentsraf

Start with the input formuld’
Fori = 1ton do:

1. Compute the fractiom,, of satisfying assignments of the current formula in whickakes the value 1.
2. Sety; to 1 with probabilityp; and to 0 otherwise.
3. Simplify the formula.

Clearly, the first step in the loop above is meant only as aghbaxperiment. Nevertheless, it is worth making
the following two observations. The first is that if we areyoimterested in findinggomesatisfying assignment, as
opposed to sampling a uniformly random one, then we do nat teeompute exact marginals. For example, if we
use the rule of always setting to 1 iff p; > 1/2, then it is enough to ensure that if a variable takes the satuev
2 in all satisfying assignments, is the majority value in its computed marginal. The seconskeolmtion is that the
order in which we set the variables does not need to be detechai priori. That is, we can imagine that in each step
we compute marginals for all remaining variables and thaefch marginal we have an associated confidence. To
improve our chances of avoiding a fatal error, we can thenmggtthe variable for which we have highest confidence.

The above two elementary observations in fact capture gdirshms that have been analyzed so far on random
formulas (and, in fact, most DPLL-type algorithms used iaqgtice). Observe, for example, that both thrét-clause
and thepure literal heuristics follow immediately from the above considenasio In the case of unit-clause, the
participation of a variable in a unit clause: allows us to infer its marginal with perfect confidence anatketting
v is an “obvious” choice. In the case of a pure litefahgain we can infer with certainty the majority marginal tod t
underlying variable (it is the value that satisfied. In the absence of such obvious choices, all DPLL-typerélyns
attempt to identify a variable whose marginal can be deteechivith some confidence. For example, below are the
choices made in the absence of unit clauses and pure liteyaeme of the algorithms that have been analyzed on
random 3-CNF formulas. In order of increasing performance:

UNIT-CLAUSE [12]: select a random variable and assign it a random value.
3-CLAUSE MAJORITY [11]: select a random variable and assign it its majorityiegadmong the 3-clauses.

SHORTCLAUSE[15]: select a random shortest claus@ random variable in ¢, and sew so as to satisfy.



HAPPIEST LITERAL [18]: satisfy a literal that appears in most clauses.

Each of the above heuristics attempts to compute margireiscoon a different set of evidence, the content of
which ranges from completely empty [12], to consideringtladl clauses containing each variable [18]. Correspond-
ingly, the largest density for which these algorithms sedcen random 3-CNF formulas ranges fréif8 for [12]
to 3.42 for [18]. WNIT-CLAUSE, in fact, succeeds for evekyas long as* < 2*/k and, as we mentioned earlier, no
algorithm is known to beat this bound asymptotically. Gideat improving upon the empty set of evidence is rather
easy, it is tempting to think that by considering a largerafetvidence for each variable one can do significantly
better. For example, consider an algorithdn which computes a marginal for each variablbased on the clauses
that appear in the deptthneighborhood oty in the factor graph. One could hope thatdagrows, such an algorithm
would do well, perhaps even reach the satisfiability thriesho

Physicists say it is not so. The hope that local algorithmddacdo well on random formulas rests on the pre-
sumption that the influence exerted on a variablgy other variables, diminishes rapidly with their distafroen v in
the factor graph. That is, that there are no “long range iroms” in random formulas, so that the joint probability
distribution of a random finite subset of the variables stitnd, essentially, the product of their marginals.

Unfortunately, the existence of clusters with numerouzdrovariables can induce long-range correlations among
the variables, eliminating such hopes. For example, if ammesiders any fixed set of variables, at sufficiently large
densities their joint behavior over the set of satisfyingigisments is dominated by a small number of connected com-
ponents and, in the presence of frozen variables, their ppobability distribution fails to factorize. To overcortiee
above issue, physicists hypothesized that the above dhrpis the only significant source of long-range correliasio
One aspect of this assumption amounts to modeling each cmtheomponent of satisfying assignments as a subcube
that results by selecting a large fraction of the variabtesfeeezing them independently at random, while leaving the
rest (largely) free. Our results imply that this simplifieédw of clusters is not very far off the truth.

2 Statement of Results

We first need to introduce some definitions. Throughout, veaime that we are dealing with a CNF formuia
defined over variableX = x4, ..., z,, and we letS(F') C {0, 1} denote the satisfying assignmentsraf

Definition 1. The diameter of an arbitrary setX C {0,1}" is the largest Hamming distance between any two
elements ofX. Thedistance between two arbitrary set&, Y C {0, 1}", is the minimum Hamming distance between
anyz € X and anyy € Y. Theclusters of a formulaF are the connected components{f’) whenz,y € {0, 1}

are considered adjacent if they have Hamming distanceduger-region is a non-empty set of clusters.

In [1] we proved that for alk > 8, at some point below the satisfiability threshold, the ssatitfying assignments
consists of exponentially many, well-separated clustgiems. Specifically,

Theorem 2([1]). For everyk > 8, there exists a value ef < r; and constants;, < [ < 1/2 ande, > 0 such that
w.h.p. the set of satisfying assignment&pfn, rn) consists oR=™ non—empty cluster-regions, such that

1. The diameter of each cluster-region is at moght.
2. The distance between any pair of cluster-regions is attl&an.
If r = (1—6)2FIn2, whered < § < 1/3, then for allk > ko(J), we can take

1 1 5 )
=7 =5-2Vo =——3k2.
k= Br 5 6\/_ ; =5

Here, our main result comes from “looking inside” clustemsl @roving the existence of variables which take the
same value in all the truth assignments of a cluster. Momaddly,

Definition 3. Theprojection of a variablex; over a set of satisfying assignmentsdenoted as;(C), is the union of
the values taken hy; over the assignments @. If 7;(C') # {0, 1} we say that:; isfrozen in C.



The existence of frozen variables is a fundamental undeipgof the approximations implicit in the Survey Prop-
agation algorithm. A strength of our approach is that it@as to prove not just the existence, but the pervasiveness
of such variables. Specifically, Theorem 4 below assertsthaufficiently largek, as we approach the satisfiability
threshold, the fraction of frozen variables in every sirgiester gets arbitrarily close to 1.

Theorem 4(Main Result). Foreveryd < a < 1/2and allk > ko(«), there existe < r, such that for al > ¢,
w.h.p.every cluster of Fi(n, rn) has at leas{1 — «)n frozen variables. A% grows,
cp 1
— .
2kln2  1+a(l—a)

By takinga = 1/2in Theorem 4 we see that for sufficiently larigeevery cluster already has a majority of frozen
variables at = (4/5 + §x)2% In 2, with 6, — 0, i.e., for a constant fraction of the satisfiable regime. &/generally,
Theorem 4 asserts thatagrows and the density approaches the threshold, clusteng &mvolume and grow further
apart by having smaller and smaller internal entropy (mieehn variables).

The analysis that establishes Theorem 4 also allows us % sho

Corollary 5. For everyk > 9, there exists < ry, such that w.h.pevery cluster of F, (n, rn) has frozen variables.

It remains open whether frozen variables existfar 8. As we mentioned above, [21] reported experimental evidenc
suggesting that frozen variables dot exist fork = 3. We will see that our proof also gives evidence in this digect
for small values of:.

We prove the existence of frozen variables by, in fact, prguhat random formulas have non-trivial cores (we
postpone the definition of cores and of the coarsening psogesl Section 3). Thus, our Theorem 10 answers
affirmatively the main question of [21] for all > 9. Combining Theorems 2 and 10 we get the following corollary,
establishing thafy, (n, rn) has an exponential number of distinct cores.

Corollary 6. If r = (1 — §)2¥In 2, whered < § < 1/8, then for allk > kq(J), w.h.p. every pair of truth assignments
that belong in distinct cluster-regions have distinct cggring fixed points.

Proof. Sinced < 1/3, Theorem 2 asserts that for all sufficiently lafgef o, 7 are truth assignments in distinct cluster
regions, then w.h.p. their Hamming distance is at léd8t— (5/6)v/6. Sinced < 1/5, Theorem 10 asserts that the
fraction of x-variables in the coarsening fixed point of betlandr is bounded by

1=
Sk = f +Ck
where(;, — 0. Itis easy to check that/2 — (5/6)v/0 > s, for 6 < 1/8 and all sufficiently large:. Therefore, the

coarsening fixed points of andr must be distinct. O

3 Frozen Variables: Survey Propagation and Related Work

For a clusterC, the stringr(C) = 71 (C), m2(C), ..., 7, (C) is theprojection of C' and we will use the convention
{0,1} = %, so thatr(C) € {0, 1, «}™. Imagine for a moment that given a formufawe could compute the marginal
of each variable over the cluster projections, i.e., thaefich variable we could compute the fraction of clusters in
which its projection i9), 1, and«. Then, as long as we never assigadd a variable which in every cluster was frozen
to the valuer, we are guaranteed to find a satisfying assignment: aftér&ep there is at least one cluster consistent
with our choices so far.

Being able to perform the above marginalization seems daiittetched given that even if we are handed a truth
assignment in a clusterC, it is not at all clear how to compute(C') in time less thaiiC|. Survey Propagation (SP)
is an attempt to compute marginals over cluster projectignaaking a number of approximations. One fundamental
assumption underlying SP is that, unlike the marginals tw#h assignments, the marginals over cluster projections



essentially factorize, i.e., if two variables are far aparthe formula, then their joint distribution over clusteiop
jections is essentially the product of their cluster prog@tmarginals. Determining the validity of this assumptio
remains an outstanding open problem.

The other fundamental assumption underlying SP is alparoximatecluster projections can be encoded as the
solutions of a CSP whose factor graph can be syntacticatiyetefrom the input formula. Our results are closely
related to this second assumption and establish that, dndiee approximate cluster projections used in SP retain a
significant amount of information from the cluster projeat. To make this last notion concrete and enhance intyition
we give below a self-contained, brisk discussion of Surw@pBgation. For the sake of presentation this discussion is
historically inaccurate. We attempt to restore historyéct®n 3.1.

As we said above, even if we are given a satisfying assignmehnis not obvious how to determine the projection
of its clusterC' (o). To get around this problem SP sacrifices information in dflefing manner.

Definition 7. Given a stringe € {0, 1, «}", a variablez; is freein « if in every clause containingz; or T;, at least
one of the other literals im is assigned true ox.
We will refer to the following as a

coarsening-step: if a variable is free, assign .
Givenz,y € {0, 1, x}™ say thatx is dominated by, writtenz < v, if for everyi, eitherxz; = y; or y; = *.
Consider now the following process:

start ato and apply coarsening until a fixed point is reached.

Lemma 8. For every formulaF’ and truth assignment € S(F'), there is a unique coarsening fixed poinfo). If
o1, 02 belong to the same clustét, thenw (o) = w(o2) = 7(C).

Proof. Trivially, applying a coarsening step to a stringrroduces a string such thatr < y. Moreover, ifx; was free
in z, theny; will be free iny. As a result, if bothy, z € {0, 1, x}" are reachable from € {0, 1, x}" by coarsening
steps, so is the string that results by starting,atoncatenating the two sequences of operations and regalibut
the first occurrence of each coarsening step. This impladltlere is a unique fixed point(z) for eache € {0, 1, x}™
under coarsening. Observe now thatit’ € S(F) differ only in thei-th coordinate, then theth variable is free in
botho, o’ and coarsening it in both yields the same strin@®y our earlier argumenty(c) = w(r) = w(o’) = we,
whereC' C S(F) is the cluster containing, o’. Considering all adjacent pairs @, we see thatve = 7(C'). O

Definition 9. Thecore of a clusterC' is the unique coarsening fixed point of the truth assignmens

By Lemma 8, if a variable takes either the value 0 or the valiretihe core of a clustet’, then it is frozen to that
value inC'. To prove Theorem 4 we prove that the core of every clustenteas/ nonx variables.

Theorem 10. For anya > 0, let ko («) andcy be as in Theorem 4. lf > ky andr > ¢, then w.h.p. the coarsening
fixed point ofevery o € S(Fj(n,rn)) contains fewer than - n variables that take the value

To prove Theorem 10 (which implies Theorem 4) we derive shauymnds for the large deviations rate function
of the coarsening process applied to a fixed satisfying assgt. As a result, we also prove that in the planted-
assignment model the cluster containing the planted assighalready contains frozen variables at (2% /k) In k.
Also, we will see that our proof gives a strong hint that foraimalues ofk, such ask = 3, for all densities in the
corresponding satisfiable regime, most satisfying asségsdo converge tqx, - - - , %) upon coarsening.

We can think of coarsening as an attempt to estimate thegtimjeof C'(o) by starting atr and being somewhat
reckless. To see this, consider a parallel version of caargen which givenz € {0, 1, «}"™ we coarsen all free
variables in it simultaneously. Clearly, the first rounde€ls a process will only assignto variables whose projection
in C(o0) is indeed«. Subsequent rounds, though, might not: a variahfedeemed free, if in every clause containing
it there is some other variable satisfying the clawsea variable assigned. This second possibility is equivalent
to assuming that the-variables in the clauses containingcall themI',, can take joint values that allowto not
contribute in the satisfaction of any clause. In generahfdas this is, of course, not a valid assumption. On the other



hand, the belief that in random formulas there are no lomggaorrelationamong the non-frozevariables of each
cluster makes this a reasonable statistical assumptinoe she formula is random, the variabledipn are probably
far apart from one another in the factor graph that resutes aémoving the clauses containing Thus, indeed, any
subset of variables df, that do not co-occur in a clause should be able to takeset of joint values. Our results
can be seen as evidence of the utility of this line of reagpnéince we prove that for sufficiently large densities,
the coarsening fixed point of a satisfying assignmemteiger (x, ..., *). Indeed, as we approach the satisfiability
threshold, the fraction of frozen variables in it tends to 1.

Of course, while the core of a clust€rcan be easily derived given somiec C, such & is still hard to come by.
The last leap of approximation underlying SP is to define &$ét) C {0, 1, «}™ that includes all cluster cores, yet is
such that membership ifi( F') is “locally checkable”, akin to membership&(F'). Specifically,

Definition 11. A stringz € {0, 1, *}" is a cover of a CNF formulaF if: (i) under z, every clause i’ contains a
satisfied literal or at least twe, and (ii) every free variable i is assigned, i.e.,z is x—maximal.

Cores trivially satisfy (ii) as fixed points of coarseningjislalso easy to see that any string that results by applying
coarsening steps to a satisfying assignment satisfiesh@)unique satisfying literal of a clause will not become
unless the clause also has othevariables. Thus, a core is always a cover. At the same timeckihg whether
z € {0, 1, «}" satisfies (i) can be done trivially by examining each clamsisalation. For (ii) it is enough to check
that for each variable assigned) or 1 in z, there is at least one clause satisfiedvbgnd dissatisfied by all other
variables in it. Again, this amounts te simple checks, each check done in isolation by considehirgctauses
containing the corresponding variable. The price we payéaling with locally-checkable objects is that the set of
all coversZ(F') can be potentially much bigger than the set of all cores. kamgple,(x, - -- , %) is always a cover,
even if F' is unsatisfiable.

The Survey Propagation algorithm can now be stated as fellow

Repeat until all variables are set:

1. Compute the marginals of variables over covers.
2. Select a variable with least mass=0and assign it the 0/1 value on which it puts most mass.
3. Simplify the formula.

The computation of marginals over covers in the originah@ion [22] of SP was, in fact, done via a message
passing procedure that runs on the factor graph of the aliganmula rather than a factor graph encoding covers
(more on this in Section 3.1). Also, in [22], if a configuratis reached in which all variables put (nearly) all their
mass ork, the loop is stopped and a local search algorithm is invokée. idea is that when such a configuration is
reached, the algorithm has “arrived” at a cluster and findisglution inside that cluster is easy since only non-frozen
variables remain unset.

3.1 Related Work

The original presentation of Survey Propagation motivdkedalgorithm in terms of a number of physical notions
(cavities, magnetic fields, etc.). Specifically, the altioni was derived by applying the “cavity method” within a
“1-step Replica Symmetry Breaking” scheme, with no refeeewhatsoever to notions such as cluster projections,
cores, or covers (in fact, even clusters were only specifietth@ connected components that result when satisfying
assignments at “finite Hamming distance” are consideredcadi). On the other hand, a very definitive message-
passing procedure was specified on the factor graph of tiggnatiformula and the computer code accompanying
the paper and implementing that procedure worked spectdguell. Moreover, a notion foreshadowing cores was
included in the authors’ discussion of “Warning Propagdtio

Casting SP as an attempt to compute marginals over coresamasitdependently by Braunstein and Zecchina
in [10] and Maneva, Mossel, and Wainwright in [21]. In pautér, in both papers it is shown that the messages
exchanged by SP over the factor graph of the input formulategemessages implied by the Belief Propagation
formalism [8] applied to a factor graph encoding the setlé@bers. In [21], the authors also established a number of



formal correspondences between SP, Markov random fieldSés sampling. In particular, they noted that a cover
o € {0,1,x}™ can also be thought of as partial truth assignment in whienyeunsatisfied clause has length at least
2, and in which every variableassigned or 1 has some clausefor which it is essential i, i.e.,v satisfies: but all
other variables il are set opposite to their signdnThis last view motivates a generalization of SP in whichgiraals

are computed not only over covers, but over all partial asagnts in which every unsatisfied clause has length at least
2, weighted exponentially in the number of non-essentibMafiables and the number efvariables. One particular
motivation for this generalization is that while SP appaargork very well on random 3-CNF formulas, [21] gives
experimental evidence that such formulas do not have naialttores, i.e., upon coarsening truth assignments end up
as(x,...,*). This apparent contradiction is reconciled by attributing success of SP to the existence of “near-core”
strings allowed under the proposed generalization. Itgs alorth keeping in mind that in the experiments of [21],
the truth assignments to which coarsening is applied a@rmdd by running Survey Propagation plus decimation, a
process which most likely introduces significant bias incheice among satisfying assignments.

While [21] provided a framework for studying SP by connegtitto concrete mathematical objects such as cores
and Markov random fields, it did not provide results on theialcstructure of the solution space of randbrCNF
formulas. Indeed, motivated by the experimental absena®is fork = 3, the authors asked whether random
formulas have non-trivial cores for ary Our results establish a positive answer to this questioalfd > 9.

4 The Probabilistic Framework

Theorem 4 follows from Theorem 10 and Lemma 8. To prove Thadt® we say that a satisfying assignment
a-coreless if its coarsening fixed poin{c) has at leastvn x-variables. LetX be the random variable equal to the
number ofa-coreless satisfying assignments in a rande@NF formulaFy, (n, rn). By symmetry, writingd™ = 0,

E[X] = Z Pr[o is a-coreless o is satisfying - Pr[o is satisfying (2)
ocec{0,1}n
1 ™ ) ] ) .
= 2. (1 - 27) - Pr[0 is a-coreless 0 is satisfying , 3)

Observe that conditioning or0“is satisfying” is exactly the same as “planting” tAesolution, and amounts to
selecting then = rn random clauses in our formula, uniformly and independéintign amongst all clauses having
at least one negative literal. We will see that for eviery 3, there existg? such that

if r <ty ,
if r >ty

Pr[0 is a-corelesd 0 is satisfying = {1(;)0(1) 4)
o

In particular, we will see that. ~ (2*/k)Ink. We find it interesting (and speculate it is not an accidemdj &ll
algorithms that have been analyzed so far work for dendigdmw,.. More precisely, all algorithms analyzed so far
set each variable by considering only a subset of the not yet satisfied clausetamingv and succeed for some
r < ¢2% /k, wherec depends on the algorithm.

To proveE[X] = o(1) we will derive a strong upper bound for the probability in ¢denr > ¢¢. Specifically,
we will prove thatPr[0 is a-corelesd 0 is satisfying < e~/ (") for a functionf such that for alk- > ¢,

1 s
2-(1—27) et <1, (5)

By (3), for all suchr we haveE[X] = o(1) and Theorem 10 follows.

4.1 Coarsening as Hypergraph Stripping

Given any CNF formuld' and anyr € S(F)) itis easy to see that(o) is completely determined by the set of clauses
U (o) that have precisely one satisfied literal undeiThis is because after any sequence of coarsening stepsappl



to o, a clause that had two or more satisfied literals umdavill have at least one satisfied literal or at least twend
thus never prevent any variable from being free. Theretoreparsen a truth assignmentt is enough to consider
the clauses i/ (o). Let us say that a variableis unfrozen if there is no clause in which it is the uniquesfgiing
variable and let us say that a clause is unfrozen if it costainunfrozen variable. It is now easy to see that coarsening
o is equivalent to starting witly and removing unfrozen clauses, one by one, in an arbitratgramtil a fixed point
is reached, i.e., no unfrozen clauses remain. Variablagrong in any remaining (frozen) clauses are, thus, froren i
w(o) (to their value inc), while all other variables are assigned This view of coarsening as repeated removal of
clauses fron/ (o) will be very useful in our probabilistic analysis below.

To estimatePr[0 is a-coreless| 0 is satisfying we consider a randorh-CNF formula withrn clauses chosen
uniformly among those satisfyir@ To determinev(0), by our discussion above, it suffices to consider the clanses
our formula that have precisely one satisfied (negative)dit The number of such clauses is distributed as

k
m = Bin (’f"rh ﬁ)

It will be convenient to work in a model where each of theselauses is formed by choosing 1 negative literal
andk — 1 positive literals, uniformly, independentiynd with replacemen{Sincern = O(n), by standard arguments,
our results then apply when replacement is not allowed amdtiginal number of clausesis — o(n).) We think of
thek literals in each clause d@sballs; we paint the single satisfied literal of each clause @ad thet — 1 unsatisfied
literals blue. We also have one bin for each of theariables and we place each literal in the bin of its undegyi
variable. We will use the term “blue bin” to refer to a bin thets at least one blue ball and no red balls. With this
picture in mind, we see that thevariables inw(0) correspond precisely to the set of empty bins when the fatigw
process terminates:

1. Letwv be any blue bin; if none exists exit. %Identify an unfrozen variable if one exists.
2. Remove any ball from. %Remove the occurrencefn some (unfrozen) clause
3. Remové: — 2 random blue balls. %Remove the othdr — 2 unsatisfied literals of.
4. Remove a random red ball. %Remove the satisfied literal in

Note that the above process removes exactly one clause fhllexhdk — 1 blue balls) in each step and, therefore, if
we pass the condition in Step 1, there are always suitabketbakmove. To give a lower bound on the probability that
the process exits before steps (thus, reaching a non-trivial fixed point), we willgalower bound on the probability
that it exits within the first = am steps, for some carefully chosen= «a(k,r) € (0, 1). In particular, observe that
for the process to not exit within the firssteps it must be that:

At the beginning of each of the firsisteps there is at least one blue bin. (6)

To bound the probability of the event in (6) we will bound th@lpability it occurs in the following simplified
process. The point is that this modified process is signifigaasier to analyze, while the event in (6) is only slightly
more likely for the values of, r of interest to us.

() Letv be any blue bin; if none exists go to Step (c).
(b) Remove any ball frona.
(c) Remove a random red ball.
Lemma 12. The eventir{6) is no less likely in the modified process than in the origirratpss.

We prove Lemma 12 below. To bound the probability of the ewer(6) in the modified process we argue as
follows. Letq be the number of bins which do not contain any red ball afsteps and let be the original number of
blue balls in these bins. Ifb < i, then afte steps of the modified process every non-empty bin will corddieast
one red ball, since up to that point we remove precisely one ball per step. Therefore, the probability of the event



in (6) is bounded above by the probability that- i. To bound this last probability we observe that the red halls
the modified process evolve completely independently obthie balls. Moreover, since we remove exactly one red
ball in each step, the state of the red balls aftgeps is distributed exactly as if we had simply thrown- i red balls
into then bins.

So, all'in all, given a randork-CNF formulaF’ with rn clauses and a fixel < ¢ < n, conditional or0 satisfying
F, the probability that the coarsening process start@dfails to reach a fixed point within steps is bounded by the
probability thatb > ¢, where

R S _ 9
b — Bin ((k 1)m, n) . where @)
) k
m = Bin (rn,ﬁ> , and (8)
q = Emp(m_lvn) ) (9)

whereEmp(z, y) is the distribution of the number of empty bins when we throballs intoy bins.

As a result, giverk, r, our goal is to determine a value foithat minimizesPr[b > i]. Before we delve into
the probabilistic calculations, in the next section we cantron how our analysis relates to the planted assignment
problem and to the existence of non-trivial cores for smallligs ofk.

Proof of Lemma 12Consider a process which is identical to the original preeasept with Step 3 removed. We will
call this the intermediate process. We begin by provingtthebriginal and the intermediate processes can be coupled
so that whenever the event in (6) occurs in the original pedealso occurs in the intermediate process.

First, observe that the evolution of the red balls in botlcpsses is purely random and therefore can be assumed to
be identical, i.e., we can think of the original process akingga genuine random choice in Step 4 and the intermediate
process as mimicking that choice. (We think of all balls asyiag a distinct identifier.) Similarly, we can assume
that originally, the placement of the blue balls in bins isritical for the two processes.

Let us say that a pair of blue ball placements is good if inebén the set of blue balls in the original process is a
subset of the set of blue balls in the intermediate processrlg, whenever we are in a good configuration, since the
placement of the red balls is identical in the two processegchoice of bin and ball of the original process in Steps
1,2, is an available choice for the intermediate processieb\@r, if the intermediate process mimics these choices,
this results is a new good pair of blue ball placements. Budtidn, since the original pair of blue ball placements is
good, if the event in (6) occurs in the original process ibascurs in the intermediate process.

Next, we compare the intermediate process to the modifietbgeoobserving that they are identical except that in
the event that we run out of bins containing only blue bakisitiermediate process stops, while the modified process
carries on. Therefore, we couple the two as follows: the fiediprocess mimics the intermediate process for as long
as the eventin (6) does not occur, and makes its own randoiveshafterwards. Therefore, if the eventin (6) occurs
in the intermediate process it also occurs in the modifiedgss. O

5 The planted assignment model and small values &f

Conditional on0 being satisfying, analyzing(0) is exactly the same as working in the “planted assignmentieho
and analyzing the core of the cluster containing the plaassignment. This is rather easy to do if we are content
with results holding with probability — o(1). Specifically, by (7),(8),(9) and standard concentratesultts it follows
immediately that iff = am then w.h.p.

rk
m = )\ -n 4+ O(TL), Whel’e)\ = ﬁ (10)
g=~-n-+o(n), wherey = exp (—A(1 — «)) (11)
b=p-n+o(n), where = (k — 1)y . (12)

With these conditionals in place, we can next determine thampath of the coarsening process using the method
of differential equations [23], i.e., the number of red aigklballs after each step, updn). In particular, this allows
us to show that

10



Claim 13. For everyk > 3, there exists a critical valug, such that ifr < ¢} then w.h.pw(0) = (x,...,*), while if
r > ti then w.h.p. a bounded fraction of the variables:if0), and therefore irC'(0), are frozen.

In the table below we give the value gf for some small values df (rounding to two decimals). By lower/upper
below we mean the best known lower/upper bound for sati$ifiatiireshold.

k | 3 4 5 6 7
Best known lower bound far;, 3.52  7.91 18.79 40.62 84.82
Best known upper bound foj; 451 10.23 21.33 43.51 87.88

Non-trivial coarsening fixed point fd, ¢; | 5.72 11.58 21.75 40.13 73.88
Threshold for the modified process, 6.25 12.34 2290 41.95 76.84

We see that fok = 3,4, 5, the probability thaD has a non-trivial coarsening fixed point conditional on gein
satisfying, tends to O for all densities in the satisfiablgime. Clearly, conditioning on0'is satisfying”, is not the
same as picking a “typical” satisfying assignment. Newagss, the gap betweeh and the best threshold upper
bound fork = 3 is sufficiently large to suggest that below the satisfigpilitreshold, most satisfying assignments
do arrive af(x, ..., x) upon coarsening. This is consistent with the experimeetallts of [21], who first raised this
possibility. That said, a distinction worth mentioningh&t even if the coarsening procedure arrivesat. . , ) from
most/all satisfying assignments there can still be (marggehn variables: simply, their corresponding clusters may
not be be compact (“cube-like”) enough for coarsening toalisr their core.

We now comment on the couple of simplifications of the origpracess that we introduced in the previous section
in order to get a process that is easier to analyze. As we ghdhese simplifications only increase the probability of
the event in (6) and it is natural to wonder if this increassigmificant, allowing for the possibility that our analysis
can be made much sharper. Below we give evidence that thigt ithe case. In particular, if each of, ¢, b can be
assumed to be within(n) of its expected value, then the inequabity 7 in the modified process is equivalent to
2 —1 In(%1)

[e]3

<
" k 11—«

= uk(a) .

In the table above we give the valuewf = min, u;(a) for some small values of. As we can see, these values
are quite close to, and get relatively closer dsis increased. In other words, considering the modified pedees
not cause too big a loss in the analysis. Indeed, taking®.g:,1/In k, already gives, — (2*/k)Ink, which is
consistent with the physics prediction that— (2% /k) In k.

Of course, if one is interested in establishing that cenpagperties ofw(0) hold with exponentially small failure
probability, as we do, then conditioning that ¢, b are withino(n) of their expectation is not an option. One has to
do a large deviation analysis of all these variables and thiractions in the coarsening process and determine the
dominant source of fluctuations. This is precisely what wevith respect to the event> i in the modified process.

6 Large Deviations
It is well-known that ifnp > 0 then for everys > —1,
Pr[Bin(n,p) = (1 + d)np] < F(np,9) ,

where
F(x,y) = exp(—=z[(1 +y)In(1 +y) —y]) .

A similar large deviations bound was shown in [17] for the fm@mof empty bins in a balls-in-bins experiment
(Theorem 3). That is, for evey> —1,

Pr[Emp(m,n) = (1+ 8)e”™/"] < F(ne™™/",§) .

11



6.1 Application

Write 7 = A\(2¥ — 1)/k and fix§, ¢, > —1. Write p = A(1 + §)(1 — «) in order to compress the expressions below.
The probability that

m = (1+5)E[m]:(1+5)2k’"—f1-n:(1+5)xn, (13)
¢ = 40Blan = 1+ Qewp (<) = (L et (14)
b = (1+Epb|gm]=1+e)k—1)m- % =(1+8)1+e)(1+OANk—1)e " n, (15)
is bounded by
F(An,8) - F(e *n,¢) - F((1+8)(1+ OA(k — 1)e *n,e) . (16)

We write this as— "%, where
Q=dw(d)+ePw(@)+Ak—1D1+6)(1+ e w(e),

withw(z) = (14 2)In(l + z) — x.
Conditional on the events in (13)—(15) we see from (15) thatdonditionb > ¢ becomes3 > 0, where

B=(1+4+¢(l+¢k—-1e " —a .
For any fixedk, r anda define® = {(6,(,¢e) : B > 0}. Thus,

Pr[0 is a-corelesg 0 is satisfying < exp(—n - qun Q) x poly(n)

and to prove that the expected numbenetoreless assignmentsdfl), it suffices to prove

m(%nﬂ>ln2+rln(1—27k)zs . 17)

7 Optimization

To establish (17) it is enough to prove that the maximuniadh the variable9, ¢ ande under the conditiof? < s

is negative. Considering that the functidnis monotone in the three variabl&s¢ ande, the maximizer ofB in the
region) < s hasto be on the boundary, that is for= s. The maximum of3 under the conditiof = s corresponds
to the extremum of the functio® = B — u(2 — s), whereu is a Lagrange multiplier. The equations for the location
of the maximizer are thus given by derivativegoivith respect ta), ¢, e andp

0sG = 0 = 0sB= 7 0582 (18)
(9<G = 0 = (r“)cB = U (9(9 (19)
0.G = 0 = 0.B=pdQ (20)
9,G = 0 = Q=s. (21)

Lemma 14. For any fixedk, » anda € (0, 1), at the extremum of the functi@n defined by equations (18)-(21) the
following assertions hold

1. eis non-negative;
2. ( is non-negative;

3. 4 is non-positive;

12



Proof. The first assertion follows by observing thatis an increasing function efand(2 contains: only in the third
term throughw(e). Therefore, if the maximizer would be in= ¢’ < 0, moving toe = ¢’ > 0, with w(e’) = w(e”),
would keepf2 constant while increasing.

Combining equations (19) and (20) in order to rempwee have

0.0 = 0.2 0:B/0.B

that is
e ’In(1+¢) 4+ 1+0)Nk—1)e Pw(e) = (14+ )Mk —1)e (1 +¢€)In(l +¢€)

which, after simplification, reduces to
In(1+¢)=(k—DA1+)e . (22)

Thus, for§ > —1 ande > 0 we have that at the maximizér> 0, proving the second assertion.

Combining equations (18) and (20) we can write

0=050— 0.0 0;B/9.B = e ”|e? In(1+8) — (1 — a)w(C) — p(1 + ) (k — Dw(e)+
+ (k=11 +Qu(e) + p(1 + €)1+ ¢)(k —1)In(1 +¢)
The term within square brackets can be simplified to
e?In(1+68) — (1 — a)w(C) + p(1 + )k — De+ (k — 1)(1 + Ouw(e)

which, using (22), implies
e’In(1+6)+(1—a)+(k—1)(1+uw(e) =0 .

Since for{,e > 0 the second and third term terms of this expression are ngative, we find that has to be
non-positive at the maximizer in order to satisfy the lastagpn (third assertion). O

We next prove some bounds émmnde, that hold at the maximizer.

Lemma 15. Fix anyr, k, anda € (0,1). At the maximizer oB,

/2s

Proof. Sinced in non-positive at the maximizer, we observe théat) > §2/2 for § < 0. Moreover each of the three
terms in(2 is non-negative fod, ¢ > —1 and this implies

2
/\w(5)§s:>/\%§s:> 6] < 2_;

Lemma 16. Fix anyr, k, anda € (0,1). At the maximizer oB,

<1—a+ In3 o
€ =€ .
k—1 " M1+d)(k—1) "

Proof. Since every term ifi is non-negative, considering the second term, and usinfatite = Q2 we get
s> w(Qe ” .
Observe now that for alt > —1, we havew(x) > = — 1. Therefore,

sef +2>14+( . (23)
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Using (22) to replace + ¢ and the fack < In2 < 1 we can conclude from (23) that

_ In (e + 2) p+1In3
) A(146)(k—1)e <
ez SN =1 A4k —1)

where for the last inequality we use that \(1 + 6)(1 — «) is non-negative. We conclude that at the maximizer

<1—a+ In3 o
€ =€
k—1 " M1+d6)(k—1) "

whered has been replaced by its lower bound value. O

Thus, the stationary point @& must occur in the regiod = {(d,¢) : dp < § < 0,0 < ¢ < ¢p}. In the next
subsections we derive analytical results for this optitmzafor all £ > 14, and we summarize results obtained by
numerically finding the stationary point 6f for 9 < k£ < 13.

7.1 Proving the existence of frozen variables fok > 14 analytically

For any fixed values of ande, the requiremenB > 0 implies

o e’
CHonareg &4

Plugging this lower bound in the second ternthfwe see that the requirement= s implies

(k—l)a(l—l-e) [m((k—of)iiﬂ))_l}*e_pfs : (25)

Therefore, it suffices to find anda such that (25) cannot be satisfied by agy< ¢ < 0 and0 < € < ¢y. Thisis
certainly true if a lower bound to the I.h.s. of (25) makessan equation unsatisfied, that is if

o o eM1+80)(1-a)
(k=1)(1 +€o) [m <(k —1)(1+eo0)

and the term within the squared brackets above is positiras,Tto summarize, it suffices to findanda such that

)] ey

o eM1+60)(1-a)

RS [ln((k—l)(1+€o)

With the change of variable = ¢k In 2 we have that

) — 1} >s5—e M) 50 (26)

s=In2+c2" —1)m(1-2"F)m2< (1-c1-27%)h2,

and

)

s —e M7 < (1—c(1— 2_k)) In2—2"*1-% < (1 - ¢)In2
since forany € [0,1], « € [0,1] andk > 0
cln?2 < 2k(—cll=a))
Therefore, it suffices to establish

a a ek(1+60)(1—a)In2
(k=1)(1+€) { ( (k=11 +€)

)—1} >(1-¢)ln2 . 27)

14



Based on Lemmata 15 and16 we now introduce simpler boundsdode, which hold for allc > 4/5 andk > 2.

Specifically,
2(1 — ¢(1 —27F)) \/2(1 —3/4¢) 1
< < <
|50|_\/ oy < ” <7 (28)
and In3 2
1 n
= — — < .
0 k—1<1 O‘+ck(1+60)1n2>—k—1 (29)

Replacing (28) and (29) in (27) we have

kil [ck(l—a) (1—%)1}&2—1—1}0(%) —1} —(1=¢)n2>0.

Solving with respect te, the last inequality becomes

1+ 2% (1-In(%5)|/In2
- 'I+i£<1_a§f+i/);z = 9k, ) -

For any fixedx € (0, 1), g.(k, ) is a decreasing function &f which ask — oo tends to

o
1+a(l—a)

In order to prove that there exists a choiceno$uch thatming 2 > s for somer < r, and allk > kq(«), we
rescale the lower bound fey, from (1) as

_ 2FIp2 - (U In2H3 1 (k+1)In2+3
T = - -
» (2F —1)In2 1—2F 2@F—1)In2 ’

and observe that; is increasing irk. In Figure 1 we now see that the functign(14, «) dips belowr;4 for a certain
range ofa, implying that the left endpoint of this range is an upperibon the fraction of unfrozen clauses. For
larger values of: things only get better sincg.(k, «) is monotonically decreasing with, whereas; is increasing.
For any fixed value ofy, ko («) can be defined as the firktvalue for whichg.(k, o) < 73 holds.

1.002 /

0.998

0. 996

0.994

Figure 1: The functio.(14, «). The horizontal line, slightly below 1, is4 = 0.999471....

7.2 Thek =9 case

Recall that for any fixed, » anda the functionG depends on four variables; ¢, ¢ andy. We will plot G for k = 9,
a = 0.265 and a few different values of while fixing ¢ andyu at the value they take at the stationary poinis given
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Figure 2:k =9, a = 0.265

readily by (22), and substituting this value@into (20) we get

In the upper left panel of Figure 2 we sh@win the subregion oA corresponding to the optimal x for r» = 347.
By closer inspection one finds that there is a unique statyopaint in this region. The remaining three plots are
zoomed on the stationary point for= 347, »r = 347.5 andr = 348. Itis clear that the functiod at the stationary
point is positive for the first twa values and negative for the third one (for the sake of clesneegative values of
G are not plotted). Thus, fatr = 9 anda = 0.265, the critical value of- lies betweer847.5 and348. In the next

1

P XA +0)m(+o)

subsection we determine this critical value numericallyaib9 < k& < 13.

7.3 Optimizing for 9 < k£ <13

For any fixedk anda the value ofcf, such that w.h.p. clustering exists for> ¢, can be computed by solving
numerically (18)-(21) together wited' = 0 [which reduces taB = 0 sincef) = s by (21)]. Adding a sixth equation
0,G = 0 allows one to minimize;’ with respect tax (at somey,,,) thus determining the smallest densityfor which

the existence of frozen variables can be established. Noaheplutions of these six equations are given in the table

below for9 < k < 13 along with the lower bound,, from (1).

e,
LR RRRITT?
R ALITRS
ORI
R
S

X%

o
R

k Tk Ck Qm, 1 ) ¢ €

9| 349.92| 347.84| 0.265| 8.037| -0.015085| 1.7336| 0.02083
10| 704.94| 690.48| 0.273| 6.935| -0.015714| 2.7134| 0.02194
11| 1413.90| 1370.42| 0.281| 6.256 | -0.015789| 4.0330| 0.02229
12 | 2833.12| 2720.44| 0.289| 5.802| -0.015548| 5.7977| 0.02220
13 | 5671.90| 5402.23| 0.297| 5.480| -0.015132| 8.1457| 0.02184
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