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Abstract—Super-resolution reconstruction proposes a fusion
of several low-quality images into one higher quality result with
better optical resolution. Classic super-resolution techniques
strongly rely on the availability of accurate motion estimation
for this fusion task. When the motion is estimated inaccurately,
as often happens for nonglobal motion fields, annoying artifacts
appear in the super-resolved outcome. Encouraged by recent de-
velopments on the video denoising problem, where state-of-the-art
algorithms are formed with no explicit motion estimation, we
seek a super-resolution algorithm of similar nature that will allow
processing sequences with general motion patterns. In this paper,
we base our solution on the Nonlocal-Means (NLM) algorithm.
We show how this denoising method is generalized to become
a relatively simple super-resolution algorithm with no explicit
motion estimation. Results on several test movies show that the
proposed method is very successful in providing super-resolution
on general sequences.

Index Terms—Nonlocal-means, probabilistic motion estimation,
super-resolution.

I. INTRODUCTION

S UPER-RESOLUTION reconstruction proposes a fusion of
several low quality images into one higher quality result

with better optical resolution. This is an Inverse Problem that
combines denoising, deblurring, and scaling-up tasks, aiming to
recover a high quality signal from degraded versions of it. Fig. 1
presents the process that explains how a low-resolution image
sequence is related to an original higher resolution movie

. During the imaging, the scene may become blurred due to
atmospheric, lens, or sensors� effects. The blur is denoted by

, assumed for simplicity to be linear space and time invariant.
Similarly, the loss of spatial resolution due to the sensor array
sampling is modeled by the �xed decimation operator , rep-
resenting the resolution factor between the original sequence,
and the measured one. White Gaussian iid noise is assumed to
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Fig. 1. Imaging process to be reversed by super resolution.

be added to the measurements, both in order to refer to actual
noise in imaging systems, as well as for accommodating model
mismatches.

The super resolution goal is the recovery of from the input
set of images , reversing the above process. Such reconstruc-
tion relies on motion in the scene to recover details that are
�ner than the sampling grid. Fig. 2 demonstrates how small de-
tails can be recovered when the motion between the images in
the sequence is known with a high degree of accuracy. The top
row in the �gure is the input sequence. The middle row is the
up-scaled version of each image (unknown values are set to a
background color), shifted by the known translation between
the current image and the �rst (reference) image. The bottom
row shows the construction of the super resolution image, from
left to right. Initially, the �rst image is placed on the grid. Then,
every new image in the sequence is placed on the same grid, with
a displacement re�ecting the motion it underwent. The merger
of all images represents the outcome of the super resolution al-
gorithm. We note that this description of the mechanics of super-
resolution is somewhat simplistic; In most cases, one cannot as-
sume the translations to be exact multiples of the high-resolu-
tion pixel sizes. This makes the estimation of accurate motion
parameters and the merger of all images much more complex
than described here.

While the above-described method is somewhat simplistic, it
is a faithful description of the foundations for all classic super
resolution algorithms. The �rst step of such algorithms is an
estimation of the motion in the sequence, followed by a fusion
of the inputs according to these motion vectors. A wide variety
of super resolution algorithms have been developed in the past
two decades; we refer to [1]�[26] as representatives of this vast
literature.

In the currently available super-resolution algorithms, only
global motion estimation (e.g., translation or af�ne global
warp) is accurate enough to lead to a successful reconstruction
of a super-resolved image. This is very limiting, as most actual

1057-7149/$25.00 ' 2008 IEEE

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 18, 2008 at 18:02 from IEEE Xplore.  Restrictions apply.



PROTTER et al.: GENERALIZING THE NONLOCAL-MEANS TO SUPER-RESOLUTION RECONSTRUCTION 37

Fig. 2. Super resolving an image using low resolution inputs with known trans-
lations. Reconstruction proceeds from left to right. Top: input images; middle:
corresponding up-scaled images, shifted using known translations; bottom: ac-
cumulated reconstruction by adding the current low resolution image to the
output canvas.

scenes contain motion that is local in its nature (e.g., a person
talking). Obtaining highly accurate local motion estimation,
known as optical �ow, is a very dif�cult task, and particularly
so in the presence of aliasing and noise. When inaccurately
estimated motion is used within one of the existing recon-
struction algorithms, it often leads to disturbing artifacts that
cause the output to be inferior, even when compared to the
given measurements. This discussion leads to the commonly
agreed unavoidable conclusion that general content movies
are not likely to be handled well by classical super-resolution
techniques.

This severe restriction leads us to seek a different approach to
super-resolution. Can such an algorithm be proposed with no ex-
plicit motion estimation? Our starting point for this quest (after a
super-resolution algorithm that is able to process sequences with
a general motion pattern) is the video denoising application,
where several recent contributions demonstrate state-of-the-art
results with algorithms that avoid motion estimation [27]�[30].
Among these, we choose to take a closer look at the Nonlocal
Means (NLM) algorithm, with the aim to generalize it to per-
form super-resolution reconstruction.

The NLM is the weakest among the recent motion-estima-
tion-free video denoising algorithms, and yet, it is also the sim-
plest. As such, it stands as a good candidate for generaliza-
tion. The NLM is posed originally in [31] as a single image
denoising method, generalizing the well-known bilateral �lter
[32], [33]. Denoising is obtained by replacing every pixel with
a weighted average of its neighborhood. The weights for this
computation are evaluated by using block-matching �t between
image patches centered around the center pixel to be �ltered, and
the neighbor pixels to be averaged. Recent work has shown how
this method can be used for video denoising by extending the
very same technique to 3-D neighborhoods [27]. An improve-
ment of this technique, considering varying size neighborhoods
is suggested in [28], so as to trade bias versus variance in an at-
tempt to get the best mean-squared-error (MSE).

The NLM was proposed intuitively in [27] and [31], and,
thus, it is natural to try to extend it to perform super-resolu-
tion using a similar intuition. This intuition leads to independent
up-scaling of each image in the sequence using a smart interpo-
lation method, followed by NLM processing. However, exten-
sive experiments indicate that this intuitive method does not pro-
vide super-resolution results. For this reason, a more profound
understanding of the NLM �lter is required for its successful
generalization to super-resolution.

In order to gain a better understanding of the NLM, we pro-
pose rede�ning it as an energy minimization task. We show that

the novel penalty term we propose indeed leads when minimized
to the NLM. We then carefully extend the penalty function to
the super-resolution problem. We show how a tractable algo-
rithm emerges from the minimization of this penalty function,
leading to a local, patch-based, super-resolution process with no
explicit motion estimation. Empirical tests of the derived algo-
rithm on actual sequences with general motion patterns are then
presented, thus demonstrating the capabilities of the derived al-
gorithm.

The structure of the paper is as follows. Section II describes
the NLM denoising �lter, as posed in [31]. This section can be
skipped by readers who are familiar with the NLM. Section III
introduces an energy function to be minimized for getting a de-
noising effect for a single image; We show that this minimiza-
tion leads to a family of image denoising algorithms, NLM in-
cluded as a special case. We also provide a simpler penalty func-
tion addressing the same goal, which will be effectively used
in the later part of the paper. Section IV proposes a general-
ization of the introduced energy function to cope with resolu-
tion changes, thereby enabling super-resolution reconstruction.
In this section we also derive the eventual super-resolution al-
gorithm we propose, and discuss its numerical structure. Sec-
tion V shows results on sequences with general motion, demon-
strating the successful recovery of high frequencies. We con-
clude in Section VI, outlining the key contribution of this work,
and describing several directions for further research.

II. BILATERAL AND THE NLM DENOISING FILTERS

We begin our journey with a description of the bilateral and
the NLM �lters, as the development that follows relies on their
structure. The description given in this section is faithful to the
one found in [31] and [32]. The bilateral and the NLM �lters are
two very successful image denoising �lters. While not the very
best in denoising performance, these methods are very simple to
understand and implement, and this makes them a good starting
point for our needs.

Both the bilateral and the NLM �lters are based on the as-
sumption that image content is likely to repeat itself within some
neighborhood. Therefore, denoising each pixel is done by aver-
aging all pixels in its neighborhood. This averaging is not done
in a blind and uniform way, however. Instead, each of the pixels
in the relevant neighborhood is assigned a weight, that re�ects
the probability that this pixel and the pixel to be denoised had
the same value, prior to the additive noise degradation. A for-
mula describing these �lters looks like1

(1)

where stands for the neighborhood of the pixel ,
and the term is the weight for the -th neighbor
pixel. The input pixels are , and the output result in that
location is .

The two �lters differ in the method by which the weights
are computed. The weights for the bilateral �lter are computed

1As we shall see next, in this framework the coef�cients ���� �� �� �� are all
restricted to be positive. This is a shortcoming, which can be overcome by ex-
tending the framework to higher order�see [34].
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based both on radiometric (gray-level) proximity and geometric
proximity between the pixels, namely

(2)

The function takes the geometric distance into account, and
as such, it is monotonically nonincreasing. It may take many
forms, such as a Gaussian, a box function, a constant, and more.
The parameter controls the effect of the grey-level difference
between the two pixels. This way, when the two pixels that are
markedly different, the weight is very small, implying that this
neighbor is not to be trusted in the averaging.

The radiometric part in the weights of the NLM is computed
slightly differently, by computing the Euclidean distance be-
tween two image patches centered around these two involved
pixels. De�ning as an operator that extracts a patch of a
�xed and predetermined size (say pixels) from an image,
the expression ( is represented as a vector by lexico-
graphic ordering) results with a vector of length being the
extracted patch. Thus, the NLM weights are given by

(3)

Obviously, setting to extract only a single pixel, the bilat-
eral �lter emerges as a special case of the NLM algorithm.

We note that there are various other ways to choose the
weights in (1), and the above separable choice of the weights
(product of radiometric and Euclidean distance terms) is only
one choice. For example, the steering kernel may provide
an interesting alternative, taking into account the correlation
between the pixel positions and their value [34]. Nevertheless,
in this paper we shall restrict our choice of weights to those
used by the NLM.

III. NLM VIA ENERGY MINIMIZATION

Both the bilateral and the NLM �lters described-above were
presented intuitively as algorithmic formulas, as in (1). We
claim that both these �lters can be derived by minimizing a
properly de�ned penalty function. Following the rationale and
steps taken in [33] and [35], we present such a penalty function,
and show how these algorithms emerge from it. This will
prove valuable when taking the next step of generalizing these
methods to a super-resolution reconstruction algorithm, as will
be shown in Section IV. Sections III-A and III-C present two
possible and novel penalty functions for denoising, and derive
from both the NLM algorithm and some variations of it. The
readers interested in the super-resolution portion of this work
can start their reading in Section III-C.

A. Penalty Function

The penalty function we start with re�ects two forces: i) We
desire a proximity between the reconstructed and the input im-
ages�this is the classic likelihood term; and ii) We would like
each patch in the resulting image to resemble other patches in
its vicinity. However, we do not expect such a �t for every pair,
and, thus, we introduce weights to designate which of these
pairs are to behave alike. Putting these two forces together with
proper weighting,2 we propose a maximum a posteriori proba-
bility (MAP) penalty of the form

(4)

The �rst term is the log-likelihood function for a white and
Gaussian noise. The second term stands for a prior, representing
the (minus) log of the probability of an image to exist. The
weights in the above expression, , are assigning a
con�dence that the patches around and are to be
close to each other. Computing these weights can be done in a
number of ways, one of which is using (3) and using instead
of the unknown . In order to keep the discussion simple, from
this point on we shall assume that the weights are
the NLM ones. It is important to note that the patch extraction
operator used for computing the weights (as in (3)) and the
operator used in the penalty term are generally of different
sizes.

The notation stands for the support of the entire image.
Thus, the second term sweeps through each and every pixel

in the image, and for each we require a proximity to sur-
rounding patches in its neighborhood.

B. Derivation of the NLM Filter

Assuming the weights are predetermined and considered as
constants, we can minimize this penalty term with respect to
by zeroing its derivative

(5)

In order to simplify this equation, we open the brackets

2The reason for the factor 1/4 in the second term will be made clear shortly.
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(6)

We proceed by invoking two assumptions: i) The neighborhood
is symmetric, i.e., if , then is
also true; and ii) The weights are symmetric, i.e.,

. Both these assumptions are natural�typical neigh-
borhood de�nitions satisfy the �rst condition, and the weights
of the NLM satisfy the second one. Using these two assump-
tions, we get the following two equalities:

A formal proof (Theorem 1) for these equalities is given in Ap-
pendix A. Using these, (6) simpli�es and becomes

(7)

As can be seen, the choice 1/4 in the original de�nition led to a
simpler �nal outcome.

While solving the above equation directly is possible in prin-
ciple, it requires an inversion of a very large matrix. Instead,
we adopt an iterative approach based on the �xed-point strategy
[36], [37]. Denoting the outcome of the previous iteration,
and the desired outcome of the current iteration, we rewrite
(7) with assignments of iteration stage per each instance of the
unknown . The equation we propose is

(8)

which leads to the relation

(9)

Notice that the term generates a scalar,
being a function of �we shall denote this as .

In the obtained equation, the right-hand-side (RHS) creates an
image by manipulating image patches: for each location
in the image, we copy surrounding neighboring patches in loca-
tions to the center position , multiplied by the weights

. Once built, this image is added to with a proper
weight .

The matrix multiplying on the left-hand-side is a diagonal
positive de�nite matrix (see Appendix A). This matrix�s only
task is normalization of the weighted average that took place
on the RHS. As this matrix is invertible, the new solution is
obtained by

(10)

When using the �xed-point method, as we did above, every
appearance of the unknown in the equation is assigned with an
iteration number. Among the many possible assignments, one
should seek one that satis�es two important conditions: i) The
computation of from should be easy; and ii) The ob-
tained iterative formula should lead to convergence. As for the
�rst requirement, we indeed have an assignment that leads to
a simple iterative step. Convergence of the above algorithm is
guaranteed if the overall operator multiplying is conver-
gent, i.e.,

(11)

where is the spectral radius of . It is easily seen that for
suf�ciently large , this condition is met. Nevertheless, we do
not worry about convergence, as we will be using the above for
one iteration only, with the initialization of . This means
that the output for the denoising process is , obtained by

(12)

The above computation is done just as described above, with the
obvious substitution of . This process is quite reminis-
cent of the way NLM and the bilateral �lters operate, and yet it
is different. The obtained algorithm is a more general and more
powerful denoising algorithm than NLM.

In order to see how the NLM emerges from this formulation
as a special case, we shall assume further that the patch extrac-
tion operation we use, , extracts a single pixel in location

. This change means that is in fact the single pixel
. Thus, in this case we have
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(13)

The term implies that a zero image is generated, and the
value is inserted to location . Using this property in (12),
we obtain a pixel-wise denoising formula

(14)

This formula seems familiar, as it is effectively the same as
the one in (4), with a slight modi�cation due to the additional

. This means that under the simplifying assumption we made
about , the �rst iteration of the developed algorithm reduces
to NLM. A natural question to ask is: Does the above formula
still stands for a patch-based algorithm? The answer is positive,
as the weights may be computed using patches, as the NLM
does. Thus, the next natural question to ask is: Why have we
used a patch extraction operation in the de�nition of the penalty
in (4)? The answer to this is the generalization that follows next
for the super-resolution case.

C. Bayesian Versus Proximity�An Alternative Path

The penalty term in (4) was formed like a MAP estimator,
having a likelihood term that ties the measurements to the un-
known, and a regularization term, posing a prior on the desired
outcome

In the previous section, we developed a general denoising
scheme based on the above penalty, showing that the NLM and
the bilateral �lters arise from it as special cases. Recall that one
of the last steps in the derivation was the use of a single iteration
and initialization with . This basically means that the
prior term requires pixels in the output image to have similar
grey values to pixels in the corresponding neighborhood in ,
provided they have similar surrounding. This idea can be put
directly into the penalty term, giving

(15)
Targeting now the minimization of this penalty term, we null the
derivative of this function with respect to , getting the equation

(16)

This time we do not need the �xed-point strategy, as a simple
solution is easily derived, leading to

(17)

Notice the resemblance between this formula and the one ob-
tained by a different route in (12). In fact, for , the two for-
mulas are the same. Furthermore, following the same assump-
tions and steps that led us from (12) to (14), it is clear that
pixel-wise, the above aligns perfectly with the NLM �lter, as
written in (1), namely

D. Introducing the Temporal Domain
We shall use hereafter the penalty function in (15) to derive

further algorithms, due to its simplicity, and the fact that it leads
directly to the NLM. Before we turn to super-resolution, we
must introduce the temporal axis into the penalty function, so
as to process a sequence of images and not just a single one, as
done so far. The following small changes in (15) lead to such a
treatment

(18)

The above expression makes use of the input sequence ,
summing over all these images. The term remains a 2-D
patch, but one that is extracted at location from the image
at time . The image remains a single image, representing
the desired output image to be created. Let us assume that this
image aims to become a denoised version of . This fact is
used only within the computation of the weights ,
which matches a reference patch with the candidate
ones , both 2-D. The temporal distance, can also
in�uence the weight , just as spatial distances and
do in (3).

Assuming that the patches extracted by the operator are of
size of one pixel,3 using the same algebraic steps as shown in
the previous sub-section we get a closed-form formula for the
computation of

(19)

This is a generalization of the NLM to handle video sequences,
and was shown to be an effective algorithm in [27].

Let us explain this formula in words, as a similar structure
will serve us in the next Section quite similarly. Each output

3We remind the reader that the patch size related to the weights-computation
is different than the one in the penalty function itself in general.
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pixel is computed as a weighted average of pixels in its 3-D
neighborhood in the input sequence . We would like pixels that
originally had the same grey level to have high weights, and the
weights are computed in a way that re�ects this.

By taking a slightly different perspective, we can regard the
weight as re�ecting the (relative) probability that
the pixel in the image to be denoised has gone to (or come
from) the pixel in the image . This is a very basic mo-
tion estimation approach for each pixel. However, since for each

, there may be several nonzero values, this implies that
each pixel may be assigned with several motion vectors, and
not just one, as in classical motion estimation methods. Indeed,
the above expression suggests that all motion vectors are al-
lowed, and considered according to the probability that they ac-
tually took place based on the patch matching they exhibit. This
way, one could consider the above as a fuzzy motion estimation
process, rather than an explicit one. Fig. 3 presents the concept
of fuzzy motion estimation. A speci�c pixel on the scene at time

(the left image), has several equally probable destinations in
the surrounding images (including the same image at time ).
This can be done for any pixel, some having many probable des-
tinations, and some only a few.

An important bene�t to the above fuzziness is the ability to
get a stronger denoising effect. Whereas exact motion estima-
tion leads to a correspondence between the reference patch and
a single match in every other image, the NLM approach may
�nd several good matches due to spatial (and not just temporal)
redundancy. As seen in Fig. 3, several very good matches can be
found and, thus, when averaged, lead to a more effective noise
suppression due to the independence between the noise in each
of those patches.

Generalization of the NLM approach to video denoising was
shown to be very effective [27]�[29], leading to state-of-the-art
results, while leaning strongly on the fuzziness of the estimated
motion. These methods� successes encourage us to seek ways
to exercise the same fuzzy motion estimation concept in other
video processing tasks, where it is commonly assumed that ex-
plicit motion estimation is a mandatory step. One such task is
super-resolution. In the rest of this paper we focus on a super-
resolution scheme that relies on fuzzy, rather than explicit, mo-
tion estimation, generalizing the NLM as presented above.

IV. SUPER RESOLUTION WITH NO EXPLICIT
MOTION ESTIMATION

A. Super-Resolution Penalty Function

The main advantage of the fuzzy motion approach is its �ex-
ibility, allowing it to handle complex scenes. Whereas classic
super resolution methods make many limiting assumptions re-
garding the motion in the scene, this is not the case with fuzzy
motion estimation, which can handle local motions, occlusions,
and so on. Our goal in this section is to exploit this �exibility
to perform super-resolution on sequences with arbitrary motion
patterns, thus avoiding the global motion limitation.

Developing a super resolution algorithm will again begin with
writing a proper penalty term and minimizing it. The input to
this algorithm is the set of low resolution images . For clarity

Fig. 3. NLM�s fuzzy motion estimation: A patch in the reference image at time
� (marked with a thick line) has several probable locations in the other images,
and also within the same image itself (marked with narrow lines).

of description, we target one high resolution image at a time
(instead of working on the entire sequence at once). The usage
of a capital letter to denote the output image, and lower-case
letters to denote the input sequence, serves to remind us that
they are indeed of different scales.

Since we want to exploit the insight gained in previous sec-
tions, we aim at de�ning a penalty function that is similar to
that written for the video denoising problem in (18). However,
the target image and the input images are not of the same
scale, forcing a change to the penalty term. This change should
re�ect the fact that undergoes blurring and decimation steps,
in order to account for the different scales. This leads us to the
following preliminary (and not �nal!) proposal:

(20)

Introduced into the penalty term are two operators we have
met in the introduction: �the blurring operator, and �the
decimation operator. Applying these operators on simulates
the imaging process, bringing to the same resolution as the
input sequence . The additional TV (Total Variation) expres-
sion comes to regularize the deblurring that should take place in
this expression [38], forcing piece-wise smoothness of the de-
sired image, by accumulating the norms of the gradients with

norm.
Taking a close look at the penalty term we have just written

reveals that it cannot provide super resolution reconstruction. By
denoting , it is clearly seen the above is identical to
the video denoising penalty term in (18) for . This means that
minimizing this penalty term effectively divides the problem
into two parts�the �rst performs denoising of the input se-
quence, and the second that interpolates and de-blurs the re-
sulting image.

The reason this penalty term is not able to perform super res-
olution is the fact that the operator �sees� only of
the pixels in the image ( is the decimation factor) because of
the decimation that precedes it. In order to solve this problem,
we reverse the order of the patch extraction and decimation, so
that a patch is �rst extracted from , and then decimated to
the same resolution level as to be compared to a patch from
it. This change requires a change in the operator as well, as
we no longer use the constant decimation grid of the image. In-
stead, we introduce the notation �a patch decimation op-
eration that ensures that the center pixel of the patch is on the
decimation grid.
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Fig. 4. Relation between the patch sizes � and � � �������� demonstrated
on speci�c examples: ��� �� � [3,1], [3,2], and [3,3].

Fig. 5. Description of the expression� � ���� � in (21).

Since there are two different scales (and sizes) of patches
used, we also must differentiate between the patch extraction
operators. To this end, we denote by and the high- and
low-resolution patch extraction operators respectively. Their
sizes are linked through the value of the scaling parameter :
whereas extracts a patch of size pixels (arbitrary),

extracts a patch of size pixels, where .
The relation between these sizes is further explained in Fig. 4.
This transforms the penalty term in (20) into

(21)

Fig. 5 presents a block diagram to explain this penalty. As
can be seen, different size patches are extracted from and ,
and brought to the same grounds by a decimation operation.

Note: The term is no longer applicable as
before, since now and are pixels on different res-
olution grids. Therefore, we introduce a new notation re-
ferring to the equivalent low-resolution neighborhood of ,
i.e., is short for the full notation s.t.

.

The penalty term we have de�ned above is the one we shall
focus on hereafter. Next, we show how to use this penalty term
as the basis for a practical and simple super resolution algorithm.
The �rst step we take is a separation of the deblurring from the
fusion of the images. Using the substitution , the �rst
problem we have is the estimation of from the measurements

. This is done by minimizing the energy function

(22)

Once found, we use the found to estimate by minimizing

(23)

The second part is a classic simple deblurring problem. This
is of course an under-determined problem (since is usually
singular), and needs regularization. We will not discuss how to
solve it here, see [39]�[44] for a background view of this �eld,
along with several state-of-the-art deblurring methods.

The idea of breaking the super-resolution task into two
parts�fusing the inputs and then deblurring�has been sug-
gested previously in [13], [18], [20], and [21]. In the case
of pure translational motion, and when both problems are
treated as maximum-likelihood (which is not done here), such
a separation is equivalent to the joint solution. It is important to
note that in the derivation proposed above, the separation is not
optimal, and leads to inferior results. However, the separation
allows for a much simpler algorithm (both conceptually and
implementation-wise), so the sub-optimality is the price to be
paid for this simplicity.

The fusion stage in (22) seems to lack regularization, and
as such, one may question its stability. Stability is gained
through the weights�those should be computed in such a
way that ensures that every pixel has at least a few �quality�
(assigned a meaningful weight) destinations. Furthermore, by
also assigning a nonzero weight to the original value of the
pixel, further stability is obtained, guaranteeing that in case
no appropriate patches are found, the result will default to the
initial estimate.

We shall leave the deblurring aside, and focus hereafter on
the fusion of the measurements. This will allow us to simplify
the description of the algorithm. The next step is deriving the
penalty function in (21) with respect to , and �nding the zero
intersection

(24)

This leads to the solution
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