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Abstract

Recent developments in computational imaging and regtoratave heralded the arrival and conver-
gence of several powerful methods for adaptive processimguitidimensional data. Examples include
Moving Least Square (from Graphics), the Bilateral FiltexdaAnisotropic Diffusion (from Machine
Vision), Boosting, Kernel, and Spectral Methods (from MaehLearning), Non-local Means and its
variants (from Signal Processing), Bregman lIterationsn(frApplied Math), Kernel Regression and
Iterative Scaling (from Statistics). While these apprascfound their inspirations in diverse fields of

nascence, they are deeply connected. In this paper:

o | present a practical and accessible framework to undetstame of the basic underpinnings of these
methods, with the intention of leading the reader to a braadkeustanding of how they interrelate.
| also illustrate connections between these techniquesraoré classical (and empirical) Bayesian
approaches.

o The proposed framework is used to arrive at new insights agttiods, both practical and theoretical.
In particular, several novel optimality properties of aitfams in wide use such as BM3D, and
methods for their iterative improvement (or non-existetimreof) are discussed.

o A general approach is laid out to enable the performance/sisaind subsequent improvement of
many existing filtering algorithms.

While much of the material discussed is applicable to theewidass of linear degradation models beyond

noise (e.g. blur,) in order to keep matters focused, we denshe problem of denoising here.
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. INTRODUCTION

Multi-dimensional filtering isthe fundamental operation in image and video processing, amddeel
machine vision. In particular, the most widely used canalnfittering operation is one that removes or
attenuates the effect of noise. As such, the basic desigrmalgisis of image filtering operations form a
very large part of the image processing literature; theltiegutechniques often quickly spreading to the
wider range of restoration and reconstruction problemsiaging. Over the years, many approaches have
been tried, but only recently in the last decade or so, a ¢geptforward in performance has been realized.
While largely unacknowledged in our community, this pheroial progress has been mostly thanks to the
adoption and development of non-parametric point estomgtrocedures adapted to the local structure of
the given multi-dimensional data. Viewed through the lehthe denoising application, here we develop
a general framework for understanding the basic scienceeagiheering behind these techniques and
their generalizations. Surely this is not the first paper ttenapt such an ambitious overview, and it
will likely not be the last; but the aim here is to provide afsmintained presentation which distills,
generalizes, and puts into proper context many other exwtedlarlier works such asI[1],1[2].][3].][4],
[5], and more recently [6]. It is fair to say that the preseapgr is, by necessity, not completely tutorial.
Indeed it does contain several novel results; yet theseaagely novel interpretations, formalizations,
or generalizations of ideas already known or empiricallpifear to the community. Hence, | hope that
the enterprising reader will find this paper not only a goodrgiew, but as should be the case with any
useful presentation, a source of new insights and food fought.

So to begin, let us consider the measurement model for theigieg problem:
yizzi+ei7 for izla”’7n7 (1)

wherez; = z(z;) is the underlying latent signal of interest at a position= [z; 1, l‘i,Q]T, y; is the noisy
measured signal (pixel value), arg is zero-mean, white noise with varianeé. We make no other
distributional assumptions for the noise. The problem ¢érigst then is to recover the complete set of
samples of(z), which we denote vectorially as= [z(z1), z(x3), --- , z(z,,)]" from the corresponding
data sety. To restate the problem more concisely, the complete measant model in vector notation
is given b

y=1z+e. (2)

1Surely a similar analysis to what follows can and should beiet out for more general inverse problems such as

deconvolution, interpolation, etc. We give a very briefthii this direction in Appedix D.



It has been realized for some time now that effective restaraf signals will require methods which
either model the signal a priori (i.e. are Bayesian) or I underlying characteristics of the signal
from the given data (i.e. learning, non-parametric, or eivgi Bayes methods.) Most recently, the latter
category of approaches has become exceedingly populdrafethe most striking recent example is
the popularity of patch-based methods [7]) [8]) [9],][10hi§ new generation of algorithms exploit
both local and non-local redundancies or “self-similagti in the signals being treated. Earlier on, the
bilateral filter [8] was developed with very much the sameaidl® mind, as were its spiritually close
predecessors: the Susan filter|[11], normalized convaiyii@], and the filters of Yaroslavsky [13]. The
common philosophy among these and related techniques isatien of measuring and making use of
affinities between a given data point (or more generally paiic region) of interest, and others in the
given measured signgl. These similarities are then used in a filtering context t@ diigher weights to
contributions from more similar data values, and to propéi$count data points that are less similar. The
pattern recognition literature has also been a source @fllphideas. In particular, the celebrated mean-
shift algorithm [14], [15] is in principle an iterated veosi of point-wise regression as also described in
[2], [A]. In the machine learning community, the generalresgion problem has been carefully studied,
and deep connections between regularization, least-sguagression, and the support vector formalism
have also been established|[16],1[17],1[18].][19].

Despite the voluminous recent literature on techniqueedam these ideas, simply put, the key
differences between the resulting practical filtering mdghave been relatively minor, yet somewhat
poorly understood. In particular, the underlying framekvéisr each of these methods is distinct only
to the extent that the weights assigned to different datatpas decided upon differently. To be more
concrete and mathematically precise, let us consider theisiag problem[(2) again. The estimate of
the signalz(z) at the positionc is found using a (non-parametrippint estimationframework; namely,

the weighted least squares problem

n
=1
where the weight (or kernel) functioi’(-) is a symmetrB, positive, and unimodal function which
measures the “similarity” between the samplesindy;, at respective positions; andz;. If the kernel
function is restricted to be only a function of the spati@idbonsz; andz;, then the resulting formulation

is what is known as (classical, or not data-adaptikeinel regressiorin the non-parametric statistics

2with respect to the indicesand j



literature [20], [21]. Perhaps more importantly, the keffedence betweetocal and non-local patch-
based methods lies essentially in the definition of the rasfghe sum in[(B). Namely, indices covering
a small spatial region around a pixel of interest define lmeathods, and vice-versa.

Interestingly, in the early 1980’s the essentially idesiticoncept ofmoving least-squareemerged
independently[[22]/123] in the graphics community. Thisachas since been widely adopted in computer
graphics[[24] as a very effective tool for smoothing andriptdation of data in 3-D. Surprisingly, despite
the obvious connections between moving least-squareshenddaptive filters based on similarity, their

kinship has remained largely hidden so far.

Il. EXISTING ALGORITHMS

Over the years, the measure of similari(x;, z;,v;,y;) has been defined in a number of different
ways, leading to a cacophony of filters, including some of rinest well-known recent approaches to
image denoisind [8]/]9],[17]. Figuriel 1 gives a graphicalsitration of how different choices of similarity

kernels lead to different classes of filters, some of whichdigguss next.

A. Classical Regression Filter§ [20], [21], [13]:

Naturally, the most naive way to measure the “distance” betwtwo pixels is to simply consider their

spatial Euclidean distance; namely, using a Gaussian kerne

s — P
K(xux]vybyj) :eXp< Zhg ¢ .
T

Such filters essentially lead to (possibly space-varyingussian filters which are quite familiar from
traditional image processing [25]. It is possible to addya variance (or bandwidth) parameter to

the local image statistics, and obtain a relatively modegtrovement in performance. But the lack of
stronger adaptivity to the underlying structure of the algof interest is a major drawback of these

classical approaches.

B. The Bilateral Filter (BL) [8], [3]:

Another manifestation of the formulation inl (3) is the balel filter where the spati@nd photometric

distances between two pixels are taken into account in abfgafashion as follows:

—llzi — =] —(yi —y))° —llwi = 5l*, — (i —y5)?
K($i7$j7yi7yj):exp <TJ eXp TJ :eXp h2 J + h2 J




As can be observed in the exponent on the right-hand sidejnaRayure[1, the similarity metric here
is a weighted Euclidean distance between the vedteysy;) and (x;,y;). This approach has several
advantages. Namely, while the kernel is easy to construmct, Gmmputationally simple to calculate, it
yields useful local adaptivity to the given data. In additiit has only two control paramete(s,, h,),

which make it very convenient to use. However, as is wellvkmothis filter does not provide effective

performance in low signal-to-noise scenarias [3].

C. Non-Local Means (NLM)_[7],[126],127]:

The non-local means algorithm, originally proposed [inl [281d [29], has stirred a great deal of
interest in the community in recent years. At its core, hawveit is a relatively simple generalization
of the bilateral filter; namely, the photometric term in thiateral similarity kernel, which is measured
point-wise, is simply replaced with one that is patch-wlesecond difference is that (at least in theory)
the geometric distance between the patches (correspondlitie first term in the bilateral similarity
kernel), is essentially ignored, leading to strong contitn from patches that may not be physically

near the pixel of interest (hence the nanan-loca). To summarize, the NLM kernel is

s — |2 v — vall2
K(xi,xj,vi,yj) = exp <w> exp <w> with  h; — oo, (5)
x y

wherey; andy; refer now topatchesof pixels centered at pixelg; andy;, respectively. In practice,
two implementation details should be observed. First, titetpwise photometric distandy; — y;||* in

the above is in fact measured s — y;)7 G (y; — y;) whereG is a fixed diagonal matrix containing
Gaussian weights which give higher importance to the cemteahe respective patches. Second, it is
computationally rather impractical to compaak the patches; to y;, so although the non-local means
approach in Buades et al. [28] theoretically fordgsto be infinite, in practice typically the search is
limited to a reasonable spatial neighborhood,pfConsequently, in effect the NLM filter too is more or
less local; or said another way, is never infinite in practice. The method in Awate et al.| [29), the
other hand, proposes@aussian-distributedample which comes closer to the exponential weighting on
Euclidean distances inl(5).

Despite its popularity, the performance of the NLM filtenkea much to be desired. The true potential of
this filtering scheme was demonstrated only later with th&ér@ad Spatial Adaptation (OSA) approach of
Boulanger and Kervrann [26]. In their approach, the photomdistance was refined to include estimates
of the local noise variances within each patch. Namely, tteeyputed a local diagonal covariance matrix,

and defined the locally adaptive photometric distancéyas- yj)TVj‘1 (y: —yj) in such a way as to
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minimize an estimate of the local mean-squared error. Eurtbre, they considered iterative application

of the filter as discussed in Sectibnh V.

Bilateral filter

K(z;—z) - K(y; — v)

YA The Euclidean distance
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Fig. 1. Similarity Metrics and the Resulting Filters

D. Locally Adaptive Regression (Steering) Kernels (LARH) [

The key idea behind this measure of similarity, originallggosed in([9] is to robustly obtain the local
structure of images by analyzing the photometric (pixetgaldifferences based on estimated gradients,
and to use this structure information to adapt the shapeiaed&a canonical kernel. The LARK kernel

is defined as follows:
K(l'iam%yiayj) :exp{_(xi_xj)TCi(fL'i_mj)}a (6)
where the matrixC; = C(y;,y;) is estimated from the given data as

Z:%Il(l']) in,l(wj)zxi,2(wj)

in,l(xj)zxi,2(xj) Zig(wj)
Specifically, z,, (z;) are the estimated gradients of the underlying signal attpoincomputed from

the given measurements in a patch around the point of interest. In particular, thadgnts used in



the above expression are estimated from the given noisyarbggapplying classical (i.e. non-adaptive)
locally linear kernel regression. Details of this estimmatprocedure are given in_[B0]. The reader may
recognize the above matrix as the well-studied “structeresar’ [31]. The advantage of the LARK
descriptor is that it is exceedingly robust to noise andysbdtions of the data. The formulation is also
theoretically well-motivated since the quadratic expdrian(@) essentially encodes the loogéodesic
distance between the points;(y;) and ¢;,y;) on the graph of the function(z,y) thought of as a
2-D surface (a manifold) embedded in 3-D. The geodesic mtistavas also used in the context of the

Beltrami-flow kernel in[[32],[33] in an analogous fashion.

I1l. GENERALIZATIONS AND PROPERTIES

The above discussion can be naturally generalized by dgfitiie augmented data variabte =

T :
[z, yI']" and a general Gaussian kernel as follows:

K(ti,t;) = exp{—(ti—t;)"Q(t; —t;)}, (7)
Qi;, = Q0 (8)
0 Qy

whereQ is symmetric positive definite (SPD).

SettingQx = higl andQ, = 0 we have classical kernel regression, whereas one obtanisiltiteral
filter framework whenQ, = higI andQy = %diaqo, 0,---,1,---,0,0]. The latter diagonal matrix
picks out the center pixel in thé eIement—wiseJdifferencpaithesti—tj. WhenQx = 0 andQ,, = %G,
we have the nonlocal means filter and its variants. Findflg, LARK kernel in [6) is obtained then
Q. = C; andQ, = 0. More generally, the matriQ can be selected so that it has non-zero off-diagonal
blocks. However, no practical algorithms with this choievé been proposed so far. As detailed below,
with a symmetric positive definit€, this general approach results in valid symmetric positieénite
kernels, a property that is used throughout the rest of aoudision.

The above concepts can be further extended using the pdwestiry of reproducible kernels originated
in functional analysis (and later successfully adopted atiine learning [34],135]) in order to present
a significantly more general framework for selecting theilsirity functions. This will help us identify

the wider class of admissible similarity kernels more fofypand to understand how to produce new

3The definition oft given here is only one of many possible choices. Our treatrmethis paper is equally valid when, for

instancet = T (z,y) is any feature derived from a convenient linear or nonlirteansformation of the original data.



kernels from ones already definéd[[35]. Formally, a scadéumed functionk (t,s) over a compact region
of its domainR", is called an admissible kernel if

o K is symmetric:K (t,s) = K(s,t)

o K is positive definite. That is, for any collection of poirtts i = 1,--- , n, the Gram matrix with

elementsK; ; = K (t;,t;) is positive definite.

Such kernels satisfy some useful properties such as gositié (t,t) > 0, and the Cauchy-Schwartz
inequality K (t,s) < /K(t,t)K(s,s).

With the above definitions in place, there are numerous waysotstruct new valid kernels from
existing ones. We list some of the most useful ones belovhowit proof [35]. Given two valid kernels

K;(t,s) and K»(t, s), the following constructions yield admissible kernels:

1) K(t,s) = aKi(t,s) + SKs(t,s) for any paira, 8 >0

2) K(t,s) = Ki(t,s) Ks(t,s)

3) K(t,s) = k(t) k(s), wherek(-) is a scalar-valued function.

4) K(t,s) = p(K;(t,s)), wherep(-) is a polynomial with positive coefficients.
5) K(t,s) = exp(Ki(t,s))

Regardless of the choice of the kernel function, the weijtéast-square optimization problefd (3)

has a simple solution. In matrix notation we can write

Z(x;) = arg ?&gn [y — 2(2;) 1] K [y — 2(25)1,] ©)
where 1, = [17 Ty I]T' and KJ = diag[K(x17$j>y17yj)7 K(x2,$j,y2,yj), Tty K(xnv'mmyn?yj)]

The closed form solution to the above is

2a;) = (ITK;1,) 17Ky (10)
—1
= (ZK xi,xj,yi,yj)> <Z K(wiawjyyiayj) yi)
- Y5
= ZWij Yi

= W;‘-Fy. (12)

So in general, the estimatgz;) of the signal at position; is given by a weighted sum @l the given
data pointsy(x;), each contributing a weight commensurate with its sintifaas indicated byK(-),

with the measurement(z;) at the position of interest. Furthermore, as should be gppan (10), the
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weights sum to one. To control computational complexitytcodesign local versus non-local filters, we
may choose to set the weight for some “sufficiently far-awpixels to zero or a small value, leading to
a weighted sum involving a relatively small number of datinfoin a properly defined vicinity of the
sample of interest. This is essentially the only distinctietween locally adaptive processing methods
(such as BL, and LARK) and so-calletn-localmethods such as NLM. It is worth noting that in the
formulation above, despite the simple form bfl(10), in gehere have a nonlinear estimator since the
weightsW;; = W (z;, z;,v;,y;) depend on the noisy ddta

To summarize the discussion so far, we have presented aajdremework which absorbs many
existing algorithms as special cases. This was done in a@ewarys, including a general description of
the set of admissible similarity kernels, which allows tle@struction of a wide variety of new kernels not
considered before in the image processing literature. Nexturn our attention to the matrix formulation
of the non-parametric filtering approach. As we shall seig, phovides a framework for more in-depth
and intuitive understanding of the resulting filters, treibsequent improvement, and for their respective
asymptotic and numerical properties.

Before we end this section, it is worth saying a few words alsomputational complexity. In general,
patch-based methods are quite computationally intengezently, many works have aimed at both
efficiently searching for similar patches, and more clgve@dmputing the resulting weights. Among

these, notable recent work appearslin [36] [37].

IV. THE MARTIX FORMULATION AND ITS PROPERTIES

In this section, we analyze the filtering problems posedegair the language of linear algebra and
make several theoretical and practical observations. hticpéar, we are able to not only study the
numerical/algebraic properties of the resulting filterat hlso to analyze some of their fundamental
statistical properties.

To begin, recall the convenient vector form of the filters:
Z(zj) =wly. (12)

Wherew'f = Wiz, zj,y1,Y5), Wz, 25,92,9;), - » W(xn,2j,yn,y;)] IS @ vector of weights for

“The non-parametric approach { (3) can be further extendéddude a more general expansion of the sign@t) in a
desired basis. We briefly discuss this case in the appendidebve its full treatment for future research.



eachj. Writing the above at once for afl we have

(13)

N)
I

(<
I
=

(<

3N

w

As such, the filters defined by the above process can be adahz¢he product of a (square,x n)
matrix of weightsW with the vector of the given datg. First, a notational matte® is in general
a function of the data, so strictly speaking, the notafi8f{y) would be more descriptive. But as we
will describe later in more detail, the typical process fomputing these weights in practice involves
first computing a “pilot” or preliminary denoised versiontbe image, from which the weights are then
calculated. This pre-processing, done only for the purpadecomputing the parameters of the filter,
reduces the effective variance of the input noise and stabithe calculation of the weights so that they
are not a strong function of the input noise level. As suclis practically more useful to think of the
weights as depending more directly on the underlying (umkniamageW z). As such, we shall simply
denote the weight matrix going forward &€. A more rigorous justification for this is provided later in
the next Section, and supported in Appendix C.

Next, we highlight some important properties of the maWWx which lend much insight to our analysis.

Referring to [(1D),W can be written as the product
W=D"'K, (14)

where[K]|,; = K(zi,z;,yi,y;) = K;; andD is a positive definite diagonal matrix with the normalizing
factorsD;; = diag{} _, K;;} along its diagonals. We can write
W = D 'K=D 2D '?2KD /2 D/? (15)
| ——

L
It is evident that sincdK and D are symmetric positive definite, then solis Meanwhile, W and L

are related through a diagonal similarity transformatemd therefore have the same eigenvalues. Hence,
interestingly, W has real, non-negative eigenvalues (even though it is notrstric!d An alternative,
though not necessarily more intuitive, description of tletica of W is possible in terms of graphical

models. Namely, if we consider the data;,(y;) to be nodes on a (finite, undirected, weighted) graph

>That is, W is positive definite buhot symmetric.
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with weights between nodesandj given by the kernel value& (z;, x;, s, y;), the matrixC = L —1

is precisely the “graph Laplacian™[38],][5 ]This is illustrated in Figl12.

L=D?WD1/2 1

Fig. 2. Construction of the graph Laplaci@hfrom the kernel weightd.

Next, we note thaW is a positive row-stochastic maﬂx— namely, by definition, the sum of each
of its rows is equal to one, as should be clear from (10). Hetiee classical Perron-Frobenius theory
is at our disposal [40]/[41], which completely charactesizhe spectra of such matrices. In particular
[42], [43], we have thaW has spectral radiué < A\(W) < 1. Indeed, the largest eigenvalue W is
simple (unrepeated) and is exaclly = 1, with corresponding eigenvecter = (1//n)[1, 1, ---,1]T =
(1/4/n) 1,,. Intuitively, this means that filtering byV preserves the average grey level, and will leave a
constant signal (i.e., a “flat” image) unchanged. In facthviis spectrum inside the unit disKy is an
ergodicmatrix [40], [41], which is to say that its powers convergetmatrix of rank one, with identical

rows. More explicitly, using the eigen-decomposition\d¢f we can write
Wk =vsiv-1 = vshuT = ZA’“ viul

where we have definel” = V!, while denoting byu! the left eigenvectors oW which are the
columns ofU. Therefore,

lim W* = 1,ul.

k—o00

5The name is not surprising. In the canonical ca®é,is a low-pass filter (though possibly nonlinear and spacying.)
SinceW and LL share the same spectruih,is also a low-pass filter. Thereforg&, = L — I is generically a high-pass filter,
justifying the Laplacianlabel from the point of view of filtering.

"Furthermore, the structure of the pixel data as samples ahetibn on a finite, fixed, lattice means tH& can also be
interpreted [[5], [[3B] as the transition matrix of an apeitodnd irreducible Markov chain defined on the entries of theéad

vectory.
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Sou; summarizes the asymptotic effect of applying the fik€r many times.

As we made clear earlielWW = D~'K is generically not a symmetric matrix, though it always
has real, positive eigenvalues. As such, it should not come &urprise thaW is quite close to a
symmetric positive definite matrix. As we illustrate in theg@endix, this is indeed the case. As such,
we shall find it useful to approximaf& with such a symmetric positive definite matrix. To effectsthi
approximation requires a bit of care, as the resulting matrust still be row-stochastic. Fortunately,
this is not difficult to do. Sinkhorn’s algorithn [44], [45pf matrix scaling provides a provably optimal
[46] way to accomplish this taEkThe obtained matrix is a close approximation of a giW&hwhich
is both symmetric positive definite, and now doubly (i.ew+@nd column-) stochastic. Working with
a symmetric (or rather “symmetrized'y/V makes possible much of the analysis that follows in the
remainder of this paper

From this point forward therefore, we shall considdf to be a symmetric positive definite, and
(doubly-) stochastic matrix. The spectrum@f determines the effect of the filter on the noisy sigpal
We write the eigen-decomposition:

W =vVsvT (16)

whereS = diag[\, -+, A,] contains the eigenvalues in decreasing oftlet A\, < --- < X\ =1,
andV is an orthogonal matrix. As an example, we illustrate thecspen of the LARK [9] kernel in
Figure[3 for different types of patches. As can be observesl spectrum oW decays rather quickly
for “flat” patches, indicating that the filter is very aggressin denoising these types of patches. As we
consider increasingly more complex anisotropic patchesatoing edges, corners, and various textures,
the spectrum of the filter is (automatically) adjusted to démslaggressive in particular directions. To take
the specific case of a patch containing a simple edge, the ifltadjusted in unsupervised fashion to
perform strong denoisinglong the edge, and to preserve and enhance the structure of ttie guaibss
the edge. This type of behavior is typical of the adaptive-parametric filters we have discussed so far,
but it is particularly striking and stable in the case of LARKrnels shown in Figurg] 3.

Of course, the matridV is a function of the noisy data and hence it is strictly speaking a stochastic

variable. But another interesting property ¥f is that when the similarity kerngk (-) is of the general

8We refer the reader to the appendix and citations thereierevive illustrate and justify both the approximation praged
and its fidelity in detail.

®Interestingly, there is an inherent and practical advantagising symmetrization. As we will see in the experimengabilts,
given anyW, employing its symmetrized version generaliyprovesperformance in the mean-squared error sense. We do not

present a proof of this observation here, and leave its aisafgr another occasion.
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Fig. 3. Spectrum of the LARK filter on different types of pagsh

Gaussian type as ifil(7), as described in the Appendix, thétirgs filter coefficientsW are quite stable
to perturbations of the data by noise of modest dizé [47]mFaopractical point of view, and insofar as
the computation of the matri¥XV is concerned, it is always reasonable to assume that the waisance
is relatively small, because in practice we typically cote& on a “pre-processed” version of the noisy
imagey anywayi. Going forward, therefore, we consid® as fixed. Some experiments in Sectioch V

confirm the validity of this assumption.

A. Statistical Analysis of the Filters’ Performance

We are now in a position to carry out an analysis of the peréoroe of filters defined earlier. As we
just explained, to carry out this analysis, we first note tWatis, strictly speaking, a function of the
noisy datay. Indeed, the dependence on the given data is what giveg#tranthese adaptive filters. On
the other hand, one may legitimately worry that the effech@ite on the computation of these weights

may be dramatic, resulting in too much sensitivity for theuténg filters to be effective. This issue has

%This small noise assumption is made only for the analysiseffilter coefficients, and is not invoked in rest of the paper.
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indeed been considered in the context of most patch-basmutiael filters. The consensus approach, in
keeping with similar thinking in the non-parametric statis literature, is to compute the weights from a
“pilot” (or pre-filtered) versiorz, of the noisy data; that i¥V(z;). The pre-processing step yielding the
pilot estimatez, can be carried out with any one of many simpler (non-adapfikters, and is done only
for the purpose of stably computing the parameters of ther.fithe net effect of this step, however, is
significant: it reduces the effective variance of the inpaisa and stabilizes the calculation of the weights
so that they ar@ot a strong function of the input noise level any longer. In gg#ting, the noise affecting
the calculation of the weights can, for all practical ingerite assumed small. As such, the stability results
in [47] (summarized in Appendix C) give strong guaranteed the weights are consequently disturbed
relatively little. That is,W(zy) ~ W (z). For the purposes of performance analysis below, it is thexe
reasonable (and practically verified in Figures 9, 10, 1%l &6) to consider the weights as depending
more directly on the underlying (unknown) ima§¥(z), rather thanW (y). Therefore, in what follows
we will consider the weight matri¥ to be, at least approximately, non-randam

Now, let us compute an approximation to the bias and variaftlee estimatoz = Wy. The bias in
the estimate is

bias=E(z) —~z=EWy) -z~ Wz—-z = (W —-1)z

Recalling that the matri¥ has a unit eigenvalue corresponding to a (constant) vegtonote that is
an unbiased estimate dfis a constant image, but is biased for all other underlyingges. The squared
magnitude of the bias is given by

Ibias|* = [[(W — I)z|*. (17)

Writing the imagez in the column space of the orthogonal maviXwhich contains the eigenvectors as

its columns) az = Vbg, we can rewrite the squared bias magnitude as
Ibias|* = [[(W — T)z||> = V(S = D)b||* = [[(S = Dbo||* = > (A — 1), (18)
i=1

We note that the last sum can be expressed over the indieek - -- | n, because the first term in fact

vanishes since\; = 1. Next, we consider the variance of the estimate. We have

cov(z) = cov(Wy) ~ cov(We) = c?W W7 = var(z) = tr(cov(z)) = o Z A2
i=1

HAs such, we also drop the dependence on its argument for #eeagasimplifying the notation. But the reader is advised

to always remember that the weights are adapted to the @stibnstructure of the underlying image.
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Overall, the mean-squared-error (MSE) is given by

MSE = ||biag|* + var(z) = > (A — 1)*b3; + 0?A7. (19)
=1
a) The ideal spectrum: BM3D [48] Explained:et us pause for a moment and imagine that we can
optimally designthe matrixW from scratch in such a way as to minimize the mean-squared &pove.
That is, consider the set of eigenvalues for which (19) isimied. Differentiating the expression for

MSE with respect to\; and setting equal to zero leads to a familiar expression:

o W o1

- = : 20
Yo 4+0% 14snrt (20)

This is of course nothing but a manifestation of the Wiengerfiith snr; = l;iz denoting the signal-to-
noise ratio at each componenof the signal. This observation naturally raises the qoastif whether
any existing filters in fact get close to this optimal perfame [49]. Two filters that are designed to
approximately achieve this goal are BM3D [48], and PLOW [@0jich are at present considered to be
the state of the art in denoising. The BM3D algorithm can beflgrsummarized by the following three
steps:

1) Patches from an input image are classified according to $ivailarity, and are grouped into 3-D

clusters accordingly.
2) A so-called “3D collaborative Wiener filtering” is implemted to process each cluster.

3) Filtered patches inside all the clusters are aggregatéarin an output.

The core process of the BM3D algorithm is the collaborativiendr filtering that transforms a patch
cluster through a fixed orthonormal badis(e.g. DCT) [48], where the coefficients of each component
are then scaled by some “shrinkage” facfar}, which are precisely chosen accordinglfal (20). Following
this shrinkage step, the data are transformed back to thi@lsgamain to generate denoised patches for
the aggregation process. In practice, of course, one ddekave access t§b3,}, so they are roughly
estimated from the given noisy image as is done also in_[48]. The BM3D is not based on the design
of a specific kernelK(-), or even on a regression framework, as are other patch-bas#tds (such
as NLM, LARK). In fact, there need not exisiny closed form kernel which gives rise to the BM3D
filter. Still, with the present framework, the diagonal Waershrinkage matriXS = diag\y, -+ , A\,
and the overall 3-D collaborative Wiener filtering process mow be understood using a symmetric,
positive-definite filter matriXdW with orthonormal eigen-decompositidiSV7”'. If the orthonormal basis

V contains a constant vecter;, = %17“ one can easily mak®V doubly-stochastic by setting its
corresponding shrinkage factay = 1.
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To summarize this section, we have presented a widely aipéanatrix formulatiore = W y for the
denoising problem, whe® is henceforth considerexymmetri¢ positive-definiteanddoubly-stochastic
This formulation has thus far allowed us to characterizeptiformance of the resulting filters in terms
of their spectra, and to obtain insights as to the relatiet¢issical efficiency of existing filters such as
BM3D. One final observation worth making here is that the Bafik — von Neumann Theorern [41] notes
that W is doubly stochastic if and only if it is a convex combinatiohpermutation matrices. Namely,
W = Zf‘zl P, whereP,; are permutation matrices;; are non-negative scalars with oy = 1, and
n is at most(n — 1) + 1. This means that regardless of the choice of (an admisdiblekel, each pixel

of the estimated image

n
Z=Wy=> oPy)
=1

is always a convex combination of at mast= (n — 1)2 + 1 (not necessarily nearby) pixels of the noisy
input.

Going forward, we first use the insights gained thus far ta\stiurther improvements of the non-
parametric approach. Then, we describe the relationstvpdesm the non-parametric approaches and more

familiar parametric Bayesian methods.

V. IMPROVING THE ESTIMATE BY ITERATION

As we described above, tloptimal spectrum for the filter matri¥ is dictated by the Wiener condition
(20), which requires clairvoyant knowledge of the signalabrieast careful estimation of the SNR at
each spatial frequency. In practice, however, nearly atlilarity-based methods we described so far
(with the notable exception of the BM3D) design a mak based on a choice of the kernel function,
and without regard to the ultimate consequences of thiscehon the spectrum of the resulting filter.
Hence, at least in the mean-squared error sense, such slvdi¥é are always deficieft. So one might
naturally wonder if such estimates can be improved throughespost-facto iterative mechanism. The
answer is an emphatic yes, and that is the subject of thigogect

To put the problem in more practical terms, the estimatevddrifrom the application of a non-
parametric denoising filteW will not only remove some noise, but invariably some of theentying
signal as well. A number of different approaches have beepgsed to reintroduce this “lost” component

back to the estimate. Interestingly, as we describe late®antion[Vl, similar to the steepest descent

12As the former US Secretary of Defense D. Rumsfeld might haie is, we filter with the spectrum that we have, not the

spectrum that we woultike to have!
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methods employed in the solution of more classical Bayesiatimization approaches, the iterative
method employed here involve multiple applications of a&filfor sequence of filters) on the data, and
somehow pooling the results. Next we discuss the two modtkmelvn and frequently used approaches.
The first isanisotropic diffusiorf51], whereas the second class includes the recently popediBregman
iterations [52], which is closely related td,-boosting [53]. The latter is a generalization wficing
introduced by Tukey([54] more than thirty years ago. In fast,we will illustrate later, this latter class
of iterations is also related toiasedanisotropic diffusion[[55], otherwise known as anisotoogaction-

diffusion

A. Diffusion

So far, we have described a general formulation for dengiama spatially adaptive, data-dependent
filtering procedure[{3) amounting to

z=Wy.
Now consider applying the filter multiple times. That is, defzy, = y, and the iteration
Zr = Wzj,_1 = Why. (21)

The net effect of each application 8V is essentially a step of anisotropic diffusion[51], [5].iFkcan

be seen as follows. From the iteratién](21) we have

7z = Wz, (22)
= Zp_1— 2Zk—1 + Wzp_1, (23)
= Z_1+(W-—=1I) z_1, (24)
which we can rewrite as
Z — 271 = (W—=1) z_1. (25)

Recall thatW = D~Y/2 1, D'/2, Hence we have
W-I1=D'2(L-1)D/?=D"Y22D'?, (26)

where £ is the graph Laplacian operator mentioned earlier [39], [#fining the normalized variable
z, = D'/27Z,, (28) embodies a discrete version of anisotropic diffusion

O%(t)
ot

where the left-hand side of the above is a discretizatiorhefderivative operato?%.

Zp — Zp—1 = LZj_1, = V?Z(t) Diffusion Eqn. (27)
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Returning to the diffusion estimate{21), the bias in thénestie afterk iterations is
biag, = E(z;) —z = E(W'y) —z2 = WFz — 2z = (W' —I)z.

Recalling that the matri¥ has a unit eigenvalue corresponding to a (constant) vegéonote that since
WPF* —1 has the same eigenvectors g, the above sequence of estimators produce unbiased esgimat
of constant images.

The squared magnitude of the bias is given by
|bias,|[* = [[(W" — T)z|*. (28)

As before, writing the image in the column space o asz = Vb, we have:

Ibiasy||* = [|(W* —T)z||* = [V(S* — D)bo|* = Y (A\F — 1)%b5;- (29)
i=1

As k grows, so does the magnitude of the bias, ultimately comery |by||> — b3,. This behavior is

consistent with what is observed in practice; namely, iasirg iterations of diffusion produce more and

more blurry (biased) results. Next, we derive the varianfcthe diffusion estimator:
cov(zy,) = cov(Wry) = cov(WFe) = ¢?WF(WH)T|

which gives

n

var(z;) = tr(cov(zg)) = 0® A,
=1

As k grows, the variance tends to a constant value’ofOverall, the mean-squared-error (MSE) is given

by

MSE,, = ||bias;||*> + var(z;) = Z()\f —1)202, + o2, (30)
i=1
Diffusion experiments for denoising three types of patdiseswn in Fig[#) are carried out to illustrate

the evolution of MSE. The variance of input (Gaussian) nissset too? = 25. Filters based on both
LARK [8] and NLM [7] estimated from the latent noise-free pla¢s are tested, and Sinkhorn algorithm
(see AppendikB) is implemented to make the filter matricashtiostochastic. PredicteSISE,, var(zy)

and ||bias.||? according to[(30) through the diffusion iteration are shawrFig.[d (LARK) and Fig[7
(NLM), where we can see that diffusion monotonically reduttee estimation variance and increases the
bias. In some cases (such as (a) and (b) in Hig. 5) diffusioinéu suppresses MSE and improves the
estimation performance. True MSEs for the standard (asytriohélters and their symmetrized versions
computed by Monte-Carlo simulations are also shown, whemach simulation 100 independent noise

realizations are averaged. We see that the estimated MSH#® adymmetrized filters match quite well
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Fig. 4. Example patches: (a) flat, (b) edge, (c) texture.
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Fig. 5. Plots of predicteISEy, var(z;) and ||bias,||* using [30) for LARK [9] filters in diffusion process.

with the predicted ones (see Figs[®B, 8). The asymmetricdjliteeanwhile generate slightly higher MSE,

but behave closely to the symmetrized ones especially ilomegaround the optimal MSEs.

In the next set of Monte-Carlo simulations, we illustrate @ffect of W being computed from clean

vs. noisy images (see Figd. 9 dnd 10). Noise variarice: 0.5, which is relatively small, simulating the
situation where “pre-processing” has been applied to fggpestimation variance. It can be observed
that the MSEs estimated from Monte-Carlo simulations aréeqelose to the ones predicted from the
ideal filters, which confirms the assumption in Secfion IVtttre filter matrix W can be treated as
deterministic under most circumstances.

To further analyze the change of MSE in the diffusion prockssis consider the contribution of MSE
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Fig. 6. Plots of predicted MSE and Monte-Carlo estimated NtSéiffusion process using LARK 9] filters. In the Monte-@ar

simulations, results for row-stochastic (asymmetricefstand their symmetrized versions are both shown.
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Fig. 7. Plots of predicteMSEy, var(zx) and ||bias. ||*> using [30) for NLM [7] filters in diffusion process.
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Fig. 8. Plots of predicted MSE and Monte-Carlo estimated NiS&iffusion process using NLM[7] filters. In the Monte-Cal

simulations, result for row-stochastic (asymmetric) fdtand their symmetrized versions are both shown.
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Fig. 9. Plots of predicted MSE in diffusion based on idealstimated symmetric LARK filters, and MSE of noisy
symmetric/asymmetric LARK filters through Monte-Carlo siitions. The input noise variancg® = 0.5, and for each

simulation 100 independent noise realizations are implemented.
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Fig. 10. Plots of predicted MSE in diffusion based on ideadlstimated symmetric NLM filters, and MSE of noisy
symmetric/asymmetric NLM filters through Monte-Carlo siations. The input noise variane€ = 0.5, and for each simulation

100 independent noise realizations are implemented.

in each component (anodg separately:

MSE; = ) MSE}’ (31)
i=1

WhereMSEl(f) denotes the MSE of théth mode in thekth diffusion iteration, which is given by:

MSE() = (\F — 1)202, + o2A2F. (32)
Equivalently, we can write
MSE!” = %f’(f) = snr;(\F — 1)2 + 22k, (33)
wheresnr; = Ifg is defined as the signal to noise ratio in théh mode.
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One may be interested to know at which iteratMSE,gi) is minimized. As we have seen experimen-
tally, with an arbitrary filterW, there is no guarantee that even the very first iteration fdgion will

improve the estimate in the MSE sense. The derivativé_df \88) respect tok is
e ()
MSE
% = 2\ log \; | (smr; + 1)AF — snr; | . (34)
Fori > 2, since); < 1 we note that the sign of the derivative depends on the teriddribe brackets,
namely, (snr; + 1)\¥ — snr;. To guarantee that in thieth iteration the MSE of thé-th mode decreases

(i.e. negative derivative), we must have:

(snr; + 1)A! —snr; >0 forany 0<g<k. (35)

In fact the condition

(snr; + 1)AF —snr; > 0 (36)

guarantees that the derivative is always negative;fer(0, k) because given any scalar= £ € (0,1):

snr; snr;

t t—1
(snr; + 1)AF —snr; > 0 = AF > < > = (snr;+ 1)A* > snr; < ) > snr; (37)

snr; + 1 snr; + 1

The condition[(3b) has an interesting interpretation. Ravy (38) we have:

log(1 + snr;) < log <1_;>\;>, (38)
where N, = \¥ denotes the-th eigenvalue ofW*. The left-hand side of the inequality is Shannon’s
channel capacity [56] of theth mode for the probleny = z+e. We name the right-hand side expression
€; the entropyof the i-th mode of the filterW”. The largere;, the more variability can be expected
in the output image produced by tli¢h mode of the denoising filter. The above condition impliest
if the filter entropy exceeds or equals the channel capadithei-th mode, then thé:-th iteration of
diffusion will in fact produce an improvement in the corresding mode. One may also be interested in
identifying an approximate value &f for which the overallMSE, is minimized. This depends on the
signal energy distribution{¢?,}) over all the modes, which is generally not known, but for ethive
may have some prior in mind. But for a given modethe minimumMSE(® is achieved in the:*-th

iteration, where
k* = log (SL> /log \i. (39)

snr; + 1
Of course, in practice we can seldom find a single iteratiomiyer &* minimizing MSE® for all

the modes simultaneously; but in general, the take-awapfess that optimizing a given filter through
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diffusion can (under proper conditions {38)) make its cepmnding eigenvalues closer to those of an
ideal Wiener filter that minimizes MSE.

Another interesting question is this: given a particil¥&r, how much further MSE reduction can be
achieved by implementing diffusion? For example, can wedifasion to improve the 3D collaborative
Wiener filter in BM3D [48]? Let us assume that this filter haatly approximately achieved the ideal

Wiener filter condition in each mode, namely

snr;
N — 40
' osnr; +1 (40)
Then we can see that:;
(snr; + 1)(A\H)¥ —snr; <0 forany k> 1, (41)

which means for all the modes, diffusion will definitely wers (increase) the MSE. In other words,
multi-iteration diffusion is not useful for filers where th&iener condition has been (approximately)

achieved.

B. Twicing, ¢»-Boosting, Reaction-Diffusion, and Bregman lIterations

An alternative to repeated applications of the filMdf is to consider theresidual signals, defined
as the difference between the estimated signal and the meebsignal. The use of the residuals in
improving estimates has a rather long history, dating atleack to the work of John Tukey, who in
his landmark book([54], termed the idea “twicing”. More ratg, the idea has been proposed in the
applied mathematics community for application to imagéom@sion problems under the rubric Bfegman
iterations [52]. And in the machine learning and statislitesature, [53] recently proposed the idea/ef
boosting which may be viewed as am regression counterpart of the more familiar notion of liogs
in classification, originally proposed by Freund and Scleajb7]. All of the aforementioned ways of
looking at the use of residuals are independently quite aicth worth exploring on their own. Indeed,
for a wide-angle view of the boosting approach to regresaiwth regularization, and its connections to
functional gradient descent interpretations, we can réferinterested reader to the nice treatment in
[58]. The general idea of Bregman divergence, and its useliring large-scale optimization problems
is also a very deep area of work, for which we can refer theested reader to the bodk [59] in which
both the foundations and some applications to signal psicgsre discussed. Also, in [60], the ideas

of Bregram divergence and boosting are connected.
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In whatever guise, the basic notion — to paraphrase Tukdy, isse the filtered residuals to enhance
the estimate by adding some “roughness” to it. Put another idhe residuals contain some of the
underlying signal, filtering them should recover this leder signal at least in part.

Formally, the residuals are defined as the difference betwee estimated signal and the measured
signal:r, =y —z;_1, where here we define the initializa@rﬁo = Wy. With this definition, we write
the iterated estimates as

Zy =21+ Wrp =251+ W(y - /Z\k—l)' (42)

These estimates too trade off bias against variance witleasing iterations, though in a fundamentally
different way than the diffusion estimator we discussedieraindeed, we immediately notice that this
iteration has a very different asymptotic behavior thafudibn. Namely, ag — oo, the estimate here
tends back towards the original dafawhereas the diffusion tends to a constant!

For an intuitive interpretation, note that fér= 1, the (residual) iteration above gives
Z1 =2+ W(y — %) = Wy + W(y - Wy) = 2W — W?) y.

This first iteratez, is in fact precisely the original “twicing” estimate of Tuk¢s4]. More recently, this
particular filter has been suggested (i.e. rediscoveredjhiar contexts. IN_[39], for instance, Coifman et
al. suggested it as an ad-hoc way to enhance the effectsendgfusion. The intuitive justification given

[5] was that (2W — W2) = (2I - W) W can be considered as a two step process; namely blurring,
or diffusion (as embodied byV), followed by an additional step afversediffusion or sharpening (as
embodied by2I - W.) As can be seen, the ad-hoc suggestion has a clear intgipnelhere. Furthermore,
we see that the estimatg can also be thought of as a kind of nonlinear, adaptimeharp masking

process, further claﬁing its effect. 10_[61] this proesd and its relationship to the Bregman iterations
were studied in det&il.

To further understand the iteration {42) in comparison t® darlier diffusion framework, consider

BNote that this initialization is ance-filteredversion of the noisy data using some initial filt8, and different from
(zo = y) used in the diffusion iterations.

YFor the sake of completeness, we also mention in passingrthae non-stochastic setting and whé is rank 1, the
residual-based iteratior[s {42) are knowmatching pursuif62]. This approach that has found many applications anensibns

for fitting over-complete dictionaries.
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again a very similar algebraic manipulation bfl(42):

7, = Zp_1+ W(y — /Z\k—1)7 (43)
= (I-W)z,_1 + Wy, (44)
Zy — 21 = (I-W)Zp_1+ (20— 2k-1). (45)

Redefining the graph Laplaci@
I-W=D"?(1-L)D'/?=D LD

with a change of variablg, = D'/2Z;,, we can write

0z (t
T =LAt Bo-T), o D)4 a0) a0 @)
————
diffusion reaction term diffusion reaction term

The above is a modified version of the diffusion equation istligtarlier, where the modification takes
the form of a “forcing” function, which is in fact the residubetween the estimate at timeand a
prefilteredversion of the original data. This additional term reactaiast the strict smoothing effect of
the standard diffusion, and results in a non-trivial stestde. Not coincidentally, the notion of a “biased”
anisotropic diffusion([55] is essentially identical to tabove formulation. More recently, Farbman et al.
[63] proposed a variational formulation which also leadscisely to the present setup. This will become
more clear as we discuss the connection to (empirical) Bayesgpproaches in SectignlVI.

The residual-based iterations also have fundamentallgrdiit statistical properties than diffusion. To
study the statistical behavior of the estimates, we revthigeiterative process i _(#2) more explicitly in
terms of the daty. We have[[40], [[53]:

k
B=Y WI-W)y=(I-(1-W)""")y. (47)
=0

Clearly the above iteration does not monotonically blur dia¢ga; but a rather more interesting behavior
for the bias-variance tradeoff emerges. Analogous to odieeaerivation, the bias in the estimate after
k iterations is

bias, = E(z) ~ 2 = (T- (1= W) ) B(y) ~2 = — (1= W)*' 2,

The squared magnitude of the bias is given by
Ibias,|[* = || (T— W)z = (1 — X\)**+205;. (48)
i=1

5Note that this definition of the graph Laplacian differs byemative sign from the earlier one in_{26).
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Fig. 11. Plots of predicteSEy, var(z;) and||bias.||? using [49) for LARK [9] filters in the twicing process.

The behavior of the (decaying) bias in this setting is inkstawntrast to the (increasing) bias of the
diffusion process.

The variance of the estimator and the corresponding meaarsd error are:
T
cov(Z;) = cov [(I (- W)k“) y} = o2 (I —(I- W)kH) (I (- W)k“) ,

which gives

var(2;) = tr(cov(@)) = 0> > (1- (1 - /\i)’f“)z.

=1
As k grows, the variance tends to a constant valuefOverall, the mean-squared-error (MSE) is

MSE,, = |biag,|* + var(z;) = Zn:u — X224 o2 (1 —(1- )\i)k“)? . (49)
i=1
Experiments for denoising the patches given in [Elg. 4 ushe “twicing” approach are carried out,
where the same doubly-stochastic LARK and NLM filters usedte diffusion tests in Fid.l5 arid 7 are
employed. Plots of predicteMISEy, var(z;) and|/bias,||? with respect to iteration are illustrated in Fig.
11 (LARK) and Fig[IB (NLM). It can be observed that in contrzsdiffusion, twicing monotonically
reduces the estimation bias and increases the variancaviS@og may in fact reduce the MSE in cases
where diffusion fails to do so (such as (c) in Fig. 5). True MS&r the asymmetric filters and their
symmetrized versions are estimated through Monte-Canmhailgitions, and they all match very well with
the predicted ones (see Figl12] 14).
Similar to the diffusion analysis before, we plot MSE reisgtfrom the use ofW filters directly

estimated from noisy patches through Monte-Carlo simartativith noise variance® = 0.5, and compare
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simulations, row-stochastic (asymmetric) filters andrtisgimmetrized versions are all tested.
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symmetric/asymmetric LARK filters through Monte-Carlo silations. The input noise variancg® = 0.5, and for each

simulation 100 independent noise realizations are implemented.
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symmetric/asymmetric NLM filters through Monte-Carlo siations. The input noise variane€ = 0.5, and for each simulation

Plots of predicted MSE in diffusion based on ideadlstimated symmetric NLM filters, and MSE of noisy

100 independent noise realizations are implemented.

them with the predicted MSEs from the ideally estimatedrBltégain, the MSEs estimated from Monte-
Carlo simulations are quite close to the predicted datee Sgs[1b an@16.)

Here again, the contribution &ISE; of the i-th mode can be written as:

. 2
MSE() = (1 — \)26+2p2, + o2 (1 (1 AM“) (50)

Proceeding in a fashion similar to the diffusion case, we aaalyze the derivative oMSE,(f) with

respect tok to see whether the iterations improve the estimate. We have:
Wi,
aMa% =2(1 — X\ log(1 — \) [(Snri +1)(1 = )R — 1} . (51)

Reasoning along parallel lines to the earlier discussioa following condition guarantees that theh
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iteration improves the estimate:
(sor; +1)(1 — X)) > 1 (52)

Rewriting the above we have
1
log(1 + snr;) > log <ﬁ> (53)

where now)\, = 1 — (1 — \;)**! is thei-th eigenvalue of — (I — W)**1, which is the equivalent filter
matrix for thek-th twicing iteration. This is the reverse of the conditioe derived earlier; namely, here
we observe that if the entropy doest exceed the channel capacity, then iterating with the redsowill
indeed produce an improvement. This makes reasonable bewsaese if the filter removes too much
detail from the denoised estimate, this “lost” detail is tzamed in the residuals, which the iterations will

attempt to return to the estimate. Again, the minimMﬁSEg) is achieved at thé&*-th iteration, where
k* = —log (1 + snr;) /log(1 — \}) — 1, (54)

which is when the-th eigenvalue of the matrikx — (I — W)*"*! becomessnr; /(snr; + 1), the Wiener
condition. In most cases we cannot optimize all the modéds aviiniform number of iterations, but under
proper conditions[(33) twicing can make the eigenvalueseri®o those of the ideal Wiener filter.

From the above analysis, we can see that it is possible toowepthe performance of many existing
denoising algorithms in the MSE sense by implementing titex&filtering. However, to choose either
diffusion or twicing and to determine the optimal iteratiommber require prior knowledge (or estimation)
of the latent signal energft?,} (or the SNR,) and this is an ongoing challenge. Research tonaing
the SNR of image or video data without a reference “grounthtris of broad interest in the community
as of late[[64]. In particular, this problem points to potelly important connections with ongoing work

in no-reference image quality assessment [65] as well.

VI. RELATIONSHIP TO (EMPIRICAL) BAYES AND REGULARIZATION APPROACHES

It is interesting to contrast the adaptive non-parametigenework described so far with the more
classical Bayesian estimation approaches. Of course sgaythinking requires that a “prior” be specified
independently of the measured data, which characterizzadgregate behavior of the underlying latent
image of interest. In the context we have described so faspeaific prior information was used. Instead,
data-dependant weights were specified in a least-squamgvork, yielding locally adaptive filters. On
the surface then, it may seem that there is no direct rekttipnbetween the two approaches. However,

as we will illustrate below, specifying the kernel function the corresponding weights is essentially
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Fig. 17. Denoising example using iterative LARK filtering){(c) input noisy patches; noise variangg = 25. (d)-(f) output
patches by filtering once. (g)-(i) MSE optimized outputsy i@ the 6th diffusion output; (h) is thelth diffusion output; (i) is
the 3rd twicing output.
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equivalent toestimatinga particular type of “prior” from the given d@ This empirical Bayesian
approach has in fact a long and useful histdry| [66] in theistie$ literature. Furthermore, recently
another class of modern patch-based filtering methods b@sége empirical Bayesian framework were
pioneered in[[6]7] and extended in [68] and|[69] based on thmm®f “adaptive” (i.e. data-dependent)
priors. In the same spirit, we illustrate below that an eimplrversion of the popular maximum a-
posteriori method has a data-dependent counterpart in dhgparametric techniques we described so
far.

A canonical Bayesian approach is to specify a prior for th&nown z, or to equivalently use a
regularization functional. The so-calledaximum a-posterioréstimate is then given by the solution of

the following optimization problem:
: . ~ 1 A
Maximum a-posteriori (MAP): 2 = argmin _|ly - z||* + 5 R(2) (55)
z

where the first term on the right-hand side is the data-fid€lig-likelihood) term, and the second
(regularization, or log-prior) term essentially enforcassoft constraint on the global structure and
smoothness of the signal. In the MAP approach, the regaléoiz term is a functionalR(z) which

is typically (but not always) convex, to yield a unique minim for the overall cost. Particularly popular
recent examples includ®(z) = ||Vz||, andR(z) = ||z|;. The above approach implicitly contains a
global (Gaussian) model of the noise (captured by the qtiadtata-fidelity term) and an explicit model
of the signal (captured by the regularization term.)

Regardless of what choice we make for the regularizatiortfonal, this approach iglobal in the
sense that the explicit assumptions about the noise andighal <onstrain the degrees of freedom
in the solution, hence limiting the global behavior of theireate. This often results in well-behaved
(but not always desirable) solutions. This is precisely tigin motivation for using (local/non-local)
adaptive non-parametric techniques in place of globalleggation methods. Indeed, though the effect
of regularization is not explicitly present in the non-pagdric framework, its work is implicitly done by
the design of the kernel functioA (-), which affords us local control, and therefore more freedord
often better adaptation to the given data, resulting in nporgerful techniques with broader applicability.

Another important advantage of the local non-parametrichods is that the resulting algorithms
inherently operate in relatively small windows, and candeeibe efficiently implemented and often

easily parallelized. With global parametric and variatibmethods, the solutions are often implemented

%0ne cringes to call this estimate a “prior” any longer, butwi# do so for lack of a better word.
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using large-scale global optimization techniques, whiahn de hard (sometimes even impossible) to
“kernelize,” for algorithmic efficiency([33].

Though we do not discuss them here, of course hybrid methedalso possible, where the first term
in (B9) is replaced by the corresponding weighted tedrin (3th wegularization also applied explicitly
[70]. As we shall see below, the iterative methods for imprgwthe non-parametric estimates (such as
diffusion, twicing, etc.) mirror the behavior of steepestdent iterations in the empirical Bayesian case,
but with a fundamental difference. Namely, the correspogdinplied regularization functionals deployed
by the non-parametric methods are significantly differadipting directly to the given data.

To connect MAP to the non-parametric setting, we proceedniilaz lines as Elad([3] by considering
the simplest iterative approach: the steepest descentrt®iijod. The SD iteration for MAP, with fixed

step sizeu is

MAP: Zi1 =z — p[(Zk —y) + AVR(z)]. (56)

A. Empirical Bayes Interpretation of Diffusion

Let us compare the diffusion iteratiorls {25) to the steepestcent MAP iterations above ih {56).

Namely, we equate the right-hand sides of
Zit1 = Zp — p[(Zk —y) + AVR(Z)] (57)
Zpy1 = 2+ (W —1) 7 (58)

which gives
—1[(Zk —y) + AVR(zy)] = (W — 1) Z.

Solving for VR (z;,) we obtain
1 1

VR(zr) = 5y (W= (1= (y —z) o I-W)y (59)
When'W is symmetri@, integrating both sides we have (to within an additive cant}
Ronin(z) = 55 (v —2) (1= )L~ W) (y ~2) + 3" (I~ W) (60)
diffusion | Z - 2,“4/\ y z lu’ y Z ,UJ>\y Z.

We observe therefore that the equivalent regularizatiom e a quadratic function of thdata and

residuals In particular, the functionRyqs0n(Zx) can be thought of as aestimatedlog-prior at each

Since the left-hand side of (59) is the gradient of a scaddwed function, the right-hand side must be curl-free. Tihis

possible if and only ifW is symmetric.
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iteration as it depends on the datathe last estimat@;, and weightsW which are computed from the

data. More specifically, the implied empirical Bayes “ptimrould be
p(z) = cexp [-R(z)]

wherec is a normalization constant. The empirical (MAP) Bayesiaerpretation of the residual-based

method follows similarly, but is somewhat surprisingly matraightforward, as we illustrate below.

B. Empirical Bayes Interpretation of the Residual Iterato

We arrive at the empirical Bayes interpretation of the nesldterations[(4R) in a similar manner. In

particular, comparing(42) to the steepest descent MARtitars in [56) we have
Zi1 = 2k — 1[(Zk —y) + AVR(Zy)] (61)
Zrr = 2z + W(y —2z) (62)
Again, equating the right-hand sides we get:
—1[(Zk —y) + AVR(zy)] = W(y —z).

Solving for VR (z;,) we obtain

~ 1 ~
VR(zy) = ) (W —puI) (y —2k) (63)
With W symmetric, we have (to within an additive constant:)
1
Riresiual(Z) Q,U—)\ (y - Z)T (I —=W)(y —2) (64)

Therefore the (implicit) regularization term is an adagtiunction of the data and residuals. Once again,
the empirically estimatedprior is of the same fornp(z) = cexp [-R(z)] where R(z) is computed
directly on the residualy — z of the filtering process at every iteration. It is especiatiteresting to
note that this empirical prior is a quadratic form in thesidualsalone where, not coincidentally, the
matrix uI — W is closely related to the Laplacian operator defined earlibis hints directly at the
edge-preserving behavior of this type of iteration; a prgpeot shared by the diffusion process, which

monotonically blurs the data.
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VIlI. CONCLUDING REMARKS

It has been said that in both literature and in film, there ang seven basic plots (comedy, tragedy,
etc.) — that all stories are combinations or variations ags¢hbasic themes. Perhaps it is taking the
analogy too far to say that an exact parallel exists in oud fad well. But it is fair to argue that the
basic tools of our trade in recent years have revolved ar@uadhall number of key concepts as well,
which | tried to highlight in this paper.

o The most successful modern approaches in image and videegsiog areon-parametric. We

have drifted away from model-based methods which have dadhsignal processing for decades.

« In one-dimensional signal processing, there is a long hisibdesign and analysis of adaptive filter-

ing algorithms. A corresponding line of thought has onlyergty become the dominant paradigm in
processing higher-dimensional data. Indesgthptivity to data is a central theme of all the algorithms
and techniques discussed here, which represent a snagshet state of the art.

« The traditional approach that every graduate student ofieldrlearns in class is to carefully design

a filter, apply it to the given data, and call it a day. In costranany of the most successful recent
approaches involve repeated applications of a filter or esecgi of filters to data, and aggregating the
results. Such ideas have been around for some time in Estistachine learning, and elsewhere,
but we have just begun to make careful usesaghisticated iteration and boosting mechanisms.
As | highlighted here, deep connections between technigeed commonly in computer vision, image
processing, graphics, and machine learning exist. Thdipoaers of these fields have been using each
other’s techniques either implicitly or explicitly for a W. The pace of this convergence has quickened,
and this is not a coincidence. It has come about through maaysyof scientific iteration in what my late
friend and colleague Gene Golub called the “serendipityctdrece” — an aptitude we have all developed

for making desirable discoveries by happy accident.
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APPENDIXA

GENERALIZATION OF THE NON-PARAMETRIC FRAMEWORK TO ARBITRARY BASES

The non-parametric approach [0 (3) can be further extendedctude a more general model of the
signalz(x) in some appropriate basis. Namely, expanding the regrefsiwtion z(z) in a desired basis

¢, we can formulate the following optimization problem:

n N 2
Z(x;) = arg Il"(lin) vi— > Bil)di(@ixy) | K(yiy, wi,z5), (65)
N1 1=0

where N is the model (or regression) order. For instance, with thesbsets;(z;, z;) = (z; — z;)!, we
have the Taylor series expansion, leading to the local poiyal approaches of classical kernel regression
[2Q], [71], [9]. Alternatively, the basis vectors could beatned from the given image using a method
such as K-SVD[[72]. In matrix notation we have

B(x;) = arg pin ly — @;8(x)]" K; [y — ®,;8(x)], (66)
where ) i
po(z1,2;) ¢1(x1,25) -+ on(a1,2))
&, - ¢0(33'2733j) ¢1(96.2>96j) ¢N($'27$j) 67)
| do(@n, ) d1(Tn, i) o ON(Tn, ) |
is a matrix containing the basis vectors in its columns; ahéreg(z;) = [0, f1, -~ , An]” (z;) is the

coefficient vector of the local signal representation irs thasis. MeanwhileK; is the diagonal matrix
of weights as defined earlier. In order to maintain the abttit represent the “DC” pixel values, we can
insist that the matri>@; contain the vectod,, = [1, 1, -- -, 1]7 as one of its columns. Without loss of
generality, we assume this to be the first column so that byitlefi ¢y(z;,x;) = 1 for all 4, and .
Denoting thej-th row of ®; as¢] = [¢o(x;, ;) d1(zj,2;), -+, n(z;,2;)] we have the closed-

form solution
2zj) = ¢ Bxy) (68)
-1
= ¢] (2]K;®;) @®/K;jy=w]y (69)

T
J

w

This again is a weighted combination of the pixels, thoughather more complicated one than the
earlier formulation. Interestingly, the filter vecter; still has elements that sum fio This can be seen
as follows. We have

T T (5T I T
wi®;=¢; (2]K;®)) 2/K;®;=¢;.

35



Writing this explicitly, we observe

1 piena) e onlena) |
W 1 orlezg) e ontenn) [, ¢1(j,25), -+ 5 dn(w),2;5)]
L1 dumn, ) o On(Tn,T5) |

Considering the inner product Gﬁf with the first column of®;, we havewf 1, = 1 as claimed.

The use of a general basis as described above carries omtvatisage, however. Namely, since the
coefficient vectorsw; are influenced now not only by the choice of the kernel, bub &lg the choice
of the basis, the elements @f; can no longer be guaranteed to be positive. While this cansb&ilin
the context of filtering as it affords additional degrees refeflom, it does significantly complicate the
analysis of the resulting algorithms. Most notably, theuliisg weight matrixW will no longer have
strictly positive elements, and hence the powerful mackiadforded by the Perron-Frobenius theory is

no longer directly applicable. As such, we must resort toaabtler definition of ajeneralizedstochastic

matrix [73].

APPENDIX B

SYMMETRIC APPROXIMATION OF W AND ITS PROPERTIES

We approximate the matri¥ = D~'K with a doubly-stochastic (symmetric) positive definite rixat
The algorithm we use to effect this approximation is due tokBorn [44], [45]. He proved that given
a matrix with strictly positive elements (such &¥), there exist diagonal matricéd® = diagr) and
C = diag(c) such that

W=RWC

is doubly stochastic. That is,
W1,=1, and 17W =17 (70)

Furthermore, the vectons and c are unique to within a scalar (i.ecr, c/a.) Sinkhorn’s algorithm for
obtainingr andc in effect involves repeated normalization of the rows andmoms (See Algorithm 1 for
details) so that they sum to one, and is provably convergathiogtimal in the cross-entropy sensel[46].
To see that the resulting matiW is symmetric positive definite, we note a corollary of Sinkii® result:
When a symmetric matrix is considered, the diagonal scalamg in fact identical [44],[45]. Applied

to K, we see that the symmetric diagonal scal]’ﬁg: MK M vyields a symmetric doubly-stochastic
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matrix. But we havéeW = DK, so

-~

W =RD 'KC

Since theW and the diagonal scalings are unique (to within a scalar)must haveR D~! = C = M,
and thereforéV = K. That s to say, applying Sinkhorn’s algorithm to eitfi€or its row-sum normalized

version W yields the very same (symmetric positive definite doublyclséstic) resultw.

Algorithm 1 Algorithm for scaling a matrixA to a nearby doubly-stochastic mat

Given a matrixA, let (n,n) = sizg A) and initializer = onegn, 1);
for k =1: iter,
c=1./(ATr);
r=1./(Ac);
end
C =diag(c); R = diag(r);
A=RAC

The convergence of this iterative algorithm is known to bedir [45], with rate given by the subdominant
eigenvalue)\AQ of W. It is of interest to know how much the diagonal scalings wdtturb the eigenvalues
of W. This will indicate how accurate our approximate analysisSectior'V will be, which uses the
eigenvalues oW instead ofW. Fortunately, Kahari [74]/ [43] provides a nice result: SagmthatA is
a non-Hermitian matrix with eigenvalugs,| > [\o| > -+ > |A,]. Let A be a perturbation oA that is
Hermitian with eigenvalue§1 > Xg >0 > Xn, then

z": N — A <2]A - A%

=1
Indeed, if A and A are both positive definite (as is the case for bbihand W) the factor2 on the
right-hand side of the inequality may be discarded. Spieaigl the result forW, defining A = W-W

and normalizing byh, we have
BN T2 1 2
Z < =
IR
The right-hand side can be further bounded as describedbin [7

Hence for patches of reasonable size (say 11), the bound on the right-hand side, and the eigenvalues

of the respective matrices are quite close, as demonstirateigure[I8. Bounds may be established on
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Fig. 18. Eigenvalues of row-stochastic (asymmetric) fittatrices and the corresponding doubly-stochastic (synichdilter
matrices symmetrized using Sinkhorn’s algorithm: (a) a Nfikér example; (b) a LARK filter example.

the distance between the eigenvectoerand\/R\f as well [75]. Of course, since both matrices are row-
stochastic, they share their first right eigenvestpe= v, corresponding to a unit eigenvalue. The second
eigenvectors are arguably more important, as they tell ogtahe dominant structure of the region being
filtered, and the corresponding effect of the filters. Spealify, as indicated in[47], applying Theorem
5.2.8 from [43] gives a bound on the perturbation of the sdagigenvectors:

[4A[ 7
v—V2[|Alp
where wherev is the gap between the second and the third eigenvalueswtirit noting that the bound

[V — val| <

essentially does not depend on the dimensioof the datay. This is encouraging, as it means that by
approximatingW with W, we get a uniformly bounded perturbation to the second &&tor regardless
of the filter window size. That is to say, the approximatiomiste stable.
As a sidenote, we mention the interesting fact that, wherieppo a symmetric squared distance

matrix, Sinkhorn’s algorithm has a rather nice geometrieripretation([76],[[717]. Namely, i is the set

of points that generated the symmetric distance matrixhen elements of its Sinkhorn scaled version
B = MAM correspond to the square distances between the correggopaints in a se), where the
points inQ are obtained by atereographic projectiomf the points inP. The points inQ are confined

to a hyper-sphere of dimensiehembedded iR%+!, whered is the dimension of the subspace spanned

by the points inP.
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APPENDIX C

STABILITY OF FILTER COEFFICIENTS TOPERTURBATIONS DUE TONOISE

The statistical analysis of the non-parametric filt8%5 is quite complicated wheiW is considered
random. Fortunately, however, the stability results[in] [dlfow us to consider the resulting filters as
approximately deterministic. More specifically, we assuhed the noises corrupting the data has i.i.d.
samples from a symmetric (but not necessarily Gaussiatr)adison, with zero-mean and finite variance
o2. The results in[[47] imply that if the noise variane is small relative to the clean data(i.e., when
signal-to-noise ratio is high), the weight matiw = W (y) computed from the noisy datg =z + e

is near the latent weight matri¥ (z). That is, with the number of samplessufficiently large [[47],

W — W% <p 102 + ooV (71)

e

for some constants; and ¢y, where 022) and o—ff) denote the second and fourth order moments of

|le||, respectively, and<,” indicates that the inequality holds in probability. Whémetnoise variance is
sufficiently small, the fourth order moment is even smalfemce, the change in the resulting coefficient
matrix is bounded by a constant multiple of the small noiseavae.

Approximations to the moments of the perturbatiéW = W — W are also given in[[47],]78]:

E[dW] E[dD]|D?K — D 'E[dK],

Q

E[dW?] ~ E[dD?]| D 'K*+ D *E[dK’] — E[dDdJK]D ?oK.

wheredD = D-D, anddK = K—K, ando denotes element-wise product. A thorough description®f th
perturbation analysis for the class of Gaussian data-agapeights is given in[[47]/[]78]. To summarize,
for a sufficiently small noise variance, the matrix of wegyletin be treated, with high confidence, as a

deterministic quantity which depends only on the conterthefunderlying latent image.

APPENDIXD

EXTENSIONS TOMORE GENERAL RESTORATION PROBLEMS

Many of the ideas discussed in the context of denoising hanebe extended to more general image
restoration problems. As a simple example, we briefly note dase where the measurement model

includes a linear distortion such as blur, expressed aswsl|

y=Az-+e. (72)
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One approach would be to employ the framework of the residewdtions defined earlier. More specif-
ically, define

Zit1 =2, + ATW(y — A7), (73)

where we observe that the teriW(y — A z) is filtering (i.e. denoising) the residuals from the mea-
surement model in a spatially adaptive, non-parametricn@ansingW. The operatoA” is the adjoint
to the blur, and applied to these filtered residuals, acts "@aekprojection” operation. The asymptotic

behavior of this iterative process is interesting. Namagk — oo,
ATWy = ATWAZ,, (74)

or equivalently
7o = (ATWA) T ATWy. (75)

Without the adaptive weights iW, this asymptotic solution is the familiaglpbal) least squares solution,
which is unstable due to the direct inverse. The inclusiothefkernel weights, and stopping the process
after a finite number of iterations can result in a stabilisetution with smaller MSE. The analysis of
the stability and statistical characteristics of suchnestes, along with the choice of the optimal stopping
point will require in depth understanding of the spectrunihaf operatorA” W, much in the same way

as we did with the spectrum AV in the denoising framework.
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