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Abstract

Super-resolution reconstruction proposes a fusion of several low quality ima&g into
one higher quality result with better optical resolution. Classic super resoluton tech-
niques strongly rely on the availability of accurate motion estimation for this fusion task.
When the motion is estimated inaccurately, as often happens for non-global motionelds,
annoying artifacts appear in the super-resolved outcome. Encouraged by recent develop-
ments on the video denoising problem, where state-of-the-art algorithms are formedith
no explicit motion estimation, we seek a super-resolution algorithm of sirmar nature that
will allow processing sequences with general motion patterns. In this paper we basmur
solution on the Non-Local-Means (NLM) algorithm. We show how this denoising mehod
is generalized to become a relatively simple super-resolution algorithm wittmo explicit
motion estimation. Results on several test movies show that the proposed mhbbd is very
successful in providing super-resolution on general sequences.

1 Introduction

Super-resolution reconstruction proposes a fusion of sevarlow quality images into one higher
quality result with better optical resolution. This is an Inverse Problemthat combines denois-
ing, deblurring, and scaling-up tasks, aiming to recover a hijh quality signal from degraded
versions of it. Figure 1 presents the process that explainsdw a low-resolution image sequence
y. is related to an original higher resolution moviex;. During the imaging, the scene may be-
come blurred due to atmospheric, lens, or sensors' e®ects. &blur is denoted byH, assumed
for simplicity to be linear space and time invariant. Similarly, the loss of spatial resolution
due to the sensor array sampling is modeled by the xed decimabn operator D, representing
the resolution factor s between the original sequence, and the measured one. Whiteg@ssian
iid noise is assumed to be added to the measurements, both irrader to refer to actual noise
in imaging systems, as well as for accommodating model misnzhes.

The super resolution goal is the recovery ok from the input set of imagesy., reversing the
above process. Such reconstruction relies on motion in thecene to recover details that are ner
than the sampling grid. Figure 2 demonstrates how small detds can be recovered when the
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Figure 1: The imaging process to be reversed by super resolution.

motion between the images in the sequence is known with a higtlegree of accuracy. The top
row in the gure is the input sequence. The middle row is the up-galed version of each image
(unknown values are set to a background color), shifted by tle known translation between the

current image and the “rst (reference) image. The bottom row $ows the construction of the

super resolution image, from left to right. Initially, the r st image is placed on the grid. Then,

every new image in the sequence is placed on the same grid, Wia displacement re°ecting the

motion it underwent. The merger of all images represents theoutcome of the super resolution

algorithm. We note that this description of the mechanics of super-resolution is somewhat
simplistic; In most cases, one cannot assume the translatis to be exact multiples of the

high-resolution pixel sizes. This makes the estimation of acurate motion parameters and the

merger of all images much more complex than described here.
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Figure 2: Super resolving an image using low resolution inputs with known translations Recon-
struction proceeds from left to right. Top: input images; Middle: Corresponding up-scded images,
shifted using known translations; and Bottom: Accumulated reconstruction by adding the current low
resolution image to the output canvas.

While the above-described method is somewhat simplistic, itis a faithful description of
the foundations for all classic super resolution algorithns. The rst step of such algorithms
is an estimation of the motion in the sequence, followed by ausion of the inputs according
to these motion vectors. A wide variety of super resolution dgorithms have been developed
in the past 2 decades; we refer to [1, 2, 3, 4,5, 6, 7, 8,9, 10,,112, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26] as representatives of this vastditature.

In the currently available super-resolution algorithms, only global motion estimation (e.g.



translation or atne global warp) is accurate enough to lead toa successful reconstruction of
a super-resolved image. This is very limiting, as most actuakcenes contain motion that is
local in its nature (e.g. a person talking). Obtaining highly accurate local motion estimation,

known as optical °ow, is a very dixcult task, and particularly s o in the presence of aliasing and
noise. When inaccurately estimated motion is used within oe of the existing reconstruction

algorithms, it often leads to disturbing artifacts that cau se the output to be inferior, even

when compared to the given measurements. This discussiondds to the commonly agreed
unavoidable conclusion that general content movies are ndikely to be handled well by classical

super-resolution techniques.

This severe restriction leads us to seek a di®erent approacto tsuper-resolution. Can such
an algorithm be proposed with no explicit motion estimation? Our starting point for this quest
(after a super-resolution algorithm that is able to process squences with a general motion
pattern) is the video denoising application, where severakecent contributions demonstrate
state-of-the-art results with algorithms that avoid motion estimation [27, 28, 29, 30]. Among
these, we choose to take a closer look at the Non-Local Means [(N1) algorithm, with the aim
to generalize it to perform super-resolution reconstructian.

The NLM is the weakest among the recent motion-estimation-fre video denoising algo-
rithms, and yet, it is also the simplest. As such, it stands asa good candidate for general-
ization. The NLM is posed originally in [31] as a single imagedlenoising method, generalizing
the well-known bilateral "Tter [32, 33]. Denoising is obtained by replacing every pixel with a
weighted average of its neighborhood. The weights for this @amputation are evaluated by us-
ing block-matching t between image patches centered around e center pixel to be Ttered,
and the neighbor pixels to be averaged. Recent work has showhow this method can be
used for video denoising by extending the very same techniguto 3D neighborhoods [27]. An
improvement of this technique, considering varying size nighborhoods is suggested in [28], so
as to trade bias versus variance in an attempt to get the best ran-squared-error (MSE).

The NLM was proposed intuitively in [31, 27] and thus it is natural to try to extend it
to perform super-resolution using a similar intuition. This intuition leads to independent
up-scaling of each image in the sequence using a smart interf@aion method, followed by
NLM processing. However, extensive experiments indicatehat this intuitive method does
not provide super-resolution results. For this reason, a moe profound understanding of the
NLM Tter is required for its successful generalization to super-resolution.

In order to gain a better understanding of the NLM, we proposerede ning it as an energy
minimization task. We show that the novel penalty term we propose indeed leads when
minimized to the NLM. We then carefully extend the penalty fu nction to the super-resolution
problem. We show how a tractable algorithm emerges from the nmimization of this penalty,



leading to a local, patch-based, super-resolution process thi no explicit motion estimation.
Empirical tests of the derived algorithm on actual sequence with general motion patterns are
then presented, thus demonstrating the capabilities of thederived algorithm.

The structure of the paper is as follows. Section 2 describethe NLM denoising Tter,
as posed in [31]. This section can be skipped by readers whoeafamiliar with the NLM.
Section 3 introduces an energy function to be minimized for gtting a denoising e®ect for a
single image; We show that this minimization leads to a famiy of image denoising algorithms,
NLM included as a special case. We also provide a simpler peltya function addressing the
same goal, which will be e®ectively used in the later part of tb paper. Section 4 proposes
a generalization of the introduced energy function to cope \ith resolution changes, thereby
enabling super-resolution reconstruction. In this sectionwe also derive the eventual super-
resolution algorithm we propose, and discuss its humericastructure. Section 5 shows results
on sequences with general motion, demonstrating the succsfsll recovery of high-frequencies.
We conclude in Section 6, outlining the key contribution of this work, and describing several
directions for further research.

2 The Bilateral and the NLM Denoising Filters

We begin our journey with a description of the bilateral and the NLM Tters, as the devel-
opment that follows relies on their structure. The description given in this section is faithful
to the one found in [31, 32]. The bilateral and the NLM lters are two very successful image
denoising Tters. While not the very best in denoising performance, these methods are very
simple to understand and implement, and this makes them a goo starting point for our needs.
Both the bilateral and the NLM Tters are based on the assumption that image content is
likely to repeat itself within some neighborhood. Therefore, denoising each pixel is done by
averaging all pixels in its neighborhood. This averaging isnot done in a blind and uniform
way, however. Instead, each of the pixels in the relevant nghborhood is assigned a weight,
that re°ects the probability that this pixel and the pixel to b e denoised had the same value,

prior to the additive noise degradation. A formula describing these Tters looks like!
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where N(k;1) stands for the neighborhood of the pixel ;1), and the term wik;l;i;j ] is the

weight for the (i;j )-th neighbor pixel. The input pixels are y(k;l), and the output result in
that location is x(k;1).

1As we shall see next, in this framework the coezcients w[k;l;i;j ] are all restricted to be positive. This is
a shortcoming, which can be overcome by extending the framework to higher order { see [34].



The two lters di®er in the method by which the weights are compued. The weights
for the bilateral Tter are computed based both on radiometric (gray-level) proximity and
geometric proximity between the pixels, namely

Hg !l
of (ki )2+ j)? )

( )
(vl i yliziD
| 23@

The function f takes the geometric distance into account, and as such, it isnonotonically

weL [K; ;i) ] =exp

non-increasing. It may take many forms, such as a Gaussian, adx function, a constant, and
more. The parameter¥; controls the e®ect of the grey-level di®erence between the twaxels.
This way, when the two pixels that are markedly di®erent, the weight is very small, implying
that this neighbor is not to be trusted in the averaging.

The radiometric part in the weights of the NLM is computed slightly di®erently, by com-
puting the Euclidean distance between two image patches ceared around these two involved
pixels. De ning ﬁkj as an operator that extracts a patch of a xed and pre-determinal size
(say q£ q pixels) from an image, the expressionR k1Y (y is represented as a vector by lex-
icographic ordering) results with a vector of length ¢ being the extracted patch. Thus, the
NLM weights are given by
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Obviously, setting Ian to extract only a single pixel, the bilateral Tter emerges as a special
case of the NLM algorithm.

We note that there are various other ways to choose the weigtst in Equation (1), and the
above separable choice of the weights (product of radiomeit and Euclidean distance terms) is
only one choice. For example, the steering kernel may provielan interesting alternative, taking
into account the correlation between the pixel positions am their value [34]. Nevertheless, in
this paper we shall restrict our choice of weights to those usd by the NLM.

3 NLM Via Energy Minimization

Both the bilateral and the NLM Tters described-above were presented intuitively as algo-
rithmic formulas, as in Equation (1). We claim that both thes e Tters can be derived by
minimizing a properly de ned penalty function. Following th e rationale and steps taken in
[33, 35], we present such a penalty function, and show how ttse algorithms emerge from
it. This will prove valuable when taking the next step of genealizing these methods to a
super-resolution reconstruction algorithm, as will be show in Section 4. Section 3.1 and 3.3



present two possible and novel penalty functions for denoiag, and derive from both the NLM
algorithm and some variations of it. The readers interestedin the super-resolution portion of
this work can start their reading in Section 3.3.

3.1 The Penalty Function

The penalty function we start with re°ects two forces: (i) We d esire a proximity between the
reconstructed and the input images - this is the classic likehood term; and (ii) We would
like each patch in the resulting image to resemble other patices in its vicinity. However, we
do not expect such a 't for every pair, and thus we introduce weghts to designate which of
these pairs are to behave alike. Putting these two forces tagther with proper weighting?, we
propose a Maximum A-posteriori Probability (MAP) penalty of the form
1 X X
2 ()= 5 eiii yiiz+ ;¢ wiki 5] 1€ Ry x i Rig xkG (4)
(kD2- (i;j)2N(K;h

The “rst term is the log-likelihood function for a white and Gau ssian noise. The second term
stands for a prior, representing the (minus) log of the probaility of an image x to exist. The
weights in the above expressionw[K; I;i;j ], are assigning a con dence that the patches around
x[k;I] and x[i;j ] are to be close to each other. Computing these weights can ba@one in a
number of ways, one of which is using Equation (3) and using/ instead of the unknown x.
In order to keep the discussion simple, from this point on we Ball assume that the weights
wik; l;i:j ] are the NLM ones. It is important to note that the patch extra ction operator R
used for computing the weights (as in Equation (3)) and the ogerator Ry, used in the penalty
term are generally of di®erent sizes.

The notation - stands for the support of the entire image. Thu s, the second term sweeps
through each and every pixel ;1) in the image, and for each we require a proximity to
surrounding patches in its neighborhood.

3.2 Derivation of the NLM Filter

Assuming the weights are pre-determined and considered as gstants, we can minimize this
penalty term with respect to x by zeroing its derivative,

22 X X
T e i+ wiki ;i) IR i Rig)T (Rig i Rig)x =01 (5)

(kD2- (i;j)2N(k;)

In order to simplify this equation, we open the brackets,

22
dd)((x)=0 = ,(Xiy) (6)

*The reason for the factor 1 in the second term will be made clear shortly.
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We proceed by invoking two assumptions: (i) The neighborhod is symmetric, i.e. if (i;j) 2
N(k; 1), then (k;1) 2 N(i;j ) is also true; and (ii) The weights are symmetric, i.e.,w[k;l;i;j ] =
w[i;j;k;1 ]. Both these assumptions are natural { typical neighborhoal de nitions satisfy
the rst condition, and the weights of the NLM satisfy the second one. Using these two
assumptions, we get the following two equalities:

X X X X
wlk; 130 IR Rigx = wik; [i;j IR Rij X
(kD2- (i )2 N(k;l (kD2- (i )2N(k;l
% (IJ)X( ) o % (IJ)X( ) o
WIK; 1 IR Rigx = wlk; i) IR Rij X:
(kN2 (i;j)2N(k;) (kD2- (i;j)2N(k;)

A formal proof (Theorem 1) for these equalities is given in Agpendix A. Using these, Equation
(6) simpli es and becomes
0 = ,(xjvy) (1)
X X X X
+ wk; [ IR R X i wlk; 1 i;j IR Rij X:
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As can be seen, the choice=4 in the original de nition led to a simpler nal outcome.

While solving the above equation directly is possible in priciple, it requires an inversion of
a very large matrix. Instead, we adopt an iterative approachbased on the xed-point strategy
[36, 37]. Denotingx"i 1 the outcome of the previous iteration, andx" the desired outcome
of the current iteration, we rewrite Equation (7) with assig nments of iteration stage per each
instance of the unknownx. The equation we propose is

0= ,(x"jy) (8)
X X X X _
+ wik; i IR g R x™ wik; i j IR Ry x™ 4
(kD2- (i )2N(K;h (kD2- (i;j)2N(K;h
which leads to the relation
0 2 3 1
X X
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(i: )2 N(ksT) X X |
Ly + wlk; I;i;j IR Ry x™ &

(kD2- (i;j)2N(k;)
P
Notice that the term ()2 N(k) w[k;l;i;] ] generates a scalar, being a function ofk; I) { we
shall denote this aswik; I].



In the obtained equation, the right-hand-side (RHS) creates & image by manipulating
image patches: for each locationk;1) in the image, we copy surrounding neighboring patches
in locations (i;j ) to the center position (k; 1), multiplied by the weights w[k;I;i;j ]. Once built,
this image is added toy with a proper weight , .

The matrix multiplying x" on the left-hand-side is a diagonal positive de nite matrix (see
Appendix A). This matrix's only task is normalization of the weighted average that took place
on the RHS. As this matrix is invertible, the new solution is obtained by

0 1.,0 1
X X X
x"= @1+ WK IR RigA - @y + wlk; 115 TR Rig x" A :(20)
(k;h)2- (kD2- (i;j)2N(K;h

When using the xed-point method, as we did above, every appeance of the unknown
in the equation is assigned with an iteration number. Among the many possible assignments,
one should seek one that satis es two important conditions: {) The computation of x" from
x"i 1 should be easy; and (ii) The obtained iterative formula shoud lead to convergence. As
for the "rst requirement, we indeed have an assignment that leds to a simple iterative step.
Convergence of the above algorithm is guaranteed if the ovetl operator multiplying x"i ! is

convergent, i.e.,

80 1,40 19
< X X -

B @ |+ Wk IR RiA @ wlk; ;i j IR R A, <1 (1)
' (ki)2- (kh2- (i )2N(K) '

where ¥4A g is the spectral radius of A. It is easily seen that for sutciently large ., this
condition is met. Nevertheless, we do not worry about convegence, as we will be using the
above for one iteration only, with the initialization of x° = y. This means that the output for
the denoising process i® = x1, obtained by
0 1,40 1
X X X
=@+ WK IR RGA @1+ wik; i j IR Ry Ay (12)
(kih)2- (kiD2- (i )2N(k;)

The above computation is done just as described above, withhe obvious substitution of
x% = y. This process is quite reminiscent of the way NLM and the bilderal TTters operate,
and yet it is di®erent. The obtained algorithm is a more generaand more powerful denoising
algorithm than NLM.

In order to see how the NLM emerges from this formulation as a jgecial case, we shall
assume further that the patch extraction operation we use,Rj;, extracts a single pixel in
location (i;j ). This change means thatRj; y is in fact the single pixel y[i;j ]. Thus, in this
case we have

0 1,0 1
X X X
x=@ 1+ WK R RigA - @y + R wik; 55§ Iy [ 1A+ (13)
(ki)2- (k;h2- (i )2N (k1)
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The term RI;lx implies that a zero image is generated, and the valueg is inserted to location
(k; ). Using this property in Equation (12), we obtain a pixel-wise denoising formula
YK+ | s y2Ngen WIK BT Iy (7T

o F 2Naey WK T ]

This formula seems familiar, as it is e®ectively the same as thone in Equation (4), with a

Rk 1] = 2 (14)

slight modi cation due to the additional , . This means that under the simplifying assumption
we made aboutR;; , the rst iteration of the developed algorithm reduces to NLM. A natural
qguestion to ask is: Does the above formula still stands for a atch-based algorithm? The
answer is positive, as the weights may be computed using pdtes, as the NLM does. Thus,
the next natural question to ask is: Why have we used a patch etxaction operation in the
de nition of the penalty in Equation (4)? The answer to this is the generalization that follows
next for the super-resolution case.

3.3 Bayesian Versus Proximity { An Alternative Path

The penalty term in Equation (4) was formed like a MAP estimator, having a likelihood term
that ties the measurements to the unknown, and a regularizaibn term, posing a prior on the

desired outcome,
X X

22 (x) = S ek yiji5 + %1¢ wlk; i} T¢Rwix i Rij xk3:
(kD2- (i;j)2N(Kk;h
In the previous section we developed a general denoising saine based on the above penalty,
showing that the NLM and the bilateral Tters arise from it as s pecial cases. Recall that one
of the last steps in the derivation was the use of a single iteation and initialization with
x% = y. This basically means that the prior term requires pixels in the output image x* to
have similar grey values to pixels in the corresponding neigoorhood iny, provided they have

similar surrounding. This idea can be put directly into the penalty term, giving
. 1 X .
()= 3 WIK; 515§ TE R X i Rij yK; - (15)
(kD2- (i;j)2N(k:)
Targeting now the minimization of this penalty term, we null the derivative of this function
with respect to x, getting the equation
c2 X X
—d (X) =0=

& WIK R IR (Riax i Rig y): (16)

(kD2- (i;j)2N(k;)
This time we do not need the xed-point strategy, as a simple saltion is easily derived, leading

to
0 1.,0 1

X X X
=@ wlk; ;i) R RigA @ wlk; ;i IR Rij yA  (17)
(kiD2- (i;j)2N(K;) (kiD2- (i;j)2N(k;)
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Notice the resemblance between this formula and the one obtaed by a di®erent route in

Equation (12). In fact, for , =0, the two formulas are the same. Furthermore, following the

5

same assumptions and steps that led us from Equation (12) to §uation (14), it is clear that
pixel-wise, the above aligns perfectly with the NLM Tter, as written in Equation (1), namely,

G)2Neeny WIK BT IV T

(i )2Neiery WIK: 15 ]

3.4 Introducing the Temporal Domain

We shall use hereafter the penalty function in Equation (15)to derive further algorithms, due

to its simplicity, and the fact that it leads directly to NLM. Before we turn to super-resolution,
we must introduce the temporal axis into the penalty function, so as to process a sequence of
images and not just a single one, as done so far. The followingmall changes in (15) lead to

such a treatment:
X X X N 5
WK Lt 1R X i R ytkz: (18)
(ki2-  t2[1:5T] (ij )2N(k;)

0=

NI =

The above expression makes use of the input sequente; g, , summing over all these images.
The term Rj; yt remains a 2D patch, but one that is extracted at location (;j ) from the image
at time t. The image x remains a single image, representing the desired output inge to be
created. Let us assume that this image aims to become a deneid version ofy,. This fact
is used only within the computation of the weights w[k;1;i;j;t ], which matches a reference
patch Ry, yt, with the candidate onesRj; y¢, both 2D. The temporal distance, tj to can also
in°uence the weight w, just as spatial distancesk j i and | j do in Equation (3).

Assuming that the patches extracted by the operatorR are of size of one pixé, using the
same algebraic steps as shown in the previous sub-section wetg closed-form formula for

the computation of x,
] i Wik it Jyelisj ]
k‘[k;|] - tlgl;:::;T] (!;:b)zN(kj) » by , 1 tlh) 1
2Tl ()2Neeny WK BT

(19)

This is a generalization of the NLM to handle video sequencesand was shown to be an
e®ective algorithm in [27].
Let us explain this formula in words, as a similar structure will serve us in the next

Section quite similarly. Each output pixel is computed as a weighted average of pixels in its

3We remind the reader that the patch size related to the weights-comp utation is di®erent than the one in
the penalty function itself in general.
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3D neighborhood in the input sequencey. We would like pixels that originally had the same
grey level to have high weights, and the weights are computedh a way that re°ects this.

By taking a slightly di®erent perspective, we can regard the wight wlk; [;i;j; t ] as re°ecting
the (relative) probability that the pixel ( k;I) in the image to be denoised has gone to (or come
from) the pixel (i;j) in the image y;. This is a very basic motion estimation approach for
each pixel. However, since for eachk( ), there may be several non-zero values, this implies
that each pixel may be assigned withseveralmotion vectors, and not just one, as in classical
motion estimation methods. Indeed, the above expression ggests that all motion vectors are
allowed, and considered according to the probability that they actually took place based on
the patch matching they exhibit. This way, one could conside the above as a fuzzy motion
estimation process, rather than an explicit one. Figure 3 pesents the concept of fuzzy motion
estimation. A speci c pixel on the scene at timet (the left image), has several equally probable
destinations in the surrounding images (including the samemage at time t). This can be done
for any pixel, some having many probable destinations, and ame only a few.

An important bene t to the above fuzziness, is the ability to g et a stronger denoising e®ect.
Whereas exact motion estimation leads to a correspondenceelween the reference patch and
a single match in every other image, the NLM approach may nd seeral good matches due to
spatial (and not just temporal) redundancy. As seen in Figure 3, several very good matches
can be found, and thus, when averaged, lead to a more e®ectiv®ige suppression due to the
independence between the noise in each of those patches.

Generalization of the NLM approach to video denoising was sbwn to be very e®ective
[27, 28, 29], leading to state-of-the-art results, while leamg strongly on the fuzziness of the
estimated motion. These methods' successes encourage usseek ways to exercise the same
fuzzy motion estimation concept in other video processingasks, where itis commonly assumed
that explicit motion estimation is a mandatory step. One such task is super-resolution. In
the rest of this paper we focus on a super-resolution scheme dhrelies on fuzzy, rather than
explicit, motion estimation, generalizing the NLM as presented above.

4 Super Resolution With No Explicit Motion Estimation
4.1 The Super-Resolution Penalty Function

The main advantage of the fuzzy motion approach is its °exibiity, allowing it to handle
complex scenes. Whereas classic super resolution methodslke many limiting assumptions
regarding the motion in the scene, this is not the case with fazy motion estimation, which can
handle local motions, occlusions, and so on. Our goal in thisection is to exploit this °exibility
to perform super-resolution on sequences with arbitrary moion patterns, thus avoiding the

11



Figure 3: NLM's fuzzy motion estimation: A patch in the reference image at time t (marked with a
thick line) has several probable locations in the other images, and also withinhe same image itself
(marked with narrow lines).

global motion limitation.

Developing a super resolution algorithm will again begin wih writing a proper penalty
term and minimizing it. The input to this algorithm is the set of low resolution imagesy;.
For clarity of description, we target one high resolution imageX at a time (instead of working
on the entire sequence at once). The usage of a capital lettdo denote the output image, and
lower-case letters to denote the input sequence, serves tomend us that they are indeed of
di®erent scales.

Since we want to exploit the insight gained in previous sectns, we aim at de ning a
penalty function that is similar to that written for the vide o denoising problem in Equation
(18). However, the target imageX and the input imagesy; are not of the same scale, forcing a
change to the penalty term. This change should re°ect the facthat X undergoes blurring and
decimation steps, in order to account for the di®erent scalesThis leads us to the following
preliminary (and not nal!) proposal:

, 1 X X X . 5
sr (X) = > wWIK; 115, t JKR g DHX R ytk2+ TV (X): (20)

(kD2- t2[L:5T] (i )2 Nk

Introduced into the penalty term are two operators we have me in the introduction: H
{ the blurring operator, and D { the decimation operator. Applying these operators on
X simulates the imaging process, bringingX to the same resolution as the input sequence
yi¢. The additional TV (Total Variation) expression comes to regularize the deblurring that
should take place in this expression [38], forcing piece-weéssmoothness of the desired image,
by accumulating the norms of the gradients with L, norm.

Taking a close look at the penalty term we have just written reveals that it cannot provide
super resolution reconstruction. By denotingx = DHX , itis clearly seen the above is identical
to the video denoising penalty term in equation (18) forx. This means that minimizing this
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penalty term e®ectively divides the problem into two parts { the rst performs denoising of
the input sequence, and the second that interpolates and deilbrs the resulting image.

The reason this penalty term is not able to perform super reshution is the fact that the
operator Ry \sees" only glz of the pixels in the image ( is the decimation factor) because
of the decimation that precedes it. In order to solve this prdolem, we reverse the order of
the patch extraction and decimation, so that a patch is rst extracted from HX , and then
decimated to the same resolution level ay; to be compared to a patch from it. This change
requires a change in the operatoD as well, as we no longer use the constant decimation grid
of the image. Instead, we introduce the notationD { a patch decimation operation that
ensures that the center pixel of the patch is on the decimatia grid.

Since there are two di®erent scales (and sizes) of patches dseve also must di®erentiate
between the patch extraction operators. To this end, we dente by RE;I and RiL;j the high-
and low-resolution patch extraction operators respectivey. Their sizes are linked through the
value of the scaling parameters: whereasR I-J extracts a patch of sizeq£ q pixels (arbitrary),
th';l extracts a patch of sizep £ p pixels, wherep= s(qj 1)+ 1. The relation between these
sizes is further explained in Figure 4. This transforms the gnalty term in Equation (20) into

) X X X °,
sr(X) = wlk; I; Ijt] D RleX . leyt 2+,TV (X): (21)

(k,I)2- t2[l,,T](|’J )ZNL(k,l)

“HE NN
cotresponding
high reselution

teh, fi 1
patel, tor &= pxp (p=3) corresponding high

resolutlonpatch for s=2 .

pEp (p T) corresponding high
resolution patch, for s=3
< (¢=3) low
resolution patch

Figure 4: The relation between the patch sizesq and p = (qj 1)s+ 1 demonstrated on specic
examples: §;9 =[3;1]; [3;2], and [3 3].

Figure 5 presents a block diagram to explain this penalty. Ascan be seen, di®erent size
patches are extracted fromx and y¢, and brought to the same grounds by a decimation
operation.

Note : The term (i;j) 2 N(k;I) is no longer applicable as before, since nowi;{ ) and (k;I)
are pixels on di®erent resolution grids. Therefore, we intrduce a new notationN" referring
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Decimation | |
D, ' } !
[

Figure 5: A description of the expressionD,[,Rl'j;I HX j R,LJ yt in Equation (21).

to the equivalent low-resolution neighborhood of k;1), i.e (i;j ) 2 N-(k;1) is short for the full
notation (i;j ) s.t. (si;sj) 2 N(k;I).

The penalty term we have de ned above is the one we shall focusnohereafter. Next we
show how to use this penalty term as the basis for a practical ad simple super resolution
algorithm. The 'rst step we take is a separation of the deblurring from the fusion of the
images. Using the substitution Z = HX , the rst problem we have is the estimation of Z
from the measurementsfyg/_, . This is done by minimizing the energy function

X X X

o

, .. g 02
AR (2)= wk; [i;jit ] DpRIYZ | Ri'jj Yt o (22)
Once found, we use the found to estimate X by minimizing
"Br(X)=kZ | HX K3+ TV (X): (23)

The second part is a classic simple deblurring problem. Thisis of course an under-
determined problem (sinceH is usually singular), and needs regularization. We will not
discuss how to solve it here, see [39, 40, 41, 42, 43, 44] for ackground view of this “eld,
along with several state-of-the-art deblurring methods.

The idea of breaking the super-resolution task into two parts{ fusing the inputs and
then deblurring { has been suggested previously in [13, 18, ® 21]. In the case of pure
translational motion, and when both problems are treated asmaximum-likelihood (which is
not done here), such a separation is equivalent to the joint slution. It is important to note
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that in the derivation proposed above, the separation is notoptimal, and leads to inferior
results. However, the separation allows for a much simpler lgorithm (both conceptually and
implementation-wise), so the sub-optimality is the price to be paid for this simplicity.

The fusion stage in Equation (22) seems to lack regularizatin, and as such, one may
guestion its stability. Stability is gained through the wei ghts { those should be computed in
such a way that ensures that every pixel has at least a few \qubty" (assigned a meaningful
weight) destinations. Furthermore, by also assigning a norezero weight to the original value
of the pixel, further stability is obtained, guaranteeing t hat in case no appropriate patches are
found, the result will default to the initial estimate.

We shall leave the deblurring aside, and focus hereafter orhe fusion of the measurements.
This will allow us to simplify the description of the algorit hm. The next step is deriving the
penalty function in Equation (21) with respect to Z, and nding the zero intersection:

“h@_, X X X

- Cri ¢
- wlk; ;i j;t ] DpRE  DpRIYZ i Rijyr =0:(24)

This leads to the solution
2 3.,
X X X i Crj ¢
2 = § wlki it 1 DpRE, T DR, S (25)
X X X - ¢r
¢ wk;l;isjt 1 DpREy Ry i

which can be further simpli ed, by de ning

X X
wlk; 1] = wik; it 1; (26)
2T (i )2N" (ki)
leading to
2 y 3,1
i Crj ¢
2 = 47 wkl]'D,RY, " 'DyRE, 5 @7
(k;)2- 5 0 13
X Cr X X .
o DpRI @ wlk; i it R ytgg:
(k;2- t2[1;:5T] (i5 )2 N (k)

The right term that involves the measurementsfygl., performs a series of simple operations
that include: (i) Extraction of patches from the measuremerts; (ii) Zero-padding interpolation
of these patches (done byDg); (i) An accumulation of the resulting patch with a proper
weight at the destination location.
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Following the same rationale as the one practiced for Equatin (9), the matrix to be
inverted in the above expression is a diagonal one,and poswe semi-de nite, normalizing the
accumulation in each pixel. The term DR, ! DpRY!, extracts a patch from location
(k; 1), scales it down and then up again by zero padding, and nally pts it back into the same
original location. Thus, this is a diagonal matrix with 1-es for the pixels surviving this path,
and zeros elsewhere. The matrix to be inverted is a weightedusn of such diagonal matrices,
and thus it is diagonal as well. If every pixel ;|) gets some accumulation, this matrix is
strictly positive de nite, and its inversion is permitted.

4.2 A Simpli ed Numerical Algorithm

We again follow the path of Section 3, and propose a special ansimpli ed case where the
patch extraction operator R};j extracts only one pixel. This means thatRE';I extracts a patch
of sizes £ s pixels, to become one pixel after the decimation operatiorD 4. This simpli es
the penalty function in Equation (22), since DRI, Z = Z[k;1] and R{; yr = yi[i;j ], leading
to

- A X X X L. s N2
sr(Z2) = wiki it T(ZIK i yelii D™ (28)
(k;)2- t2[1;:::;T](i;j )2NL(k;I)

This functional is separable, handling every pixel in the taget image Z separately. This
implies that an independent penalty can be written for every destination pixel,

N X X - ii )2
B (Z[K:1]) = wiki it 12T yelis D2 (29)
201571 (5 )2N" (k)

leading to a closed-form solution
P P . . ge ge HE
tgl;:ZZ;T] (B)ZNL(k;l)W[k’I’I’J’t ]Yt[l,J ]

2[k;1] = wik; izt ]

(30)

t2[L:5T] (i )2N' (ki)
In order for this solution to exist, it is enough that for each pixel (k;I) there exists at least
one none-zero weightwik; I;i;j;t ].

Notice that the above formula looks exactly the same as the oa used for video denoising,
posed in Equation (19). Are the two equivalent? The answer isegative, due to two important
reasons. First, there is a gap between the denitions of the nighborhoodsN(k; I) and N\ (k; 1).
Whereas for the video denoising this neighborhood is de nedisiply as the set of all neighbors
for the central location (k; |), the neighborhood referred to in Equation (30) considersacations
(i;] ) that after scaling up by s are neighbors of k;1).

“Note that this change of patch-sizes applies only to the penalty term it self, and does not e®ect the patch
size for the weights computation.
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The second di®erence between (19) and (30) refers to the wetgho be used. As described
earlier, we want the weight wik; I;i;]; t ] to re°ect the probability that the pixel Z[k;I] and the
pixel y[i;j ] originated from the same place. This computation will be baed on the similarity
of the area around both pixels, in the same manner the weightgor the NLM are computed
(since they serve a similar purpose), as described in Equath (3). The function f that takes
into account the geometric distance between the patches ise$ to be constant, thereby giving
no preference to nearby patches over distant ones. This ales more robustness to various
motion patterns, including patterns that contain large motions. However, in some cases, it
may be bene cial to assign higher weights to patches closer teporally or geometrically.

However, for matching these two areas, we need to address tliact that the neighborhoods
around the pixels in Z and in y; are not of the same scale. We can address this in one of
two ways: (i) Down-sample the neighborhood in the high-resoltion image and bring it down
to the low resolution grid; or (i) Up-sample the low-resolution neighborhood to match the
high-resolution one. In our tests we have found that these twaoptions perform similarly well,
with a small advantage to the second (and more complex) one.

As in the denoising case, the computation of the weights reques the use of the unknown
Z. Instead, the weights are computed by using an estimated vesion of Z being a scaled-
up version of the reference frame we aim to super-resolve. Téiscale-up is done using a
conventional image interpolation algorithm such as biliner, bicubic or the Lanczos method
[45, 46].

The interpolated images are only crude estimates of the demed outcome, and therefore
the weights computed by relying on these estimates are alsamsewhat crude. Since after one
iteration of the algorithm we obtain a better estimate, it is possible to use these new estimates
for re-computing the weights, and computing a better still egsimate of the desired outcome.
This process may be iterated several times, although in ourisulations we use only two such
iterations (i.e. one iteration that relies on the interpolated frames for computing the weights,
and a second iteration that relies on the results of the rst iteration). This means that all
frames are rst processed using the interpolated frames fortte weights computation, and only
then is the second iteration applied. If throughput constraints do not allow this, it is possible
to compute the weights in the second iteration while still usng the interpolated versions of
all frames, and a new estimate is only used for the currently ppcessed frame. This requires

some minor modi cations to the weights computation.

4.3 The Proposed Algorithms { A Summary

We now summarize the two algorithms previously described. Kst, we describe in Tables
1 and 2 the general super-resolution algorithms that were dexoped in this section. The
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simpler version that uses low-resolution patches of one pixas obtained by using the proper

assignments forR}!, and R{; (while not changing R).

Objective: Estimate ﬁto { a super-resolved image at timetg.

Inputs: 2y, - input set of low resolution and noisy images.
2 s - the desired scaling factor (any integer).
2 (- the size of the low resolution patch R":).
2 p - size of the high resolution patch R"): p=s(qj 1)+ 1.
2 fY.gl; - Aninitial estimate of the super-resolved sequence.

Initialization:
2 SetZtO = Yto-
2 SetV and W to be zero images of the same size a5, .
Fusion: For each ;1) 2 - and each (i;j;t ) such that (si;sj;t) 2 N(k;I;tg)
1. Compute Weights wlk; |;i;j;t 1= expfik RiiZt, i Rsis Y 1k3=2%4g.
2. Accumulate Inputs:
2 Extract the low-resolution patch Rh— Vi,
2 upscale it by zero- Tling,
2 accumulate it in its proper location
i ion O CToL
V=V +wlklijit] Ry DpRj e

3. Accumulate Weights For each patch accumulated above, apply the following
update of the weight image

i ¢
W+ = wk; l;i;j; t ]IREn T DR 1:
Normalization:  SetZ[k;1] = V [K; I]=W [k;I].
Deblurring:  Minimize

"B (X)=KkZy, i HX K+ TV (X) wrt: X;

and set the result to be X, .

Result: The output is Xy, .

Table 1: Summary of the core of the super resolution algorithm - processing one image ugj a given
initial estimate for the super-resolved sequence.

The complexity of these two algorithms is essentially the sene as that of their NLM
counterparts, with the addition of a deblurring process, which can be considered negligible.
The core of the algorithm, which also requires most of the computations, is computing the
weights. Considering a nhominal case with a search area of E.31 low-resolution pixels in the
spatial domain, and 15 images in each in the temporal axis, wlave % 14; 000 pixels in this
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n or
Objective: Estimate X . { the super-resolved sequence.

Inputs: 2 f ytgthl - input set of low resolution and noisy images;
2 s - the desired scaling factor (any integer).

Preprocessing: Compute fYtgthl { a Lanczos interpolation of the input sequence.

Iterating:  Perform the following steps per each iteration

1. Super-resolve each image using the algorithnm oclﬂlined in Table 1, obtaining a
new estimate for the super-resolved sequenceX L
n or
2. Update current estimation fYtgtT:l = R L and use as initial estimate for the
following iteration.

n or
Result: The outputis X
1

Table 2: Summary of the entire super resolution algorithm - used for resolving all theframes in the
sequence.

spatio-temporal window. For each pixel in the search area, tle block di®erence is computed,
with a block size of 13£ 13 (high-res.) pixels. Thus, there is a total of almost 2400, 000

operations per pixel. This amount is of course very large, ad must be reduced in order to

make the algorithm practical. We will now describe a few spedup methods for the proposed
algorithm. Several of the methods to speedup the NLM algoribm were suggested originally
in [47], and were adopted in our simulations:

1. Computing the weights can be done using block di®erences the low-resolution images,

instead of on the interpolated images. This saves a factor o¥s 2.

2. Computing fast estimations for the similarity between blocks, such as the di®erence be-
tween the average grey level or the average direction of thergdient, can eliminate many
non-probable destinations from further processing. Such armapproach was suggested in
[47], and was found to be very e®ective for the original NLM algrithm.

3. If the patch used to compute the weights is rectangular wih equal weights to all pixels,
the computation of the weight can be sped up dramatically. Usng the Integral Image
rxy) = 5 jy:1 I (i;j ), the block di®erence can be computed using a small
constant number of calculations per pixel, regardless of lmick size. Using such a patch
structure has only a slight e®ect on the quality of the outputs[48].
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4. A coarse-to- ne approach reduces the e®ective search area feaich pixel, thus reducing
the number of required calculations.

5. The search area can be adapted to the temporal distance, nkang it small for nearby
images and growing for images further away, also reducing #ntotal e®ective search area.

6. Since weights are symmetrical, half the calculations caibe saved, by applying computed
weights to both participating patches.

7. Since most of the algorithm is local in nature, it lends itelf easily to parallelization.
As 4 and 8 processor con gurations are currently widely ava#ble, this can be used for
speeding up the algorithm by about one order of magnitude.

These suggested speedup methods can reduce the complexity &t least 3 4 orders of mag-
nitude without a noticeable drop in the quality of the output s. This makes the proposed
algorithm practical. As for the memory requirement, the proposed algorithm uses approxi-
mately as much memory as required to hold the entire processkesequence in the high resolution
scale. This is usually not a limitation.

5 Experimental Results
5.1 Experiments

In this section we validate the potential of the proposed algrithm (we use the simpler ver-
sion discussed in Section 4.2) by presenting the obtained sailts of processing several image
sequences. We start with one synthetic (text) sequence withglobal motion that comes to
demonstrate the conceptual super-resolution capabilitiesof the proposed algorithms. Then
we turn to three real sequences with a general motion pattern As there are no published
methods that perform super resolution on such general sequees, the comparison we pro-
vide is to a single image up-sampling using the Lanczos algdhim [45, 46], that e®ectively
approximates the Sinc interpolation.

The Lanczos interpolation also serves as a benchmark for theynthetic case, even though
super resolution algorithms that rely on global motion estimation can process this speci c
sequence quite successfully. This is because the benchmddk the proposed algorithm should
also be able to handle all sequences, and not limited to the gbal motion case.

All the tests in this section are prepared in the following manner: An input sequence is
blurred using a 3£ 3 uniform mask, decimated by a factor of 1 : 3 (in each axis), ad then
contaminated by an additive noise with std = 2. All images are in the input range [0; 255].
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The rst test is a very simple synthetic test, that motion-esti mated-based super-resolution
algorithms are expected to resolve well, intended to show tht the proposed algorithm indeed
achieves super resolution. A text image is used to generate 8-image input sequence, by
applying integer displacements prior to blurring, decimation and the addition of noise. The
displacements are chosen so that the entire decimation spads covered (i.e.dx = f0; 1; 2g and
dy = f0;1;2g). The result for this test is shown in Figure 6, including a canparison to the
results obtained by the regularized shift-and-add algorithm [18, 20], which is a conventional
motion-estimation-based super-algorithm resolution. The bbck size used for computing the
weights (R) was set to 31£ 31, since the motion in the sequence is limited to displacenms,
and a larger block allows capturing the true displacement b#er (for true sequences, this size
will be greatly reduces, as explained later). The value of4that moderates the weights was
set to 7.5 (due to the large di®erences between white and black values ithe scene). Two
iterations were ran on the entire sequence, the rst iteration used for computing the weights
for the second iteration.

We also ran a similar test, displaying the behavior of the prgposed algorithm and shift-
and-add approach when one of the images from the set is omittedThe results for this test
are displayed in Figure (7).

Even though the proposed algorithm does not exploit the factthe motion in the sequence
is only global translation, it still achieves good results. The text is almost completely readable
in the result of the proposed algorithm. This shows that sub-pxel details (relative to the
low resolution grid) are indeed recovered by the proposed gbrithm. In terms of Peak-Signal
to Noise Ratio (PSNR)®, a 3 : 1 pixel-replication in each axis leads to 13}7dB, the Lanczos
interpolation gives 13:84dB, a deblurred Lanczos interpolation gives 13®dB, the regularized
shift-and-add gives 184dB, and the proposed algorithm gives 1818dB, slightly out-performing
the classic approach. For the test with one image omitted, tke shift-and-add gives 1816dB,
while the proposed algorithm slightly under-performs with a result of 17:7dB. The similarity
in performance between the shift-and-add approach and the prnposed approach attests to the
power of the proposed method, as even though it does not relyigectly on the global motion
assumption, it achieves similar results to a successful mbbd that does.

It is obvious that while the PSNR measures of the shift-and-addapproach and the proposed
algorithm are similar, the results of the shift-and-add are visually more pleasing. This is to be
expected, since this approach is able to fully bene t from theglobal motion assumption, while
the proposed algorithm does not. This is due to the proposed lgorithm trading o® quality
for increased robustness to general motion patterns (whichthe shift-and-add approach can't

3

*Dened as 20log;, p% , where MSE is the mean-squared-error obtained per pixel.
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The state of the art movie restoration methods like AWA, LMMSE
either estimate motion and filter out the trajectories, or compensate the
motion by an optical flow estimate and then filter out the compensated
movie. Now, the motion estimation problem is fundamentally ill-posed.
This fact is known as the aperture probiem: trajectories are ambiguous
since they could coincide with any promenade in the space-time isophote
surface. In this paper, we try to show that, for denoising, the aperture
problem can be taken advantage of. Indeed, by the aperture problem,
many pixels in the neighboring frames are similar to the current pixel
one wishes to denoise. Thus, denoising by an averaging process can use
many more pixels than just the ones on a single trajectory. This obser-
vation leads to use for movies a recently introduced denoising method,
the NL-means algorithm. This static 313 algorithm outperforms motion
compensated algorithms, as it does not lose movie details. It involves the
whole movie isophote, including the current frame, and not just a trajec-
tory. Experimental evidence will be given that it also improves the \dirt
and sparkle" detection algorithms
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The state of the art movie restoration methods llke AWA, LMMSE
gither estimate motion and filter out the trajectories, or compensate the
motion by an optical flow estimate and then filter out the compensated
movie. Now, the motlon estimation problem is fundamentally [1l-posed.
‘This fact is known as the aperinre problem: trajectories are ambiguous
since they could coincide with any promenade in the space-time isophote
surface. In this paper, we try to show that, for denoising, the aperture
problem can be taken advantage of. Indeed, by the aperture problem,
many plxels in the neighboring frames are similar to the current pixel
one wishes to denoise. Thus, denoising by an averaging process can use
many more pixels than just the ones on a single trajectory. This obser-
vation leads to use for movies a recently introduced denoising method,
the NL-means algorithm. This static 3D slgorithm oulperforms motion
compensated algorithms, as it does not lose movie details, It involves the
whole movie Isophote, including the current frame, and not just atrajec-
tory. Experimental evidence will be given that it also improves the \dirt
and sparkle" detection algorithms
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The state of the art movie restoration methods like AWA, LMMSE
either estimate motion and filter out the trajectories, or compensate the
motion by an optical flow estimate and then filter out the compensated
maovie. Now, the motion estimation problem Is fundamentally ill-posed.
This fact is known as the aperfure problem: trajectories are ambiguous
since they could coincide with any promenade in the space-time isophote
surface. In this paper, we try to show that, for denoising, the aperture
problem can be taken advantage of. Indeed, by the aperture problem,
many pixels in the neighboring frames are similar to the current pixel
one wishes to denoise. Thus, denoising by an averaging process can use
many more pixels than just the ones on a single trajectory. This obser-
vation leads to use for movies a recently introduced denoising method,
the NL-means algorithm. This static 3D algorithm outperforms motion
compensated algorithms, as it does not lose movie details. It involves the
whole movie isophote, including the current frame, and not just a trajec-
tory. Experimental evidence will be given that it also improves the \dirt
and sparkle" detection algorithms

(f)

Figure 6: Results for the synthetic text sequence. (a) Orignal (ground-truth) image. (b)
Pixel replicated image, 1347dB. (c) Lanczos interpolation, 1384dB. (d) Deblurred Lanczos
interpolation, 13:9dB. (e) Result of shift-and-add algorithm [18, 20], 184dB. (f) Result of
proposed algorithm, 1848dB.
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The state of the art movie restoration methods like AWA, LMMSE
either estimate motion and filter out the trajectories, or compensate the
motion by an opiical flow estimate and then filter out the compensated
movie. Now, the motion estimation problem is fundamentally ill-posed.
This fact is known as the aperiire probiem: trajectories are ambiguous
since they could coincide with any promenade in the space-time isophote
surface. In this paper, we try to show that, for denoising, the sperture
problem can be taken advantage of. Indeed, by the aperture problem,
many pixels in the neighboring frames are similar to the current pixel
one wishes to denoise. Thus, denoising by an averaging process can use
many more pixels than just the ones on a single trajectory. This obser-
vation leads Lo use for movies a recently introduced denoising method,
the NL-means algorithm. This static 3D algorithm outperforms motion
campensated algarithms, as it does not lose movie details. It involves the
whole movie isophote, including the current frame, and not just a trajec-
tory. Experimental evidence will be given that it also improves the \dirt
and sparkle" detection algorithms

The state of the art movie restoration methods like AWA, LADMSE
either estimate motion and filter out the trajectories, or compensate the
motion by an optical flow estimate and then filter out the compensated
maovie. Now, the motion estimation problem is fundamentally ill-posed.
This fact is known as the apersure probiem: trajeciories are ambiguaous
since they could coincide with eny promenade in the space-time isophate
surface, In this paper, we try to show that, for denoising, the aperture
problem can be taken advantage of. Indeed, by the aperture problem,
many pixels in the neighboring frames are similar to the current pixel
one wishes to denoise. Thus, denoising by an averaging process can use
many more pixels than just the ones on a single trajectory. This obser-
vation leads to use for movies a recently introduced denoising method,
the NL-means algorithm. This static 3D algorithm cutperforms motion
compensated algarithms, as it does not lase mavie details. It involves the
whole movie isophote, Including the current frame, and not just atrajec-
tory. Experimental evidence will be given that it also improves the \dirt
and sparkle" detection algarithms

Figure 7: Results for the synthetic text sequence, with onemage missing. Left: Result of
shift-and-add algorithm [18, 20], 1816dB. Right: Result of proposed algorithm, 177dB.

cope with).

When observing the resulting images of the proposed algottitm, they seem somewhat over-
sharpened. In fact, applying less deblurring iterations reults in a more visually pleasing result,
however, the objective PSNR measure yields a lower value faihese images. It seems like a
stronger deblurring mechanism, applied to the results of tle fusion stage, can generate results
that are both visually pleasing and relatively accurate remnstructions. Since the novelty of
this paper lies in the fusion stage, we have not experimenteavith other such mechanisms.

We now turn to test the proposed algorithm on real sequences;ontaining general motion
patterns, which represent the actual problem the proposed korithm is designed to tackle.
The 3 sequences we test on are usually used for testing comgsgon algorithms, referred to as
"Miss America" , "Foreman" , and "Suzie". The super-resoluti on results for these sequences
(scaling up by a factor of 3 to 1 in each axis) are shown in Figues 8, 9, and 10 respectively.
All of these sequences (original, low-quality, Lanczos intgpolation and processed sequences)
appear in the rst author's website, at http: nnwww.cs.technion.ac.ihn~-matanprnNLM-SR.

Each result shows several (3rd, 8th, 13th, 18th, 23th, and tke 28th) frames from each
sequence (each row represents one frame). For each framegtimput low resolution image, the
ground truth image, the result of the Lanczos interpolation, and the result of the proposed
algorithm are presented from left to right. It is very evident that the results of the proposed
algorithm are dramatically better when compared to the Lanczos interpolation - the output
is sharper, contains more details, and is more visually plesing. It is important to note, that
we display the results of the Lanczos interpolation without any post-deblurring. Applying
deblurring to the Lanczos interpolation results in a slightly sharper image, but one that also
contains unwanted artifacts (as can be seen in Figure 6 (c) ah (d)) and the PSNR measures
are also equivalent.

In processing all of these sequences, all 30 frames partieifed in the reconstruction of each
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image. The similarity block size used for computing the weitits (R) was 13£ 13, and did not

vary between the di®erent tests. The search area (i.e. the smzof the neighborhoodN ) was

determined manually, in order to reduce computation time®: a search area of 18 13 pixels in

each image for the \Miss America" sequence, 2£ 21 for the \Foreman" sequence, and 3£ 31

for the \Suzie" sequence. The parameter¥awas set to 22 for all sequences. Two iterations
were again used, where the rst provides the updated weightsdr the second iteration. Just
to put things into perspective, we add that the entire simulation is done on Matlab, running

on a regular Pentium 3GHz (2GB RAM) machine, requiring approximately 20 seconds per
frame for the most demanding case { the \Suzie" sequence witthigh-resolution frame size of
210£ 250 pixels.

Table 3 presents the mean PSNR for each of the three test sequees, evaluating the quality
of the pixel-replicated scaled-up sequence, the Lanczos im@olation, and the results we obtain
after the rst and the second iterations of the proposed algoithm. While the super-resolution
results show higher PSNR, we see that (i) the PSNR gain is mildand does not re°ect the
visual quality of the sequences obtained; and (ii) Even thogh the rst iteration result is
typically inferior in visual quality, its PSNR assessment tends to be higher.

Beyond the usual and common complaint on the inability of PSNR to grasp image quality
in general, it seems that our algorithm in particular is very sensitive to this measure. One
possible reason for this could be the fact that in avoiding eplicit motion estimation, the
result we obtain is slightly shifted (or warped) with resped to the reference it aims to recover.
This, of-course, leads to disastrous drop in PSNR. Another rason that may account for such
behavior is the over-sharpening that the deblurring stage itroduces. We intend to further
explore this matter in our future work, as we hope to provide visually pleasing results that
are also backed up by good PSNR behavior.

Pixel Lanczos Deblurred Lancozs Our Result Our Result
Sequence Replication Interpolation Interpolation (1st Iteration) (2nd iteration)
Miss-America 31.43 34.08 34.26 35.91 34.97
Foreman 28.99 31.25 31.13 34.27 33.13
Suzie 30.02 314 31.59 33.74 33.32

Table 3: Mean-PSNR results for the three test sequences. Thigables gives the PSNR for
the pixel-replicated sequences, the Lanczos interpolatiarthe Lanczos interpolation with con-
sequent deblurring, and the results of the proposed algorim (‘rst and second iteration).

5Applying a bigger search area results in an only slightly di®erent sup er-resolution outcome.
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Figure 8: Results for the 3rd, 8th, 13th, 18th, 23th, and the 28th frames from the "Miss America" se-
guence. From left to right: low resolution image; original image (ground tuth); Lanczos interpolation;
result of the proposed algorithm.



Figure 9: Results for the 3rd, 8th, 13th, 18th, 23th, and the 28th frames from the "Foreman" sequence.
From left to right: low resolution image; original image (ground trut h); Lanczos interpolation; result
of the proposed algorithm.
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Figure 10: Results for the 3rd, 8th, 13th, 18th, 23th, and the 28th frames from the "Suzie" quence.
From left to right: low resolution image; original image (ground trut h); Lanczos interpolation; result
of the proposed algorithm.
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5.2 Discussion

The results obtained are very encouraging, being artifactdfiee and of high quality. Still, we

believe that these results could be further improved and extnded in various ways. The
manual selection of the various parameters could be repladeby an adaptive setting of their

values. One speci ¢ parameter of importance is the "Ttering paameter ¥; e®ecting the weights
computation. Selecting this parameter in a locally adaptive way seems like a natural step to
take, allowing the algorithm to adapt better to both small and large details.

Similarly, an adaptive selection of the window size (both fa the weights computation and
in the algorithm itself), as done in [28, 29], can improve thealgorithm's performance. A large
block can help estimate the motion more accurately. A small bock can better adapt to general
and varying motion. Adaptively selecting the window size, & in [28], is expected to deliver
much better results than just settling for a global tradeo®.

A similar, yet somewhat di®erent concept, is a better controlover the search area. While
the estimated motion pattern is fuzzy, reducing the number d candidate locations can help
reduce complexity and improve the results. Relying on someaarse optical °ow computation as
a preceding step for the fuzzy motion estimation can bring tlese improvements. An alternative
is computing a coarse fuzzy motion pattern in a coarser scajeand proceeding to search in the
actual scale only around the likely coarse destination.

A somewhat di®erent direction for further research is adoptig the fuzzy motion concept
in other approaches to the super resolution problem. In the ideo denoising eld, the very
successful NLM was followed by even more successful contutions using fuzzy motion, such
as the SW3D [29] and the method relying on sparse and redundamepresentations [30]. We
believe that these approaches, and others, can also serve the basis for more successful super
resolution algorithms that do not rely on explicit motion estimation.

6 Summary

This paper introduced a novel and successful super resolutn algorithm, which does not rely
on explicit motion estimation. Instead, a local and patch-based approach is combined with
fuzzy motion estimation. This allows the algorithm to handle diverse motion elds, instead of
the common global motion limitation that characterizes traditional super-resolution methods.

The algorithm developed here is an extension of the very suessful video denoising Non-
Local-Means algorithm, reported in [31]. Its ability to denoise image sequences without explicit
motion estimation, which was previously considered neceasy in this eld, led us to start our
search for an explicit-motion-estimation-free super resolubn algorithm there.

By analyzing the forces existing in the NLM algorithm, we were able to write an energy
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function, whose minimization leads to a powerful denoisingalgorithm, of which the NLM is
a special case. Then, we extended this energy function to theuper resolution problem, by
making the necessary changes. Starting from this energy mimization, we developed a simple
yet very e®ective super resolution algorithm.

Finally, we have processed some real sequences that contaiomplex motion patterns with
the proposed algorithm. The obtained results are artifact fee and of high quality, thus proving
the ability of the proposed method to handle general sequeras. Lastly, we have made several
suggestions as to directions for further research.

Appendix A { Proofs

Theorem 1 Assuming that
1. (i;j ) 2 N(k; 1) implies (k;1) 2 N(i;j ), and
2. wlk; i) T= wlisj ki1 ],

the following two equalities hold true:

X X X
wlk; 1;i;j IR Rigx = wlk; i} IR Rij x: (A-1)
(kD2- (i;j)2N(k1) (kND2- (i;j )2N(k;1)
and
X X X X
wlk; 136 IR Rigx - = wlk; i) IRERij X (A-2)
(kD2- (i )2N(Kk;h (kD2- (i;j)2N(Kk;)

Proof: We start with Equation (A-1). Both sides of this equation describe processes where
image patches are piled with proper weights. Consider an aiitrary location ( m;n) in the
resulting image, and lets see which patches are accumulatest this point as a center one.
Recall that the operator RI;I assigns a patch to location k;I).

Looking at the Left-Hand-Side (LHS), the only patch to be positioned in location (m;n)
(i,e, to be multiplied by RL;n) is Rm:n X, but this is done several times, accumulating a total
weight of (i )zN(m;n)w[m;n;i;j ]

The Right-Hand-Side (RHS) performs a slightly more involved accumulation. Among all
(k; 1) pixels in the image, only those that are neighbors to (n;n) are relevant, and each of
those contributes one patch of the formR .n x with a weight wlk;l;m;n]. Thus, again we
obtain that only one patch is used, but accumulated several imes. The total weight of this
accumulation is given by 1)2N(m:n) w[k;l;m;n]. Due to the symmetry of the weights, we
have that

X X
wlk;l;m;n] = w[m; n; k;1]; (A-3)

(k;H2N(m;n) (k;H2N(m;n)
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which is the same as the LHS accumulated weight.

Turning to the equality in Equation (A-2), we adopt a similar a nalysis. Starting this time
with the RHS, the overall patches to be accumulated in locaton (m; n) (i.e., those multiplied
by R.n) are given by

X
wlm;n;i;j IR x:
(i)2N(min)

In the LHS, only pixels (k;I) that have (m;n) in their neighborhood are relevant in the
outer summation. For those, only one neighbor, the (n;n) one, is relevant, as this is the
only one multiplied by le, and thus positioned in the location we consider. Thus, the

accumulation in this case becomes

X
wlk; I, min R x; (A-4)
(k;)22 N(m;n)
and due to the symmetry of the weights, this is the same as the RS term. o

P _
Theorem 2 The matrix A = | ¢+ |, 5. W[k;I]RL,Rk” is diagonal and positive de nite.

Proof: Consider rst the term RI;,RH for an arbitrary ( k;1) position. This matrix is positive
semi-de nite by de nition, due to the multiplication of a matri x by its adjoint. Furthermore,
as an operator that manipulates an image, the multiplication by Ry, extracts a patch from
location (k;1). The later multiplication by RI;I creates a zero- lled image, with the same
patch returned to the (k;1) location. Thus, this matrix is a diagonal matrix, with ones on the
main diagonal for pixels belonging to the patch, and zeros skewhere.

We assume that the weightswik;l;i;j ], and thus alsow{k; 1], are non-negative by their
de nition, and thus the matrix ~ ,,. W[k; IR, R is a non-negative weighted average of
positive semi-de nite and diagonal matrix. Thus, the result is also diagonal and semi-de nite.
The addition of , ¢l preserves the diagonal structure, and lifts the smallest gjenvalue of the
overall matrix to , > 0, thus leading to a strictly positive-de nite matrix, as clai med. o
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