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Abstract

We considerhere the problemof image classi cation whenmore

thanonevisualfeatuee are available In thesecasesBayesfusion
offers an attractive solution by combiningthe resultsof different
classi ers (oneclassi er perfeatue). Thisis ageneal formofthe
so-called‘naive Bayes”appmoad. Analyzingthe performanceof

Bayesfusionwith respectto a Bayesianclassi er over the joint

featuee distribution, however, is tricky. Ontheonehand,it is well-

knownthat the latter haslower bias than the former unlessthe
featuesare conditionallyindependentin which casethe two co-

incide Ontheotherhand,asnotedby Friedman thelow variance
associateavith naiveBayesestimatiormaydramaticallymitigate
the effectof its bias. In this paper we attemptto assesshetrade-
off betweenthesetwo factors by meansof experimentaltestson

two image data setsusingcolor and texture featuees. Our results
suggestthat (1) the differencebetweerthe correct classi cation
ratesusingBayesfusionandusingthejoint featuse distributionis

afunctionoftheconditionaldependencef thefeatues(measued
in termsof mutualinformation), however: (2) for smalltraining

datasize Bayedusionperformsalmostaswell astheclassi er on

thejoint distribution.

1. Intr oduction

Classifyinga scenanto a numberof known objectsor sur
facematerialsis one of the mostimportanttasksin com-
putervision. We considerhere pixel-level classi cation:
a setof local features(suchascolor, texture, velocity) are
availablefor eachpixel. Ourwork dealswith the statistical
fusionof suchfeaturesto obtaina classi cationwhich is
hopefullymorereliablethanby usingjust onefeature.

In principle, one may simply createa superfeatureas
the juxtapositionof all the availablefeaturevectors. How-
ever, in mary practicalcasesonemay preferto analyzethe
differentfeaturesseparatelyandlater fusetogetherthe re-
sultsof the classi cations. One motivationfor this second
approacthis thatit allows oneto usedifferentclassi cation
stratgy for differentfeatures.Eachclassi er may be opti-
mizedfor thecharacteristicef the featureit operate®n.

Combiningclassi ers is the object of intenseresearch
in the machinelearningandin the sensorfusioncommuni-

ties. In this article we considera very simple combination
rule: the multiplicative rule on the posteriorprobabilities

(or Bayesfusion). Whenthe differentfeaturesare single—

dimensional,Bayesfusion of classi ers is usually called

naiveBayesclassi cation. It is well-known thatthe Bayes

fusionof classi ers(or nave Bayesclassi cation)coincides
with Bayesianclassi cation over the “composite” feature

only if theindividualfeaturesareconditionallyindependent
for ary givenclass.

In this work we studythe performanceof Bayesfusion
for a caseof interestin computervision: the classi cation
of imagepixels basedon color andtexture features.Color
and texture give us different (and somavhat complemen-
tary) piecesof information aboutthe characteristicof a
surface.Thecombinationof color andtextureis oftenused
for imageretrieval andremotesensingandhaspotentialfor
applicationin other elds suchasroboticsandbiometrics.

Ourwork wasoriginatedby thequestionof how well (or
badly) Bayesfusion of classi erscompareswith Bayesian
classi cation over the compositefeature. As noted by
Friedman[1], the bias associatedvith the conditionalin-
dependencepproximationmay actually be offset by the
low varianceof estimation.In addition,we wereinterested
in actuallymeasuringhe conditionaldependencéetween
featuresandstudyingits in uence on the classi cationer-
ror rate of Bayesfusion. The resultsof our experiments
over two differentimagedatasetssuggesthat (1) the con-
ditional dependencéas measuredy the mutual informa-
tion betweerfeatures)may have a role in the overall error
rate,andthat (2) whenthe sizeof thetrainingdatais small,
Bayesfusion performsalmostaswell asBayesiarclassi -
cationoverthe compositefeatures.

This paperis organizedas follows. Section2 covers
thetheoryof Bayesfusion, highlightingtherelationshipbe-
tweencorrelationanderrorratein a simple Gaussiarcase,
anddiscussingssuegelatedto the biashariancedilemma.
Section3 describesour experimentalset up and results.
Section4 hastheconclusions.



1.1 Previous Work

Thenaive Bayesclassi er hasbeenstudiedn patternrecog-
nition, machinéearning,sensoffusionandinformationre-
trieval for several decades.As notedby Lewis [5], there
have beenmostly two researchdirectionsin the eld of
naive Bayesin both machinelearningandinformationre-
trieval.

The rst directionattemptsto modify the featuresetso
that the resultingfeaturesare as independengs possible.
Typicalwork includeg4], whichusesagreedyalgorithmto
selecta subsebf featuresthat are only weakly correlated.
N. Friedman[6] proposedanalgorithmsthatallows adding
edgesto a Bayesnetwork to approximatethe correlation
betweerfeatures.

Thesecondesearchlirectionfocuseonexplainingwhy
Naive Bayesclassi ers work well even when the condi-
tional independenassumptiondoesnt hold [7, 1, 8]. In
particular J. Friedmanstudiesnaive Bayesclassi ersin the
contet of the biashariancedilemmal9].

Bayesfusionof classi ersin thecontext of computei-
sionhasbeenstudiedby Kittler [10, 11], who experimented
with handwrittencharacterrecognition. Kittler shaved,
both theoreticallyand empirically, that the multiplicative
rule of Bayesfusion is lesssensitve to estimationerrors
thanotherrules.

Finally, notethat naive Bayesand Bayesfusion system
areinstance®f Multiple Classi er Systemswhich havere-
ceived a good deal of attentionrecently (seefor example
[12]).

2. BayesFusion- Theory

This sectioncovers someimportanttheoreticalaspectsof
Bayesfusion. In Section2.1 we assumethat the statis-
tical quantitiesof interest(densityfunctionsand posterior
distributions)areknown, andstudythe performanceof the
Bayesfusionalgorithmin suchanidealcase.In Section2.2
we will considerthe morerealisticcaseof estimationfrom
nite—size samplesandlook at Bayesfusionin the context
of the biashariancedilemma.

Throughouthiswork, f will indicateagenerideatureto
beclassi ed. We will assumehata featureis generatedy
oneclassin apre—determinedetof classesTheprobability
densityfunctionof f is indicatedby p(f ), while p(f jy) =
p(f; y)=P(y) is the conditionallikelihood of f given the
classy (P (y) beingthe prior probability of classy), and
P (yjf) = p(f;y)=p(f ) is theposteriorprobability of class
y giventhatthefeaturef wasobsenred.

2.1 Conditional Independenceand Err or Rate

The error rate of a classi er over two classesy = 0 and
y=1is
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P(E) = p(f;0)d (1)
wherel ¢ andits complement| ; aretheassignmentegions
(i.e., featuref is assignedo classO if f 2 1y, to classl
otherwise).The Bayesiarclassi er de nesregion| ¢ by

lo=ff :p(f;0)> p(f;1)g )

If f = (fq1;f>), theBayesfusionof classi ersusesthefol-
lowing assignmentule:

pa(f1; Dpa(f2; 1)

_ CPu(f1;0)p2(f 2; 0)
o= 1 P(1)

P(0)

(3)

wherep;(f1;y) is the maminal density Ri p(f;y)d, .
Note that (3) correspondgo assigningfeaturef to class
y=0if P1(0J'fé)gz(oif2) > Pl(lifé)i’z(ljfz)_ If f, andf, are
single—dimensionalthen Bayesfusion coincideswith the
naive Bayesclassi er. For the sale of simplicity, we will
assumehatthisis the casethroughouthis section.

It is well known thatif the conditionaldensitiesp(f jO)
andp(f j1) areseparabld,e. if p(f jy) = p1(f1jy)p2(f2iy),
thenthe naive Bayesclassi er coincideswith the regular
Bayesianclassi er. This situationis called of conditional
independencdecausé meanghatthe1-D featured ; and
f, arestatisticallyindependentor ary givenclass.

The conditionalindependencassumptionyhile not as
strongastotalindependencés probablyunrealistidn most
casesof interest. However, even when featuresare not
conditionallyindependentnaive Bayesclassi cation does
not necessarilyyield catastrophiaesults. Approximating
p(f ji) with p1(f 1ji)p2(f 2ji) leadsto choosingsub—optimal
assignmentegions. The featuresf that contribute to the
increasedclassi cation error rate are thosein the regions
o\ I andl*1\ 1. Indeedjf Pyg (E) andPg (E) arethe
errorratesof the naive Bayesandof the Bayesiarclassi er
respectiely, their (non—ngative)differences

P(E) = Pns(E)
Z Z

. (p(f;1) p(f;0))d + ) (p(f;0) p(f;1)d

If the classpriors areidentical,then one cansimplify the

formulaabore as
Z

P(E) =

Ps (E) 4)

j2P(1jf)
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Thus, the conditional independenceassumptionleadsto
substantiallyhighererrorrateonly if thedensityp(f ) places
substantiamassin (‘o \ 11) [ (M \ 1) andthe posterior
probabilitiesarefarfrom 0.5in thoseregions.



Intuitively, onemayexpectthat P (E) shouldbehigher
whenf ; andf , aretightly correlated Findingagenerafor-
mularelating P (E) to any particularmeasuref correla-
tion is probablyimpossible However, for simplecasesone
canactually nd analyticalsolutions. For example,in the
Appendixwe describethe caseof p(f ; 0) andp(f ; 1) being
Gaussiardistributionswith the samecovariancebut differ-
entmeansandequalclasspriors. Onecanseethat,all other
conditionsbeingthesame, P (E) is boundedrom above
by anincreasingfunction of the correlation betweenf ;
andf ;. Thisagreesiicely with ourintuition; unfortunately
it cannotbe generalizedn a simple way to even slightly
morecomplex cases.Still, this resultstrengthensur con-
jecturethatthereshouldbe somerelationshipbetweensta-
tisticaldependencand P(E).

An importantquestionis: Whatis a sensiblemetric for
the“conditionaldependence”th thesimplecasediscussed
in the Appendix, second—ordestatisticswere sufcient to
boundthe errorrate. Thisis not surprising giventhe Gaus-
sianhypothesisof our casestudy In morerealisticcases
one shouldtake into accounttwo main factors. First, the
class—conditionatlensitiesmay be (and usually are) non—
Gaussianand possibly multi-modal. Second,f; andf,
may have differentdimensionality For example,in our ex-
perimentsf ; is athree—dimensionalolor vector andf , is
a eight—dimensionakexture vectot

We proposeo useamoregenerameasuref conditional
independencdyasedn the mutualinformationbetweerf ;
andf,. For agivenclassy, the (conditional)mutualinfor-
mationis

p(fiy)
pP1(f1jy)p2(f2jy) )
wheretheexpectatioris computedvertheconditionalden-
sity p(f jy). Notethatthemutualinformationis well de ned
alsowhenf, andf, arevectorswith differentdimension-
ality. It is well known thatthe mutualinformationis non—
negative (beinga Kullback—Leiblerdistanceandthat

MIl(y) = E log

MI(y) = Hi(y) + Ha(y) H(y) (6)

whereH;(y), H2(y) andH (y) are the class—conditional
differential entropiesof p1(f1jy), p2(f 2jy) andp(f jy) re-

spectvely. Notethattheentrogy of aN —dimensionaGaus-
siandensitywith covariance is

H = 0:5(N + N log(2 ) + logdet )

Thus,for the caseconsideredn the Appendix,we mayre-
latethe mutualinformationto thecorrelation asfollows:

P
()= 1 exp( 2MI(y) @)

For non—Gaussiawmariablesthequantity (y) asde nedin
(7) doesnot usuallycorrespondo the correlationbetween

f1 andf,. Still, we mayuseit asa convenientwayto repre-
sentthe mutualinformation(notethat0 1 while the
mutualinformationis not boundedfrom above). We will
call (y) asin (7) thegenealizedcorrelation betweerntwo
variables(or vectors)f ; andf, givenclassy. In Section
3 we studytherelationshipbetweergeneralizeatorrelation
and P (E) overtwo differentdatasets.

2.2 Biasand Variance

The previous sectionmadea very strongassumptionthat
the conditionallik elihoods(whetherjoint or marginal) are
known. In practice,suchfunctionsareestimatedrom a -
nite sampleT , andtheestimatesrerandonvariableshem-
selves.Suchrandomnesplaysanimportantrolein theper
formanceof the classi er and,accordingto Friedman[1],
may explain why naive Bayesclassi ers performwell in
spiteof their obviousbias.

A powerful characterizatioof the systemperformances
in the caseof smallsamplesizeis thebias/ariancedecom-
positionof the mean—squaredstimationerror [9]. For ex-
ample,assumethat in our two—classcase,f is generated
by classy. We cande ne the squaredestimationerror as
(y Pr(1jf))?, wherethe sufx T representshe train-
ing samplesetusedfor estimatingthe posteriorprobabil-
ity. Averagingover repeatedlyealizedtrainingsamplesT,
oneobtainghefollowing well-knovn decompositiorof the
mean-squareestimatiorerror[9]:

h i
Er (v Pr(f)® =E[jfl+ 8)
h [
Pr(3jf) P(if) *

whereP (1jf) = Er[Pr(1jf)]and =y P(1jf). The
rst termof theright handsideof (8) is theirriducible pre-
diction error, due to the randomnes®f the feature. The
secondermis the squareof the bias “Simple” estimators
suchasnaive Bayesaretypically highly biased. The third
termis the varianceof the estimator andre ects the sen-
sitivity of the estimateto the training sampleT. A typical
exampleof high varianceis “over tting”, which happens
when a system“memorizes”the training dataratherthan
“generalizing”from it.

While equation(8) is ratherintuitive andgeneraljt does
not give us a clearanswerin termsof classi cation rate.
To this purposewe shouldreplacethe squarecostfunction
with the 0—1lossfunction. Severalauthorshave studiedthe
biashariancedilemmafor this case[13, 14, 1]. We refer
to thework of Friedman[1], whichis particularlyintuitive,
andbrie y summarizets mainpointsin thefollowing.

Friedmanshoved that, for a givenfeaturef , generated
by classy, andaveragingoverall traningsampled of same
size,the probability of classi cationerroris

P(E()) = P(y6 9(f)) = 9)

+ P(jf) P@jf) *+ Eq



= P(ys(f) & y)+ P((f) 6 ya (f))j2P(1jf) 1

whereyg (f) is the Bayesiarclassi cationusingthe “real”
posteriordistribution, and §(f ) is the classi cation based
on the limited training dataset. Equation(9) decomposes
the probability of misclassi cation(for a given featuref )
into the sumof two parts:theirriducible errorrateusingan
“ideal” Bayesiarclassi er, anda function of the boundary
error P(¢(f) 6 yg (f)). Theboundaryerroris the equiv-
alentof the sumof squarecbiasandvariancein (8). Fried-
manproposedhefollowing approximatiorto theboundary
error:

bb

P(Y(f) 6 ys(f)) pm

(10)

where ( x) is the Gaussiarcumulative distribution func-
tion, VarP (1jf ) is the varianceof the estimator(corre-
spondingto the last factor of the right—handside of (8)),
andbbis theboundarybias

bf) = signP(1jf) O05)(P(1jf) 05) (11)
If 1o andits complement] 1, arethe assignmentegions
inducedby the posteriordistribution P (1jf ), thenoneeas-
ily seesthat the boundarybias bi{f ) is positve if f 2
(Io\ 1) [ (I1\ 1), negative otherwise.In otherwords,
the sign of bl(f) indicateswhethera classi er basedon
P (1jf ) (the posteriorprobability averagedover all train-
ing sets)givesthe sameanswerasthe Bayesianclassi er,
whichis basedon P (1jf ).

Equation(10) highlightstwo important(and somavhat
counterintuitiveat rst) facts.First,thebias(asde nedin
(8)) doesnot directly affect the errorrate. Indeed the only
dependencen the posteriordistribution P (1jf ) is through
thesignof (P(1jf) 0:5). Secondfor negative bound-
ary bias,the errorratedecreasewith decreasingariance.
However, it the boundarybiasis positive, the errorratein-
creasewith decreasingariance.

Thus, regardlessof the actualestimationbias, a classi-
cation proceduras successfuif the boundarybiasis pre-
dominantlynegative,andthevariances smallenough.This
may explain why highly biasedestimators suchas nave
Bayes,canperformsurprisinglywell in spiteof their high
bias.Indeed Friedmanarguesthat“oversmoothing’proce-
dures(suchasnaive Bayes)have normally negative bound-
ary biases,and thereforethe estimationvarianceis likely
to dominatetheclassi cationperformanceslf thevariance
of the naive Bayesestimatoris small enough,onemay ex-
pectthatits performancese closeto that of the Bayesian
classi er. In the next section,we verify this conjectureem-
pirically, by looking at the performance®f both classi ers
asafunctionof the sizeof thetrainingsetsT .

3. Experiments

Our experimentshad two main purposes: (1) To study
thedependencef P(E) (thatis, thedifferencebetween
the error rate of Bayesfusion of classi ers and Bayesian
classi cation)on the mutualinformationbetweerfeatures,
and:(2) To comparehesensitvity of thetwo classi cation
stratgiesto the sizeof thetrainingdata.

Of course,a numberof practical decisionsneededto
be taken for such experiments,including choosingthe
train/testdatasets,the visualfeaturesthe classi cational-
gorithms,andthe criteriafor testing.All of theseissuesare
discussedh thefollowing.

3.1 Image Data Sets

We have selectedwo differentimagedatasetsfor our ex-
periments.Theseimageswvereextractedfrom the setsused
in [15] for experimentson texture classi cation. Selected
image areaswere hand-labeledand the classi ers were
trained/testednly overthoseareas.

The rst dataset,“Road”, contains18 imagescollected
by aroboticvehiclein outdoorenvironments.For this data
setwe consideredhree classescorrespondingo, “soil”
(classl), “tall vegetation”(class2) , and“grass” (dry or
green-class3).

The seconddataset, “Rock”, containsll imagestaken
at JPLs “Mars Yard”. Theseimagescontaina variety of
differentrocksandsoil types. In [15], six differentclasses
were identi ed for this dataset. However, texture—based
classi cationovertheseclasseperformedathermoorly. In-
steadwe decidedto useonly two classes;sand” (classl)
and“rock” (class2), for whichthecorrectclassi cationrate
usingtextureis moreacceptable.

The original data,togetherwith the label les, is avail-
ableat http://italia.cse.ucsc.edufianduchi/SAV03.

3.2 Visual Features

We consideredwo visualfeatures:color andtexture. This
choice was very attractive for three main reasons. First.
color and texture featuresare co—locatedat each pixel,
which makesthe fusion schemepretty straightforvardand
allowsusto testonaverylargenumberof samplesSecond,
color andtexture complementeachothernicely. The per
ceived color is a function of the surfacere ectivity and of
thespectrunof theilluminant; its brightnesss aafunction
of the joint geometryof the illuminant and of the surface
(andof the obsenerfor non-Lambertiarsurfaces).Texture
is pretty muchindependenbf the spectrumof the illumi-
nant,but is heavily dependenbn the joint geometryof the
surfaceand of the obserer (and, to a lesserextent, of the
illuminant). Third, for the type of imageswe used, tex-
ture classi cation performsmuchworsethancolor, andit



wasinterestingto seewhetherfusingthesetwo featurego-
getherwould leadto a betteror worse classi cation than
usingcolor alone.

We have usednon—normalizedr,g,b)colorfeatures Our
experimentshave shavn that, when enoughtraining data
is available,normalizedcolorstypically give worseperfor
mancesthan non—normalizednes. For texture, we used
standardGaborfeatureg[16]. Following [15], we Itered
the imageswith a setof 8 (2 scalesand 4 orientations)
scaledand rotatedversionof a complex Gabor prototype
kernel. We thenextractedthe magnitudeof the outputsfor
eachpixel, andsmootheaachresultingimagewith aGaus-
siankernel,with standardleviation proportionakto thestan-
darddeviation of the ervelopeof the correspondingsabor
kernel. This providesuswith a 8—dimensionafeaturevec-
tor for eachpixel.

3.3 Classi er Design

Bayesianclassi cation was performedusing a Mixture—
of-GaussiarffMoG) modelfor the conditionallik elihoods.
MoG colorclassi cationhasbeenusedsuccessfullyn com-
putervision [17]. Experimentalresultsdescribedn [15]
shav that MoG texture classi cation outperformsanother
popularapproactbasedn thedistanceof local histograms
for thesametype of imagesusedin this work.

The MoG representatioffior the conditionallikelihood
p(f jy) is
N(Y)

kG(f; «; «)

p(fiy) = (12)

k=1
whereG(f; k; k) is a Gaussiandensitywith mean
F_),ndcovariance k, and g arepositive constantsuchthat

E:(ly) k = 1. In this work, all the covariancematri-
cesareconstrainedo be diagonal. This choicewasmade
in orderto reducethe overall numberof free parameters,
andthereforethe varianceof the estimate.Note that, even
thoughtheindividual densitiesn themixtureareseparable,
the conditionallikelihood p(f jy) is not separablén gen-
eral. Letf = (f1;f2) bethe compositefeature,where
f1 is the 3—dimensionalcolor featureand f, is the 8—
dimensionalexture feature. If thereare N classesthen

thenymberof free parametere the compositanodelp(f )
is 12 ';':Cl N(y) Nc. Forthecolorandtexture models,

thenumbersf free parameterare4 ';':Cl Ni(y) Ncand
9 ';':Cl N2(y) N respectiely (whereN;(y) isthenum-
ber of modesusedto model p(fijy)). ML parameteres-
timation from the training datawas carried out using the
ExpectationMaximization algorithm. To reducethe risk
of hitting local minima, the procedurevasinitialized with
valuesobtainedafter runningk—meanslustering20 times
on the samedata (startingfrom randomvalues). The k—
meanglusteringthatminimizesthe meandistancebetween

Road N(@) | N@2) | N(3)
Color 3 3 3
Texture 4 4 4
Composite| 5 4 4
Rock N(1) | N(2)
Color 2 3
Texture 3 3
Composite| 3 3

Tablel: Thenumberof modesfor theMoG models.

the clustercentersandthe featurevectorsin the clustersis
usedfor EM initialization.

Oneimportantproblemis the choice of the numberof
Gaussiangmodes)o represeneachconditionallikelihood.
Toofew modedeadto inaccuratanodeling while toomary
modesmayover t thetrainingdata.We usedSmyth'salgo-
rithm for modelselection which comparedavorably with
otheralgorithmssuchasBIC andvCV [2]. This algorithm
is baseddn cross-alidation,randomlydividing the dataset
into two disjoint train andtestsubsetsand,for eachpossi-
ble value of the numberof clustersusingthe training sub-
setto estimatethe parameterandusingsuchparameterso
computethe log likelihoodover the testsubset.This is re-
peatedseveral times (in our work around20 to 50 times).
Thenumberof modesds choserby analyzingthelog lik eli-
hood(averagedverthenumberof iterations)or thediffer-
entmodeldimensions.In “ideal” situations(i.e., whenthe
datais actuallydistributedaccordingto a MoG model),the
“correct” numberof modesusually standsup asthe maxi-
mizerof the averaglog-likelihood.However, in practiceit
is oftenthe casethat a clearmaximumcannotbe found, at
leastfor a reasonablysmall rangeof possibledimensions.
Ratherthanlooking for maxima,we chosedimensionsor-
respondingo obvious changesn the log-likelihood(e.g.,
suchthat, if choosingone dimensionless,therewould be
a substantialdecreasean log—likelihood). Note that, as
notedby Smythhimself,the procedureshouldnotbeimple-
mentedasa“black box”, butits resultsshouldbeinterpreted
by theuser The selectechumberof modesarereportedin
Tablel.

The MoG modelalsoprovidesa simpleandcorvenient
way to estimatethe mutualinformation. The differential
entropiesin (6) canbe computedby Monte Carlo integra-
tion usingthe explicit form of p(f jy) in (12). In particular
to computethe marginal entropiesH; (y), we mamginalized
theconditionallikelihoodp(f jy), ratherthanusingthelik e-
lihoodscomputedover the featuresndependentlyindeed,
if thedatais not distributedaccordingto our model,it may
well happenthat the densitiescomputedfor the individual
featuresdo not coincidewith the mamginalsof the density
of the compositefeature. This may give problemswhen
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Figure 1: The misclassi cationrate P (E) for all differentex-

perimentsover the dataset“Road”. The generalizedtorrelations

for the threeclassesare: (soil)=0.21; (tall vegetation)=0.66;
(grass)=0.46.

combiningtogetherentropiesn (6), suchasyielding a neg-
ative valuefor the mutualinformation. Theseproblemsare
avoidedusingthe marginalsfrom the samedensityp(f jy).

Note that we did not enforcespatial coherence:each
pixel is classi ed independentlyof the other pixels (al-
thoughsomedegreeof spatialcorrelationis implicit in the
de nition of texture feature). While spatial coherencds
a powerful prior, and usuallyleadsto betterclassi cation
rateswe felt thatit wouldintroduceonemorelevel of com-
plexity in our analysis,andmalke the resultsmoredif cult
to interpret.

3.4. PerformanceMetrics

Our classi ers were trained and testedover eachdataset
separately The probability of misclassi cationP (E) was
estimatedasedn theconfusionmatrix computedy com-

paring the classi cation with the original hand—labeling.

The confusionmatrix atentry (i; j ) containsthe numberof
pixels hand—labele@si andclassi ed asj . In the caseof
severaltests,we accumulategsummed}he confusionma-
trices. To accountfor possiblydifferentnumberof pixels
acrosdabels,we normalizedeachrow of theresultingma-
trix sothatit sumsto 1. Then,our estimatefor P (E) was
the meanof the entriesin the diagonalof the normalized
confusionmatrix.

In orderto evaluatethe sensitvity of thetwo algorithms
(Bayesiarclassi cation and Bayesfusion of classi ers)to
the size of the training set, we consideredifferentexper
iments. First, we trained and testedthe systemover all
the available datawithin eachdataset (i.e., the datathat
was hand-labeled).This approach(sometimescalled the
re—substitutiorestimate[3]) is known to be biased(opti-
mistic). Still, it givesusefulindicationsaboutthe system

Testimage

Original labels

Texture class.P(E)=0.21

Color class.P(E)=0.26

Compositeclass.P(E)=0.13 BayesfusionP(E)=0.14

Figure2: A classi cationexamplefrom the “Road” dataset. The
systemwastrainedover 25% of theimagesin the set. Thisimage
wasnot partof thetrainingset.

performancen thebest—casscenario We thenuseda K —
fold cross—alidationstrateyy [18]: for eachdatasetwith K
imageswe trainedthe systemoverK -1 imagesandtested
it on the remainingimage. This leadsto 18 testsfor the
“Road” datasetand 11 testsfor the “Rock” dataset. In
orderto testover reducedraining datasets we useda vari-
ation of the bootstrappingnethod. We randomlyselected
(withoutreplacementh% (with n = 25,50and75) training
imagesout of eachdataset, and usedthe remainingones
for testing. We thenrepeatedhe procedure20 times, aver-
agingthe results. Note that we randomlyselectedmages
from theimagesetratherthanrandomlyselectpixelsfrom
the whole training set; this seemdik e a more naturalpro-
cedurein computervision, whereonetypically canaccess
a whole imageratherthan just isolatedpixels. However,
dueto thehigh correlationamongneighboringieaturesthis
methodmayleadto somavhatpessimistiagesults(thetrain-
ing samplegor eachlabelcannotreally beconsiderednde-
pendent).

The resultingvaluesfor P (E) for the two datasetsus-
ing colorfeaturestexturefeaturescompositecolortexture
features,and Bayesfusion, areshavn in Figuresl and4.
Someclassi cation examples(relative to one trial using
25%imagesin the datasetfor training) areshavn in Fig-
ures2, 3and5. In these gures, thecoloredareagepresent
theportion of theimagesthathave beenhand—labeled.
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Color class.P(E)=0.23 Texture class.P(E)=0.86

Compositeclass.P(E)=0.27 BayesfusionP(E)=0.38

Figure 3: A classi cation examplefroom the “Road” dataset.
The systemwastrainedover 25% of the imagesin the set. This
imagewasnot partof thetrainingset.

4. Discussionand Conclusions

It is interestingto comparethe behaior of the error rate
P (E) in Figuresl and4. Theerrorrateis higherfor smaller
training sets, which is to be expectedgiven that smaller
training setscorrespondo higherestimationvariance.lt is

clearthat color featuresare much more reliable than tex-

ture features(note that for the “Rock” data set, 40% or

moreof thepixelsgetmisclassi edusingtexture). A reason
for this poor performancds the relatively small numerof

scales/orientationgsedhere. In addition,thesereal—world

imagesoften prove very challengingfor texture classi ca-

tion. In spiteof suchpoorresultswhenusedalone,texture

may help improve the alreadygood performanceof color.

Notethatthisis trueon average andnot necessarilyn sin-

gleimages.For example,Figures3 shavs anextremecase
with texturemisclassifyingmostof theimage(P (E )=0.86),
in which casecombiningtexturewith color givesworsere-

sultsthanusingcoloralone.

Comparingthe classi cation using composite color
texture featuresand using Bayesfusion, onenotesthat, as
expected,the former haslower error rate than the latter
However, thedifference P (E) betweerthetwo decreases
when smallertraining setsare used(and in fact the two
stratgies give the sameerror rate when the training data
is formedby 25% of theimagesin theimageset). Thisis a
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t——— - - Bayes fusion
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*e
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%
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= 03
o

2;5% ‘ 5‘0% ‘ 7‘5% lllfold ‘ A‘II
Figure4: Themisclassi cationrateP (E) for all differentexper
imentsover the dataset“Rock”. Thegeneralizeccorrelationdfor
thetwo classesre: (sand)=0.06; (rock)=0.15.

veryinterestingoehavior, andsuggestshat,in spiteof their
large bias, naive Bayessystemmay generalizeas well as
“real” Bayesiarclassi ersfor smalltrainingdatasize.Note
thatthe numberof free parametergs comparablén thetwo
cases.
Finally, we can seethat, for larger training set sizes,

P(E) 0:05for the“Road” set,while P(E) 0:03
for the “Rock” set. The valuesof the generalizectorrela-
tion betweercolorandtexturefor eachclassare(0.21,0.66,
0.46) in the “Road” case,and (0.06, 0.15) in the “Rock”
case. Thus, at leastin our experimentsJarger generalized
correlationdeadto higher P(E), asconjecturedn Sec-
tion 2.1. Admittedly, moreexperimentsover diverseimage
setswould be necessaryo draw solid empirical evidence
supportingour conjecture. Still, we believe that thesere-
sultsareencouragingandthey promptedus to pursuefur-
therongoingresearcthin this direction.
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Appendix

Assumethatbothconditionallik elihoodsp(f jO) andp(f j1)

are Gaussianwith the samecovariance but different
means Furthermoreassumehatthe prior probabilitiesfor
the classesare the same. It is well known [19] that the
classi cation boundaryin this caseis a line, crossingthe
mid-point betweenthe two meanvectors,andthat Pg (E)

is only afunctionof the Mahalanobiglistancebetweerthe
two meanvectors:



Ps(E)=1 0:5p 0 1 (13)
where ( X) is th&EaLﬁsiamumulati/e distribution func-
tion: (x)= (1= 2) ; exp( y?=2).

The naive Bayesclassi er assumeshat the two condi-
tional likelihoodsare separableand that their conditional
likelihoods are the outer productsof the corresponding
mauginal densitieswhich are Gaussiansvith diagonalco-
variance. The classi cation boundaryis thus still a line,
but a differentline thanin the caseof the Bayesianclassi-
er. It is possible after sometediouscomputationnot re-
portedhere,to derive aform for theclassi cationerrorrate

Pne (E):
Pve(E)=1 2, f
1

where

212 1 2
1+ g ——o—

p
cos = 1 24

412 1 2
T

where jisthei-thcomponenbf , 1, = Cov(fy;f2)
is the off-diagonalelementof ,and = 1,=; ;isthe
correlationbetweerthetwo features.

While equation(14) may seemsomeavhatcomple, one
can make it more tractableas follows. First, one easily
shavsthatjsin j . Secondtheupperboundsin =
isreachetbnlywhen ;= 0or , = 0, thatis, when
the two Gaussianshave meansaligned along one carte-
sianaxis. This is the situationthat maximizesPy g (E)
in (14), andthuscanbe usedto computean upperbound
for Py s (E). Figure 7 shows the graphof the error rate
P (E) for the Bayescase(blue lines),andthe upperbound
for the errorratefor the naive Bayesiam&se(red lines),as
a function of the Mahalanobisdistance 0 1 as
well asof thecorrelation . As expectedtheerrorratefor
the Bayesiarcases independenof .
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Figure7: Themisclassi cationrate P (E) of the Bayesiarclas-
si er (blue) and of the naive Bayesclassi er (red) for the case
consideredn the Appendix(seetext).



