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Chapter 4

Introduction

We consider a queuing network of d single-server stations carrying g flows. The
stations are equipped with per-flow queues, and the network uses an ingress policing
mechanism in which a flow’s packets are discarded at the network ingress whenever any
of that flow’s queues exceed a threshold. Each flow f has a weight w;, and each station
serves a flow in proportion to its weight using a weighted round robin or similar queueing
discipline like weighted fair queueing or generalized head of line processor sharing. Each
flow’s packets arrive according to an independent renewal process of some mean rate, and
the service times at each station are also independent. Without discarding at the ingress,
the utilization of some stations may exceed 1, and therefore the policing mechanism is
necessary for the stability of the network.

Our main result is to show that there exist large enough policing thresholds
so that each flow’s long term average throughput can be made arbitrarily close to the

weighted max-min fair allocation. Our result requires that there be unique bottlenecks
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for each flow, but this can always be achieved by perturbing the flow weight and/or the
service rates of the stations. The other key contribution of this work is to show how
the analysis of such a network’s flow rates can be reduced to analyzing the rates of a

corresponding fluid model.

4.1 Motivation

Achieving fairness between flows is one of the principal design challenges of any packet
switched communication network. In today’s Internet architecture, the Transmission
Control Protocol (TCP) bears most of the burden in achieving fairness [21, 22, 23]. TCP
is an end-to-end congestion protocol that infers congestion when packets are lost and
responds to that congestion with a mechanism known as additive increase multiplicative
decrease. That mechanism halves the rate of user’s session when congestion is perceived
(multiplicative decrease), and slowly increases the rate when it is not (additive increase).
TCP has been tremendously successful in coping with congestion and in particular in
avoiding a congestion collapse as the Internet has grown in size and speed by orders of
magnitude over the years. However, as powerful as TCP is, TCP cannot achieve fairness
if the underlying network is grossly unfair, or if a large proportion of the traffic does not
use a transport protocol that responds to congestion as TCP does. For example, if the
underlying network constrains two groups of N sessions to very different rates, where
perhaps each group of sessions originate in a different geographic area, then TCP might
succeed in achieving fairness between sessions of a group, but not in achieving fairness

between the groups.
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Figure 4.1: A two input, two output switch with virtual output queues.

Indeed designing a network that is not unfair to particular groups of sessions is
becoming increasingly difficult. The speed of the optical links which make up much of
the Internet has grown tremendously over the past 10 years, faster even then the pace of
progress in the IC technology used to build the switches and routers that glue the links
together [24]. This has pressured designers of switches, routers, and aggregation points
to move to decentralized architectures that switch and process many packets in parallel.
The architects of these new designs have been primarily concerned with maximizing
throughput, but unfortunately throughput can come at the price of fairness.

We consider an example of a two input and two output switch to demonstrate
the tradeoff between throughput and fairness. Suppose all input and output links of the
switch have capacity 1, and label the input and output interfaces In-1, In-2, and Out-
1, Out-2 respectively. Also suppose that groups of N TCP sessions are sending traffic
between each of the following pairs: In-1 to Out-1 (1-1 for short); In-2 to Out-2; and
In-1 to Out-2. This situation is depicted in Figure 4.1. In this situation, a switch that

favors the 1-1 and 2-2 groups can achieve a higher throughput. In the extreme case the
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switch can offer the “unfair” allocation of 1 to groups 1-1 and 2-2, and 0 to the group 1-2
to achieve a throughput of 2. In contrast, a more fair allocation would be to offer 0.5 to
all three groups, yielding a throughput of only 1.5. While the unfair allocation scenario
is extreme, it is possible that a switch with a reasonable design might tend toward this
extreme case.

Consider the common switch architecture in which each input interface splits
its traffic into fixed length cells, and then sorts the traffic into “virtual” output queues
corresponding to the traffic’s final destination [25]. Then in every time slot corresponding
to the transmission time of one cell, a scheduler matches pairs of virtual queues to
corresponding output interfaces. In our scenario, a scheduler optimized for throughput
would favor matching 1-1 and 2-2 in each slot so as to move two cells, and not just one
as would happen for a 1-2 match.

The end-to-end TCP protocol would not correct the problem. The 1-2 sessions
would see congestion because their virtual queue is not being served fast and they would
adapt their rates by slowing down. Consequently, the 1-1 and 2-2 sessions would find
less competition on the interfaces they share with 1-2 traffic, adapt their rates higher
allowing them to get even more of their traffic to their virtual queues, where that traffic
will again be favored by the scheduler over the 1-2 traffic in the 1-2 virtual output queue.

Examples like this show that it is important to design switches, routers and
aggregation points that treat traffic from different input output interface pairs fairly,
even with the presence of rate adaptive transport protocols like TCP.

At the same time, the pressure to design faster and faster switch architectures is
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making it less feasible to design switches with central schedulers that coordinate packet
movements at the sum of all the incoming line rates. As switch designers are pressured
into eliminating the central scheduler entirely, the design of a switch is becoming more
and more like the design of a network, where the “nodes” of the network are the interfaces
and the interconnections between interfaces — the switch fabric — are the “links.”

This trend toward decentralized architectures, combined with the importance
of fairness in switches, are transforming the switch fabric design problem into a problem
of designing a queueing network that achieves fair rates with an extremely simple control
policy. The control policy must be simple so that it can be implemented in silicon at the
extremely fast line rates of today’s networks.

Surprisingly, while switch design is becoming more and more like network de-
sign, there are pressures to make the network look more and more like a switch. In
particular, Mckeown and Zhang-Shen [27] propose using the Clos topology, popular
in switch fabric design, as the basis of a next generation backbone for the proposed
“100 x 100 network” — a network envisioned to interconnect 100 million users with an
access rate of 100 Mbps [26]. The Clos topology consists of some number of input nodes
which are fully interconnected with some number of middle nodes, which in turn are
fully interconnected with some number of output nodes [3]. The Clos topology is pop-
ular in switch design because when combined with a simple load balancing algorithm,
it can achieve full throughput between inputs and outputs for any feasible demand rate
matrix — meaning any demand rates which do not exceed the capacity of any output.

This feature would make it useful in the 100 x 100 network backbone, because it would
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automatically achieve full throughput without a complicated routing algorithm. How-
ever, the same issues that apply for a switch also apply for a backbone designed to look
like a switch — fairness is important, and is not automatic in a throughout maximizing
architecture. Therefore a methodology for designing a queuing network that achieves
fairness with a simple control law would be extremely useful in the context of networks
like the 100 x 100.

The policing scheme that we analyze in this work is extremely simple, achieves
fair rates as we show, and therefore would be useful in a network like 100 x 100 or in a
switch design. Yet the analysis of such a simple scheme could become extremely complex
and involve detailed case by case analysis of sequences of discrete events in order to prove
that the scheme achieves fair rates.

Therefore we feel that the principal contribution of this work is not the scheme
itself, but rather the methodology we use to analyze it. We show that the analysis
of the discrete stochastic system can be reduced to analysis of a fluid model obeying
deterministic differential equations. Though we present the methodology in the context
of our policing scheme, the same techniques could be used to analyze other simple rate
control schemes for queueing networks.

While the primary application area that motivates this work is communication
networks, there are other notable application areas. For example it might be necessary
to control the flows of jobs in a manufacturing system, where perhaps the flows corre-
spond to different products or different customers, and the stations correspond to the

capacity constrained pieces of equipment — a lithography stepper at a semiconductor
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manufacturing plant for example. In such a context, it would be very desirable to have a
control scheme that ensures that the different flows of jobs get fair rates at the bottleneck
stations and at the same time ensure that the queues at each station remain bounded. In
our scheme, the queues would be kept bounded by blocking new jobs from entering the
manufacturing plant when a bottleneck station is congested, but other types of blocking
schemes could be analyzed with the methodology presented in this work.

Another natural application area is for call centers. In a call center, customers
are queued until a server can take the customer’s call. Oftentimes the first server may
not be able to fulfill all of the customer’s needs and therefore the server may need to
transfer the call to a second server, where the customer may have to enter yet another
queue before seeing the second server. In turn, the second server might need to transfer
the call again to a third server and so on. Also, the same call center maybe answering
calls of different types. One example would be a contracted call center that answers calls
for several different corporate clients simultaneously. Here the set of incoming calls for a
particular client would be the “flow,” and a call center would want to treat the different
flows fairly in times of congestion. Furthermore, it might be better for the call center to
block calls at the ingress, rather than having a customer put on hold, transferred, and
put on hold again, only eventually to be dropped. Therefore a flow-control scheme like

the one we study in this work is a logical choice for such an application.
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4.2 Related Work

As we have stated, our objective is to show that our flow control scheme with large
enough thresholds achieves rates close to the max-min fair allocation. A max-min fair
flow allocation is a feasible allocation such that one flow’s rate cannot be increased
without decreasing the rate of another flow that already has a smaller allocation [28].
There have been a number of schemes proposed and analyzed that aim to achieve max-
min fairness, and most such investigations have involved detailed case by case analysis of
the possible state trajectories of the network. For example, Hahne shows that a network
with per-flow queued stations using round-robin service, and with hop by hop window
flow control achieves max-min fairness [29]. Round-robin service is the now familiar
queuing discipline in which the server polls the queues in cyclic order, offering service
to queues that are nonempty [30, 31]. We adopt a qualitatively different approach to
our analysis. We consider a fluid limit of the network obtained by scaling time and
space (including the thresholds) by a factor n that increases — an approach similar to
that found in [32, 33, 34] and others. This allows us to exploit the Strong Law of Large
Numbers to show that the arrival and service process converge to smooth, linear growths
and also that the other processes describing the system converge to a trajectory of a fluid
model described by simple differential equations.

In addition to the difference in methodology from previous investigations, our
network and flow control model is also different than those studied in previous work.
The model that most closely resembles ours is the network analyzed in [29]. However,

that network differs from our network in that the flow control is hop by hop rather than
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done at the ingress, and the arrival and service times assumptions are more restrictive
than the assumption that they are renewal as we assume. In particular [29] assumes
arrivals are either deterministic or Bernoulli, and service times are deterministic.

Another related work is by Hayden, who proposes an iterative mechanism for
finding max-min fair rates. In the mechanism, each station measures the rates of the flows
passing through it, computes a fair rate allocation for these flows, and then explicitly
tells sources what rates to use [35]. Gafni also proposes an improvement to Hayden’s
original algorithm [36]. The analysis of our fluid model resembles Hayden’s proof in that,
as in [35], we step through the stations of the network, at each step finding the most
congested station, assign rates to the flows passing through it, subtract those flows from
the network, and proceed to find the next most congested station in the reduced network.
However, our problem requires extra analysis to show that within each of these steps
the fluid model, described by a set of ODEs, converges. Our proof that the stochastic
network converges to a fluid model is not related to [35].

Our fluid limit proof technique is closely related to known results in the lit-
erature. In particular, we borrow heavily from work by Dai [32]. Dai shows that for
networks without policing, stability of the fluid model implies stability of the stochastic
network — stability meaning the system is positive Harris recurrent. Our work differs in
that we use the fluid model not only to analyze stability, but also to find the flow rates
of the stochastic network. Also, the fact that the policing modifies the arrival processes
also requires specialized treatment to show that our network converges to a fluid limit

trajectory.
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There is also a difference how the fluid limit is taken. Dai’s proof considers a
sequence of initial conditions x, with |z| — oo, and then obtains a fluid limit by scaling
time and space by |z|. Dai uses this result to construct a Lyapunov function that shows
that expected state of the system contracts, for initial states far enough from the origin.
In contrast our proof requires consideration of two different types of fluid limits. In the
first we consider a sequence indexed by n, and then obtain a fluid limit by scaling the
policing thresholds, as well as space and time by n — oco. Analysis of this fluid limit leads
us to conclude that the rates of the stochastic system are close to that of the fluid model,
over a finite time interval, if two conditions are met: the stochastic system’s thresholds n
are large enough, and its relative initial condition y = 2/n — he is small, where he is the
equilibrium of the fluid model. In the second fluid limit we consider a sequence of pairs
{(n,y)}, scale the policing thresholds by n, while scaling space and time by n|y| — oo.
As in [32], we can construct a Lyapunov function that shows that the expected state of
the system contracts for n|y| large enough. Consequently the contraction property holds
for smaller and smaller y as n is increased. The combination of both fluid limit results
shows that for large enough n the invariant distribution of the system is concentrated in
a region of the state space where the expected rates are close to those of the fluid model,
and in turn the fluid model rates can be shown to be equal to a max-min allocation.

Another closely related work is by Mandelbaum, Massey, and Reiman [34]. In
[34], the authors study the fluid limit of a queueing network with state dependent routing,
where the function describing the arrivals to each queue can scale with n and or \/n, in a

manner similar to the scaling of our thresholds. The authors prove a functional strong law
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of large numbers and a functional central limited theorem in the context of their model.
However, the authors assume that the network is driven by poisson processes, rather
than just the renewal assumption that we make. An earlier work by Konstantopoulos,
Papadakis, and Walrand derives a functional strong law of large numbers and a functional
central limit theorem for networks with state dependent service rates [37].

There are also several works that use reflected Brownian motion models to
study queueing networks with blocking [38, 39, 40]. Typically the objective of most such
investigations is to approximate the distribution of the queue occupancy with a diffusion
approximation, whereas in this work our objective is to show almost sure convergence

using a strong law of large numbers scaling.
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Chapter 5

Model

We state precisely our network model in this section, introducing the necessary

notation along the way. Much of our notation is borrowed from [32].

5.1 Flows and Classes

As mentioned, we consider a queueing network of d single server stations carrying g
flows. In addition to the notion of flow, each packet also has a class k € {1, ..., K'} that
is indicative of both the packet’s flow and location in the network. Thus the class of
a flow f packet changes as the packet progresses from station to station, but with the
restriction that a flow f packet must always have a class in the set K(f). Conversely,
each class k is associated with one and only one flow, and we denote the class to flow
mapping by f) = {f : k € K(f)}. We also adopt the numbering convention that flow f
packets enter the network as class k = f, and thus f € K(f).

Each class k is served by a unique station denoted s(k). When a packet of class
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k finishes service at station s(k), it becomes a packet of class [ with probability Py or
exists the network with probability 1 — >~; Py;. To preserve a packet’s flow, Py = 0, if
fw 7 fo-

More precisely, the jth packet of class k to complete service has associated with
it a K dimensional “Bernoulli” random column vector ¢*(j) which consists of all zeros
with probability 1 — 7, Py, or has a single 1 at location [ with probability Py;. The
random vectors ¢*(j) are independent.

In Chapter 8, we will consider networks for which each flow’s packets follow
loop-free paths without “splitting.” The matrix P is binary and nilpotent for such
networks.

Because each class k is served at a unique station s(k), we may define the
Class Constituency Matriz C with Cj, = 1 if s(k) = ¢ and Cj;, = 0 otherwise. At
times it is more convenient to represent the same information in set rather than matrix
notation, and therefore we define the Class-Constituency Cl[i| = {k : s(k) = i} for each
station 7. Finally, because each class belongs to a unique flow f(;), we may define the

Flow-Constituency F[i] = {f : 3k € C[i] : f = f,)} for each station i.

5.2 Queues

The state of the network’s queues is the K dimensional column vector () where @y is
the number of packets of class k packets queued in the system.
The exogenous arrivals to the network for flow f are described by a renewal

process Ef(t) where the inter-arrival times {{¢(j),7 > 1} are i.i.d. and have mean 04]71
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where o is the mean arrival rate. We denote the remaining waiting time for the next

flow f customer arrival at time ¢ as Uf(t). Thus the process E¢(t) is described by
Ep(t) & max{j : Up(0) + &§¢(1) + ... +&¢(5 — 1) < t}.

The service times of each class {ny(j),j > 1} are also i.i.d. and have mean my = u; ",
where py is the mean service rate. We also define the K x K diagonal matrix M where
the kth entry on the diagonal is my. Vi(t) denotes the remaining service time of the
class k customer in service, if there is one at time ¢, otherwise V() = 0. We define a

service process Si(t) as
Sk(t) £ max{j : Vi(0) + ne(1) + ... + i (j — 1) < £}

where V;,(0) = V,(0) if V4(0) > 0, otherwise V;(0) = 1;(0) is a fresh service time with
the same distribution as 7;(1) and independent of all other service times.

In principle, our assumption that the service times are independent does not
allow for service times that depend on a packet’s size. Dependence on packet size would
make the service times of stations dependent on each other. To model this explicitly
would require a much more complicated model. However we feel that our results this

work would still hold if this assumption were relaxed.

5.3 Policing Points

Arriving packets of each flow f first pass through a per-flow policing point at the ingress
of the network. Whenever any queue in the Control-Set, C(f), exceeds a high threshold

h., the policing point drops flow f packets as they arrive. Conversely, when all of the
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queues in C(f) are below a lower threshold h;, flow f packets are permitted to enter the
network. When the queues in C(f) are between the two thresholds, the policing follows
a hysteresis law that we will make precise below. Also note that typically C(f) = K(f),
the set of classes that flow f packets through, but in general, C(f) C K(f).

To describe the policing hysteresis, we define a binary-policing state Hy(t) for

each class k as

(

i1 if Hy(t—) =0 and Qu(t) > ha,
Hy(t) = { 0 if Hy(t—) =1 and Qx(t) < Iy

ElHk(t—) otherwise.

We allow h; to equal h, if we choose not to have hysteresis. We define the process A¢(t),
which we call the thinned arrival process, to count the flow f packets that are allowed

beyond the policing point at the ingress. Therefore,

Ef(t)

Ap(t)y = > I — Hilry)) (5.1)

J=1c(f)

where 7; = U¢(0) + 273'{:11 £f(m) is the time of the jth arrival to the policing point.

5.4 A Simple Example

After having introduced the general model, it is useful to consider an example of such a
network. Our example is illustrated by Figure 5.1. The example network consists of 4
stations, and carries 3 flows. Flow 1 passes only through station 1, where it is queued as
class 1. Flow 2 passes through stations 1, 2, and 3, and where it is queued as class 2, 4,

and 5 respectively. Flow 3 passes through stations 2 and 4, where it is queued as class 3,
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Figure 5.1: Simulated trajectories of an example network, for two choices of policing

threshold: A = 10 and h = 100.
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and 6 respectively. All three flows have a weight wy = 1. The station service rates are:
w1 = 1.2, us = 1.0, uz = g = 0.6. The service times are exponential, and the queueing
discipline is round-robin. The exogenous flow arrival rates are a; = 0.65, as = 0.8,
and ag = 0.6. The inter-arrival time distributions are chosen to have “heavy tails.”
In particular, they are Pareto distributed, with complementary cumulative distribution

function given by

1
(ays+1)?

P(&r(j) > 5) =
for each flow f and for s > 0. Thus the inter-arrival times have mean 1/a ¢ and infinite
variance.

Figure 5.1 shows simulated trajectories for two choices of thresholds. The inside
plots, the 3 plots immediately above and below the network drawing, correspond to a
threshold of A = 10, while the outside plots are for A = 100. In this example we have no
hysteresis and thus h, = h; = h.

We begin by considering the h = 10 case. In this case, the queues start from
an initial condition Q2(0) = 10, Q5(0) = 20, Q¢(0) = 7, and the other queues start from
0.

The natural way to start analyzing such an example is to find the station that
is the most constrictive bottleneck. In this case station 2 has a capacity of 1.0, carries
two flows, and thus has a capacity of 0.5 per flow, which is less than the capacity per
flow of the other stations, and less than the arrival rate of any of the flows. Thus one

should expect station 2 to be the governing constraint, eventually having its queues fill

up to threshold and then applying policing to throttle flows 2 and 3 to rates of around
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0.5 each. Once this occurs, we can treat flows 2 and 3 as constant rate flows, “subtract”
them from the network by deducting their final rates from the capacities of the other
stations they cross, and then analyze the flows of the reduced network. By doing this,
we find that station 1 has a remaining capacity of 0.7, but since flow 1 arrives at a slower
rate, flow 1’s final rate is “demand” limited to 0.65. By doing this analysis, we can
conclude that the max-min fair rates for this example are (0.65,0.5,0.5).

Indeed, Figure 5.1 shows that the queues at station 2 fill to their thresholds and
tend to stay near them. However, the class 2 queue empties and remains close to empty
between times 300 and 350. Because flow 2’s queue at station 2 is “starved” during this
epoch, flow 2 packets miss opportunities to be served at station 2, which is the most
constrictive bottleneck of the network. Indeed the table at the bottom of Figure 5.1
shows the average rate, averaged over the last 80% of the simulation time to reduce
some of the initial transient effect, is 0.4025. This is substantially below the max-min
fair rate of 0.5. Most likely, a string of long inter-arrival times of flow f, caused the flow
2 queues at station 2 to starve.

We can make a more general observation that the fluctuations of the inter-
arrival and service times can cause queues that we expect to remain near their thresholds
to starve occasionally. If this starvation happens non-negligibly often over the long term,
the long term rates will differ from the ideal max-min fair share rates.

To prevent or at least reduce starvation of queues at bottleneck stations, the
natural thing to do is to raise the thresholds. This would ensure that bottleneck queues

have enough backlog to smooth over fluctuations in the arrival process and the service
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processes of upstream queues. To test that intuition, we simulate the network with
policing thresholds of h = 100. As we have scaled the thresholds by 10, we also scale
the initial condition by 10, and simulate for 10 times longer— this decision will make this
example useful to refer back to later when we talk about the fluid scaling. Figure 5.1
shows that the queues at station 2 do not starve after the first 20% of the simulation run,
as they did in the h = 10 case. The table at the bottom of Figure 5.1 shows the average
throughput of the flows over the last 80% of the simulation run for both the h = 10 and
h = 100 cases. Flow 2’s average throughput is indeed better in the A = 100 case than
in the h = 10 case, suggesting that the reduction in starving has helped. However, the
average throughput of the other two flows actually declined a little.

This example does offer some support to our hypothesis that increasing thresh-
olds makes long term average rates approach max-min fair share. Yet, it shows that it is
far from obvious that the long term average rates can be made close to the max-min rates
with large enough thresholds. Consequently, this example has bolstered our motivation

to validate the hypothesis analytically.

5.5 Threshold Scaling

Because we want to show that there exist large enough thresholds to achieve fair flow
rates, we study the system behavior as we increase the policing threshold. A change
in threshold changes the dynamics of the system, so we are actually considering the

behavior of a series of systems indexed by n = 1,2, ..., where the thresholds h, and h;
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for system-n are given by the following assignments:

hy == nh

h; :=nh — v/ng

for some constants h > ¢ > 0, where ¢ = 0 if we choose not to have hysteresis. It is
worth emphasizing that h is a scalar, and thus all queues use the same upper and lower
thresholds.

The other aspects of the systems 1,...,n: routing, service disciplines, inter-

arrival, and service time distributions of systems are all identical.

5.6 Candidate Equilibrium and “Relative” Initial Condi-
tion

The vector X (t) = (Q(¢); U(t); V(t); H(t)) is the full system state of the network, where
the “;” symbol denotes column concatenation. In the sections that follow, we try to show
that the state of the stochastic network tends toward the equilibrium of its fluid model.
We therefore define a vector e which we will later assign to be equal to the equilibrium
queue depths of the fluid model with unit thresholds. However we have not yet derived
the fluid model, so at this point e is left to be an arbitrary K dimensional vector.

The example in the preceding section has given us some idea of what the fluid
model equilibrium will look like. Roughly speaking, we expect that in equilibrium queues
that are “bottlenecks” fill up to their policing thresholds and then “chatter” there as

policing turns on and off so as to thin the arrivals process to match the bottleneck queue
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rate. Other queues tend to remain empty. In this case, e equals a vector of 1’s and 0’s
with 1’s corresponding to queues that fill to their thresholds in the fluid model.

Because system-n has upper thresholds of nh we should expect the bottleneck
queues of system-n to tend towards nhe. The full system state also contains U, V', and
H so a complete candidate equilibrium should specify these states as well. We therefore
define the full candidate equilibrium as nhe = (nhe;0y;0y;0p), where Oy, Oy, and Og
are zero vectors of appropriate dimension.

We shall find that it useful to specify an initial condition relative to this candi-
date equilibrium, and scaled by the system size. We therefore define the relative initial
condition, y for system-n as

Y= %(w — nhe) (5.2)

where x = X(0).

5.7 Dynamics of System-n

We now write a series of equations to describe the dynamics of system-n, starting from
initial condition y = n~!(x —nhe). The equations have the same form as those originally
derived by Harrison [41], [39] for Brownian models of queueing systems. Because all of
the random processes involved depend both on relative initial condition y, and system

scale n we define

{n-‘ { Threshold Scale Factor -I

Relative Initial Condition
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for notational convenience. The overall state X™(¢) of the system-n, at time ¢, having
started from relative initial condition y, is written as
X0 2 Q) U (0 VR (1) H (1)) -

The n superscript emphasizes a process’s dependence on n.

5.7.1 Arrivals, Departures, and Routing

We begin by defining a process ®*(j) to track how often a class k packet is routed to

class [ for each I. Thus ®*(j) satisfies
k : k
r(j) = 6" (0).
i=1
We define A} () to be the cumulative arrivals, both exogenous and internal, up to time

t for class k. D;'(t) denotes the cumulative departures from class [ from time 0 to ¢ and
therefore,
K
AR() = Y@ (D (1) + AL (1), (5.3)
=1
For k € {1,..., g}, the thinned exogenous arrival process A} (t) is defined by (5.1). Oth-

erwise A} (-) = 0, reflecting that these classes do not receive exogenous arrivals.

The population of @ for k = 1,..., K evolves according to
Qi (t) = Q(0) + A)(t) — Dy (1), (5.4)
QR (1) > 0. (5.5)

We define the K dimensional column vector T (t) such that the kth element T}'(t) is

the cumulative time spent serving class k£ up to time ¢. Thus we have

T} (t) is nondecreasing and T} (0) = 0. (5.6)
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Using the notation C; to denote the ith row of the constituency matrix C, we define the

cumulative idle time I;*(¢) of station i as
I'(t) =t —C;T™(t) is nondecreasing and I;*(0) = 0. (5.7)
The service disciplines that we consider are work conserving therefore,

/) T CQ M (1)dIM(t) = 0. (5.8)

5.7.2 Queueing Discipline

For a station ¢, the departures of class k € C(i) are determined by the composition of the

service time counting process S™(t), and the process T™(t) as described by the equation
D(t) = SP(TR (). (59)

The queueing discipline of a station ¢ serves each flow in proportion to the flow weights

over long time intervals. More precisely for some constant c,

wi DRt t+ 1) > wi DR (tt+7) —c

whenever Qy(s) >0 Vs € [t,t+ 7] (5.10)

for all k,1 € C(i), where the notation D} (¢,t+7) = D} (t+7) — D} (). We also assume

that the instantaneous service rate of any queue is a function of the current state.
TP (t) = f(X™(t)) For some function f(-).

If the instantaneous rates depend on other information, like the position in the polling

cycle of a round robin discipline, that information may be appended to the H portion of
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the state vector X in some way. This also ensures that X is a true state in that it contains
sufficient information to compute statistics of the future evolution of the network. We
assume that |H (t)™| < ¢ for some constant ¢ for all n,y,t. (Even this assumption can
be relaxed to allow this encoding to scale with n, at the price of more complexity in the

proof of Theorem 7.5.)

5.7.3 Trajectory Notation

The Markovian state of the system-n is

XU(E) = |Qn(t); U (t); VR (1); H(t)

We claim that the process X™ is Markov by the following argument which follows that
given by Dai [32] whose argument in turn followed from Kaspi and Mandelbaum [42].
Consider the evolution of X™(¢) starting from a particular time ¢*. Each component
of the residual time vector U™(t* + s) declines deterministically at rate 1, while the
components of V™ (t* + s) decline according to 7™(-), which is a deterministic function
of X™. This continues until one of these components hits 0, say at time t* + s’. Because
this evolution is deterministic, s’ was predictable from the value of X™(¢*). At time
t* + s, some components of (), and perhaps H are incremented or decremented in a
fashion that was also predictable with knowledge of X™(t*). Also at time t* + s, the
component of U™ or V™ that hit zero takes a jump by a fresh inter-arrival or service
time that is independent of the past. Hence, the conditional distribution of the future
state after the jump, given the state X™(¢*) is the same as given knowledge of the entire

past. As the process continues to evolve in this manner, the probability distribution of
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the state at any future time ¢ conditioned on the entire past before t* is the same as it
conditioned on X™(¢*). This shows that the process is Markov. Furthermore, because
the process behaves deterministically between jump times, X™(¢*) is a type of process
termed a piecewise deterministic Markov (PDM) process by Davis [43]. Davis shows that
a PDM process whose expected number of jumps on [0,¢] is finite for each ¢ is strong
Markov [43]. As we assume that the inter-arrival and service times have a positive and
finite mean, the expected number of jumps of X™(¢*) in any closed time interval is finite.
Therefore X™(t*) has the strong Markov property.

At times, we need to consider not only the trajectory of the state X™(¢) but
also the evolution of the companion processes T™(t), A™(t), and the system-n threshold

nh. Thus we define

X (t) £ X™(t); T™(t); A™(t);nh| -
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Chapter 6

Proof Strategy

To obtain our desired result we need to use two different types of fluid limits.

In the first type, we consider a sequence of systems indexed by n in which:

System-n has policing thresholds nh.

Time and space are scaled by the factor n.

The initial condition x of each system-n is within some neighborhood of a candidate

equilibrium (|z — nhe| < n(). Equivalently, |y| < (.

We call the resulting fluid limit a TFL (Threshold Fluid Limit), while we call the sequence
{(n,y)} a TFL sequence. We show that such a limit converges along some subsequence,
uniformly on compact sets, to a trajectory of a model satisfying a set of equations.
We then show that if all trajectories of the fluid model converge, then the fluid limit

converges (strongly) along the original sequence. Using this we conclude that there exist
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large enough thresholds such that whenever the initial condition is within a neighborhood
of the candidate equilibrium, the expected rates of the stochastic network are close to
the rates predicted by the fluid model over a compact time interval of some length t,
seconds of n-scaled-time. This alone is not enough to obtain our desired result, because
we want to show that the network achieves the desired rate over the long term, not just
a compact time interval. This motivates the second type of fluid limit.

In the second type of fluid limit, we consider the limit along a sequence of

system scale and relative-initial condition pairs {(n,y)} such that:

System-n has thresholds nh.

Time and space are scaled by the factor n|y|.

The initial condition x of each system-n is outside some neighborhood of a candi-

date equilibrium (|z — he| > n(). Equivalently |y| > .

nly| — oo

We call this fluid limit a JFL (Joint threshold & initial condition Fluid Limit), and
the sequence {(n,y)} a JFL sequence. As with the other fluid limit, we will show that
such a limit converges along some subsequence to a fluid model trajectory and that
we can upgrade that convergence to convergence of the original sequence if the fluid
model converges. In a similar fashion as [32], we exploit this convergence to construct a
Lyapunov function which shows that the expected state of system-n contracts whenever
nly| > L for some constant L. Thus by choosing n larger than L/{, we can make

the Lyapunov function “active” for all y outside of the (-neighborhood (which we call
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B) of the origin. This allows us to show that the invariant distribution of the system
is concentrated in B. In particular, we show that the expected first return to B that
happens at least ¢y seconds (in n-scaled-time) after starting in B, can be made arbitrarily
close to tg for large n.

To complete the proof of the main result, we combine the results: that rates are
close to desired for %y seconds after starting in B and that the expected first return to B
after ty seconds is close to ty to conclude that the long term rates are close to the fluid
model rates. A stopping time argument using the strong Markov property formalizes
this reasoning.

In Chapter 8 we show that for networks in which flows follow loop-free paths
without splitting the fluid model converges to an equilibrium and the rates approach
the max-min fair share rates. However, this result holds only if each flow has a unique
bottleneck station, a notion that we make precise later. The result allows us to invoke
the fluid limit results to conclude that the corresponding stochastic network has rates
close to max-min fair share.

Much of the analysis of the JFL and TFL fluid limits are identical. To avoid
repetition, we define a scaling function (n) that allows us to consider both fluid limits

at once. The function (n) is defined by

n lyl <¢

L(CTnlyl > ¢
where the ( parameter is an arbitrary positive constant. To make the notation less

cumbersome, we will omit the ¢ subscript when either the choice of ¢ does not matter,
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or when its value is clear from the context.

6.1 Result Summary

The upcoming Chapter 7 consists of a series of lemmas and theorems that culminate
in Theorem 7.10, which shows that the long term rates of the stochastic network an be
made close to the fluid model rates for large n. We briefly survey the steps that lead to
that result:

Theorem 7.5: For both TFL or JFL sequences {n,, }, there exists a subsequence
{n;} for which

(n;) ~1X™ ((ny)t) — X(t)

for some trajectory X(t) that is dependent on sample path w, and choice of subsequence,
but must satisfy a set of fluid model equations (which are (7.5)-(7.19)).

Lemma 7.6: Suppose we have a functional § that operates on system trajecto-
ries. (In the proof of the subsequent theorem we will pick §(¢) to extract the difference
between the actual service rates vs. a vector of desired rates over a compact time inter-
val, and later we will pick F(¢) to extract the distance between the current state and the
candidate equilibrium.) Also suppose that any solution X(t) to the fluid model equa-
tions (7.5)- (7.19) (we call such a X(t) a fluid trajectory) is such that § o [X(-)](t) goes
to zero in a time proportional to the distance of the initial condition’s distance to the
fluid model equilibrium he. Note that h is the threshold of the fluid model, which we
will see later may not be h. Under these suppositions, | o [(n,,) X ({(n,)t)](t)| — 0 a.s.

for each t greater than some critical time (tp. (The functional § must be continuous on
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the topology of uniform convergence on compact sets for this to hold.)

Theorem 7.7: Suppose that any fluid trajectory X(¢) that solves equations (7.5)-
(7.19) has service rates equal to some vector R (which we later show to be the max-min
fair rates), after some time that is proportional to the starting distance from the fluid
model’s candidate equilibrium he. Then for any positive numbers ¢ < 1 and any v < 1,
there exists a critical scale Lq((,7) such that for any system with n > L;, and initial
condition |y| < ¢

E[M~'T™(nto)] = R(1 — ¢)(1 — v)(nto)

where t( is the time the fluid model takes to reach the ideal rates after starting one unit
distance away from the equilibrium.

Theorem 7.8: Suppose that any fluid trajectory is such that the state goes
to the equilibrium in a time proportional to the starting distance from the candidate
equilibrium, then for any ¢ < 1, and 6 < 1 their exists a critical scale Lo((,~) such that

for any system n > Lo/ and initial condition |y| > ¢,
E[Y™(tolyl)] < d]yl.
where Y™Y is a “relative” state given by
n A 1 n
Y™Y(t) £ — (X™(nt) — nhe).
n

(Roughly, states outside the ¢ neighborhood tend to contract.) Also shown in Theo-

rem 7.8, is that for any b < 1, there exists n large enough so that

E[Y™¥(tp)] <b forally: |yl <.
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Lemma 7.9: If the conclusions of Theorem 7.8 hold, then the expected first
return of Y to a ¢ neighborhood of the origin that happens at least t; seconds after
having started in that neighborhood, can be made close to tg, if the constants ¢, b, and
0 of Theorem 7.8 are chosen to be small.

Theorem 7.10: If the necessary conditions for Theorems 7.7 and 7.8 hold, then
the long term average rates can be made arbitrarily close to the fluid model rates, by

making n large enough.
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Chapter 7

Fluid Limit Analysis

7.1 Preliminary Lemmas

In the this chapter, we will state and prove Theorem 7.5 that shows that given any
sequence of initial conditions and system scales {n,,} with (n,,) — oo there exists a
subsequence {n;} C {n,,} for which the sequence of system trajectories with initial
condition y;, thresholds n;h, and time and space scaled by (n;) converges to a fluid
model trajectory satisfying a set of differential equations.

The proof of Theorem 7.5 depends on the lemmas presented in this section.
The reader may either read this section first, or skip to the proof of Theorem 7.5 in
Section 7.1 and turn back to this section as needed.

Lemmas 7.1, 7.2, and 7.3 all assume that we start with some sequence {n;} that
satisfies the following property concerning the residual arrival and service time processes

in the fluid limit:
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Property 1: {n;} is a sequence of initial condition y; and scale n; pairs with (n;) —
oo and

U™ (0) — U(0) V™(0) — V(0)

for some U(0), V(0).

This property ensures that there are well defined residual arrival and service
times in the fluid limit. (When we eventually prove Theorem 7.5, when a sequence does
not satisfy Property 1, we will find a subsequence for which it does.)

Lemma 7.1 is a form of the Functional Strong Law of Large numbers for renewal
processes, and is taken from [32].

Lemma 7.2 is a new result showing that the thinned arrivals (the packets that
make it beyond the policing point) converge to a fluid limit along a subsequence.

Lemma 7.3 is a result taken from [32] showing that the residual initial arrival
and service times decline to zero at rate 1 in the fluid limit. The lemma also shows that
the sequence of functions we use to take the fluid limit are uniformly integrable, which
will later be used to show a sequence of expected values evaluated at a time ¢ converges
to 0 when the sequence of functions evaluated at time ¢ converge to 0 almost surely.

We say that f;(t) — f(t) uniformly on compact sets (u.o.c.) if for each t > 0

lim sup [f;(s) = f(s)] = 0.

J—00 p<s<t

We also use the notation f(t) = % f(t) where such a derivative exists. If a

function f(-) is differentiable at ¢, we say that t is a regular point.

Lemma 7.1 (Dai, Lemma 4.2 of [32]). Suppose that {n;} is a sequence satisfying
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Property 1. Then for almost all w,

(m;)~1o%(|(n))t]) — Pt w.o.c.,
m;)TEY ((nj)t) — ot — Uk(0)' w.o.c.,

() S ((y)t) — et — Vi(0))F wo.c.

Proof. See Lemma 4.2 of Dai [32]. The result is an instance of the Strong Law of Large

Numbers for Renewal Processes [50]. O

Lemma 7.2 (Thinned Arrival Convergence). Suppose that {n,} is a sequence sat-
isfying Property 1. Then for almost all w, there exists a subsequence {n;} C {n,} such

that

;)T AN ((ny)t) — A(t)  w.o.c.
where A(t) is some Lipschitz continuous process with for all regqular t > 0,
/L\f(t) <ay for each flow f. (7.1)

Proof. By Lemma 7.1,

() T ER ((ny)t) — (axt — V(0),)"T wo.c. (7.2)
for each class k. For notational convenience in the development that follows, we define:

Ek(t) = (gt — V(O)k)+

AY(t) £ () E™ (o)) — E(1). (7.3)

Pick a compact time interval [so, s1]. Because the number of packets allowed past the

policing point cannot exceed the number of packets arriving to the policing point in any
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time interval (5.1), we have

L ame(m A 1
g A () (0 42)) = A ()] < 7o

[E™ () (t +¢)) = B ({ny)t)] - (74)

for any positive ¢ < s1 —sp and ¢t : sp < t < s1 —e. Adding —AY(t + ¢) and AY(t) to

both sides and substituting (7.3) and (7.2), we have

1
(ny)

AR () (t 4 2)) — A¥(t + &) — {@An”«nvﬂ) - A”(t)] < B(t+e)— E(t) < ea.

Define the family of functions:

Lu(s0,t) == sup [(my) 'A™ ((ny)s) — AY(s)]

SE[s0,t]
Because the arguments of the sup functions are vectors, sup is taken component-wise.

Note that for any (¢,¢) with t € [so, s1 — €],

Lo(so,t+¢) = Ly(s0,t) V Ly(t, t+¢)
and  £,(t,t +¢) < ea+ Ly(tt)

<ea+ £(s0, ).

Thus £, (50, t+&)—L£y(s0,t) < e and clearly £, (sg, t+&)— £, (s0,t) > 0 because £,(so, -)
is monotone. Hence the functions £,(s, ) are equicontinuous and individually Lipschitz
continuous. Thus, by Arzela’s theorem, there exists a further subsequence {n;} C {n,}
such that

£(s0,) — A(t)

uniformly on the compact set t € [sq, s1] for some monotone-nondecreasing, Lipschitz-

continuous process A(t). But by (7.2), AJ(t) — 0 uniformly on compact sets. Because
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of this and the fact that (n;)"'A™ ((n;)s) is monotone, it follows that the maximizing

values of each sup term approach (n,) 'A™ ((n,)t). Thus

AR (ny)s) — AY(s)| — <n1v>A“v<<nv>t> — AH).

sup
s€[s0,t] <nv>

Because the choice of [sg, s1] was arbitrary, we have (n;)~'A™ ((n;)t) — A(t) w.o.c.

Furthermore, (7.2) and (7.4) imply that A(t) satisfies (7.1). O

Lemma 7.3 (Lemmas 4.3 & 4.5 of Dai [32]). Suppose that {n;} is a sequence

satisfying Property 1. Then almost surely:

lim <nj)_1U;lj(<nj>t) = (Uf(0) = )T w.o.c.,

J—00

lim (n;)"'VY ((n))t) = (Vi(0) — t)* w.o.c.

J]—00

Also, for each fired t > 0, the sets of functions:

{ng) U™ ((ng)t) = (ny) > 1},
{(ng) =1V ((n))t) : (nj) > 1},

{(ny) 7' Q™ ((nj)t) = (ny) > 1}
are uniformly integrable.
Proof. See Lemmas 4.3 and 4.5 of Dai [32] O

The following lemma will be used later to show that because all of the systems
we consider are work conserving, which we stated with the integral expression (5.8), the
fluid limit must also be work conserving. In the lemma below, the notation Dg|0,c0)

denotes the space of right continuous functions on R; having left limits on (0, c0),
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and endowed with the Skorohod topology [44]. Cgr[0,00) C Dg[0,00) is the subset of

continuous paths.

Lemma 7.4 (Lemma 2.4 of Dai and Williams [45]). Let {(z, x;)} be a sequence in
Dr|0, 00) x Cr[0, 00). Assume that x; is nondecreasing and (z;,x;) converges to (z,x) €

CRr[0,00) x Cg[0,00) w.0.c. Then for any bounded continuous function f,

¢ t
[ 1GiNdte) — [ IENix(s) o

Proof. See Lemma 2.4 of Dai and Williams [45]. O

7.2 Convergence to a Fluid Limit along a Subsequence

The following proof parallels the proof of Theorem 4.1 of Dai [32]. The proof here differs
in that we deal with a sequence of systems and two different types of fluid limits, as

discussed in Section 6.

Theorem 7.5. Suppose one of the following cases hold for some constant (:
TFL Case: {n,} = {(nm,ym)} is a sequence of (system scale, relative initial condition)
pairs satisfying:

lym| < ¢ and ()¢ = Ny — 00.

JFL Case: {n;,} = {(nm,ym)} is a sequence of (system scale, relative initial condition)

pairs satisfying:

1
‘ym’ > C and <nm>C = Enm‘ym’ — O0.
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Then for almost all w there exists a subsequence {n;} C {n,,} for which

()X ((nj)t) — X(t) u.0.c.
for some fluid trajectory X(t) with components
X(t) £ [X(); T(t); At); ]
where, in turn, the process X (t)has components

X () £ [Q6); U(t); V(t); B(t)]

where B(t) = 0. The process X(t) may depend upon w and the choice of subsequence

{n;} but must satisfy the following properties for allt > 0:

Up(t) = (t = Up(0)", V() = (t = Vi(0))*, (7.5)
Ty (t) is nondecreasing and starts from zero, (7.6)
I;(t) :=t — C;T(t) is nondecreasing , (7.7)
Dip(t) := ps(ry (Tio(t) = Vi(0))™, (7.8)

A(t) == R"D(t) + A(t), (7.9)

Q(t) :== Q(0) + A(t) — D(t), (7.10)

Q(t) > 0, (7.11)

A T (COw)di(t) = o, (7.12)

where (7.5), (7.6), and (7.8) hold for each flow f and class k, while (7.7) holds for each

station i. Assignments (7.7), (71.8), (7.9), and (7.10) define I(t), D(t), A(t), and Q(t)
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respectively. Also, the following hold for each flow f for regulart > 0:

/if(t) =0 whenever Qy(t) > h for some k € C(f), (7.13)
Af(t) = asl(t > T4(0)) whenever Qp(t) < h for all k € C(f), (7.14)
Ag(t) < ay. (7.15)

Also, for station i and for any k,l such that {k,l} € C(i) the following are satisfied for

all regular t > 0:
w,;l]_L)k(t) > wflﬁl(t) whenever Qk(t) >0 , (7.16)
w,;lbk(t) = wflbl(t) whenever Qi (t) > 0 and Q;(t) > 0. (7.17)
In addition the following case specific conditions on h, and X (0) hold:

1X(0) - hel < ¢, (7.18)

=>I
Il
=

TFL Case:

| X(0) — he| = . (7.19)

IN
>
IN
B

JFL Case: 0

Proof. We first consider the parts of the proof that require case specific analysis. For

the TFL case we have

———h=——=hHh
(nm) Nm 7
thus
n; -
—_h—h=~h
(n;)

along any subsequence {n;} C {n,,} giving us the first part of (7.18). For the JFL case

we have

fim i h . (7.20)

= <
() <_1nm‘ym‘ Y|
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Thus by the Bolzano-Weierstrass Theorem, there exists a further subsequence {n;} C
{n,,} for which

n;

(n;)

holds for some h. The first part of (7.19) follows from (7.20). We also note that in the

h—h (7.21)

JFL case, (7.20) implies
h = lim Chly;|~". (7.22)
1— 00
For the TFL case, we use the definition of relative initial condition (5.2) and

(n) to write

1
(n;) ' X™(0) — n;he| = —(|n;y; + nhe — nhel)

n;

< |yl < ¢ (7.23)
Similarly for the JFL case we have
i(yi t+h -
(ni) =X (0) — nghe] = | Wit e po
nilyil

< ¢+ (Chlyil ™ = h)le| (7.24)
< ¢+ hlel. (7.25)

Thus we may apply the Bolzano-Weierstrass theorem in either case to conclude that
there is a subsequence {n,} C {n;} for which (n,)~'X™"(0) — X (0) for some X (0). In
addition (n,)"*H™ ((n,)t) — 0 w.o.c. because H® ((n,)t) is bounded by a constant by

its definition. Thus,

(n,) 71X (0) — [Q(0); U(0); V(0); 0] (7.26)

(n,) " H™ (1) = 0 u.o.c. (7.27)
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Property (7.26) allows us to use Lemma 7.3 to conclude

ovon| {ow
(n,) — u.o0.c.
Ve (o)) V(t)
where U(t) and V (t) satisfy (7.5).
In the TFL case, the second part of (7.18) follows from (7.23). For the JFL case,
(7.24) combined with (7.22) imply that (¢hly.|~! — h) — 0 and thus |X(0) — he| = ¢,

giving us the second part of (7.19).

From this point on, the arguments apply for both cases. T™ satisfies
() T T™ ((np)t) = T ((ny)s)] < (¢ = 5). (7.28)

Thus by Arzela’s theorem [46], there exists a further subsequence {n,} C {n,} for which

(n,) 7' T™ ((n,)t) — T(t).

Property (7.6) follows from (5.6). Property (5.7) implies

(n,) T (ny)t) — I(t)

w.o.c. where I(t) satisfies (7.7).

By Lemma 7.1, (n,) 'SP ((n,)t) — (uxt — V(0)r)* wo.c. for each class k.
This fact combined with (5.9) and (7.28) gives (7.8).

Property (7.26) allows us to use Lemma 7.2 to conclude that there is a subse-
quence {n;} C {n,} where

(n,) TAM ((n)t) — A(t) w.o.c.

for some Lipschitz continuous process A(t) satisfying (7.15).
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Lemma 7.1 combined with (5.3) gives us <nj>_1A2j ((n;)t) — Ag(t) v.o.c. where
Ag(t) is defined by (7.9). Furthermore, Ay(t) is Lipschitz continuous because it is equal
to a linear combination of functions we have already shown to be Lipschitz continuous.

Thus using (5.4) we have that
(my)'QM ((n;)t) — Q(t) w.o.c. (7.29)

where Q(t) is a Lipschitz continuous function given by (7.10). Property (7.11) follows
easily from (5.5).
The next few arguments are similar to the proof of Proposition 4.2 in [33].
Suppose that Qy(t) > h for some k € C(f). By Lipschitz continuity of Qy(t),

there exists some small 7 > 0 such that

t<sSthr @i(s) > h.

By the uniformity of the queue convergence in (7.29) and the threshold convergence in
(7.21), there exists j* such that for all j > j*, Q.7 ((n;)s) > n;h for all s € [t,t + 7].

Thus, by (5.1) one finds that
A}lj(<nj)s) - A}lj(<nj>t) =0 Vsel[tt+T]

Therefore, it follows that

Ap(s)—Ap(t) =0 Vs€ [t t+T7]

and consequently, A #(t) = 0, which is (7.13).
Suppose that Q(t) < h for all k € C(f). First note that in this case A > 0 and

therefore (7.21) implies that n; — co. By the Lipschitz continuity of Q(t) for each k,
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there exists some small 7 > 0 such that

< h.
22635 e O

Because n; — oo, the uniformity of the convergence in (7.29), and the convergence in
(7.21), there exists j' such that for all 7 > j’, Q. ((n;)s) < n;jh. Furthermore there
exists a j* > j” such that for all j > j5* and k € C(f), Q}’ ((n;)s) < njh — /njhs. Thus

by (5.1):
AY (ng)s) — A ((ny)t) = B (ng)s) — B’ ((ng)t) Vs € [t,t + 7]
and consequently we have (7.14).

Suppose that for some class k, Qx(t) > 0. By the Lipschitz continuity of Q(t)

there exists some small 7 > 0 such that

t<sStr @i(s) > 0.

Because of the uniformity of convergence in (7.29) there exists j* such that for all j > j*,
Qy ((nj)s) >0 Vs € [t,t + 7).
By (5.10), for almost all w, and all classes [ we have
wi, [Di((nj)s) — Di((nj)t)] > w [Di((nyg)s) — Di((ng)t)] Vs € [, +7]

and thus we have (7.16).
If Qi(t) > 0 and Qx(t) > 0 (7.16) is true as written or with the k and [ and
indices swapped. This implies (7.17).

We observe that (5.8) is equivalent to

| stz =0 (7.30)
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where

fE)=()AL (7.31)

Noting that x; and z; meet the required conditions for Lemma 7.4 we have,

e At = o (7.32)

which is equivalent to (7.12). O

7.2.1 Sliding Modes

We refer to equations (7.5) through (7.17) as the fluid model equations, while we call a
solution to the fluid model equations a fluid trajectory. The fluid model equations are
ordinary differential equations with respect to time, but the values of the derivatives are
discontinuous functions of the state. For example (7.13) and (7.14), imply that Af(x)
is discontinuous because the value changes abruptly when a queue in C(f) crosses the
threshold h. Differential equations with right-hand discontinuities, as they are called,
may not have unique solutions for a given initial condition [47]. Fortunately, we will not
have to show that the fluid model equations admit a unique solution. Instead, it will
suffice to show that all solutions converge to an equilibrium.

Consider the boundary set on the state space Sy, defined to be the states for

which all queues in C(f) are at or below their thresholds and at least one such queue is
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exactly at its threshold. Relation (7.15) restricts

Af(x) € [0, 5] for x € Sy .

Thus the fluid model equations are differential inclusions at the switching boundaries.
Fillipov [47] gives a general treatment of discontinuous differential equations with differ-
ential inclusions at the switching boundaries. One type of solution to such equations is
a sliding mode, where the trajectory “sticks” to the switching boundary.

For instance, the fluid model of a network with a single queue, served at rate
1, and single flow arriving at rate a > p will admit a sliding mode solution. The fluid

model equations dictate that
=a—pu when Q(t) <h
€[0,a] when Q(t)=h

=—u when Q(t) > h

Qi
—~~
~
S—
,—--_-—/\—-_—--“

for regular ¢. One can show that a solution, and in this case the only solution, of this
system is a trajectory that goes from its initial condition to the sliding boundary in finite
time, and then stays at the sliding boundary Q(-) = h. Once the trajectory sticks to the
boundary, it must be that the policing is throttling the flow so that its thinned rate /_\(t)
is equal to p. We informally call this a sliding mode policing. A sliding mode policing in
the fluid model looks almost if the queue were giving a real number valued throttle signal
to the policing point. However, in the original stochastic system this must correspond
to a sequence of on and off policing events, with some amount of time between events at
least as long as the service time of a single packet. This chattering gets smoothed into

a continuous trajectory in the fluid scaling.
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7.3 Upgrading Convergence along Subsequences to Con-

vergence on Sequences

In the previous section, we showed that for both TFL and JFL sequences, we can extract
a sample path dependent subsequence that converges to a fluid trajectory. The objective
of this section is to upgrade this result to convergence along the original sequence, and
not just the sample path dependent subsequence. In particular, we show in Lemma 7.6
which follows that if a functional § of the fluid model trajectory goes to zero in a time
proportional to the initial condition’s distance from the fluid model equilibrium, then
we get our desired convergence property. In later sections, we will invoke Lemma 7.6
choosing § to extract the service rates from the fluid model, and later choosing § to
extract the distance from the fluid model equilibrium. Lemma 7.6 is a generalization of

an argument used by Dai in the proof of Theorem 4.2 of [32].

Lemma 7.6. Suppose that § is a functional that maps R” x RT into R® x RT where r
is the dimension of X™(t) and s is arbitrary. Also suppose that § is continuous on the
topology of uniform convergence on compact sets.

Recall that h is a component of X(t), and suppose that the following statement

18 true:

e The fluid model equations (7.5) - (7.17) are such that any trajectory X(t) with

h > 0 that satisfies them, X(t) must also satisfy

FolX()]{#)=0 Vt>tg|X(0)— hel. (7.33)

Then,
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(TFL Case:) For any sequence {0, } = {(nm,ym)} that satisfies |ym| < ¢ and ny, — oo
for some ¢ > 0,

e

L xne(in,,) - )} (t)‘ 0 as (7.34)

()

for each t > (to, and any initial condition y.
(JFL Case: ) Suppose Condition (7.83) can be strengthened to hold for any trajectory

X with h > 0. Then for any sequence {n,,} = {(Nm,ym)} that satisfies
[Yym| > ¢ and np|ym| — oo

for some ¢ > 0, conclusion (7.34) holds.

Proof. By Theorem 7.5, for almost all sample paths w, and for any subsequence {n;} C

{n;,} there is a sample-path-dependent further-subsequence {ny(,} C {n;} for which
(nji(w)>_1%njz‘(“>((nji(w)ﬁ,w) — X(t,w) wo.c. (7.35)

where X(t,w) satisfies (7.6) - (7.17). The notation I(w) and X(¢,w) emphasize that
the further-subsequence and fluid trajectory depend on w. Now fix an w for which
subsequences have convergent further subsequences as described. For the next few steps
we suppress the w arguments to simplify notation, but the reader should remember we
are working with a particular w. We also note that the h component of X satisfies
h > 0 in the TFL Case and h > 0 in JFL case by conclusions (7.18) and (7.19) of
Theorem 7.5 respectively. Consequently, condition (7.33) holds for the TFL Case, and
the strengthened version of condition (7.33) holds in the JFL Case. Thus in both cases,

we have

Fo[X(-)](t) =0 foreacht >|X(0) — helto.
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Furthermore | X (0) — he| < ¢ in both cases by (7.18) and (7.19), thus

Fo[X()](t)=0 foreacht > Cto. (7.36)

Because § is assumed to be continuous on the topology of uniform convergence

on compact sets, (7.35) implies

o [(m) 1 x™ ((my) )] (1) — Fo [XOI(E) woec,
which combined with (7.36) yields
[0 [(o) ™2™ () )] (1)) = 0 (7.37)

for each t > (tp. So for this fixed w, any subsequence {n;} C {n,,} has a further
subsequence {n;)} C {n;} for which (7.37) holds. Therefore the original sequence

{n,,} converges for this fixed w:
50 [tnn) X () - w)] ()] =0

for each t > (ty. But the same argument can be used to conclude that this holds for

almost all w. Thus, we have (7.34). O

7.4 Convergence to Fluid Model Rates on a Compact Time

Interval

The objective of this section is to use Lemma 7.6 to conclude that the rates of the
stochastic system are close to those of the fluid model. As a consequence of the conver-
gence to the fluid limit in Theorem 8.9 being uniform on compact sets, and not uniform

on Rt we will only be able to show that the rates are close over a compact time interval.
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Theorem 7.7. Suppose there exists tg such that
M7'T(t)=R Vt>to|X(0) — he| (7.38)

for any fluid model trajectory X(t) with limiting threshold h > 0 satisfying (7.5) - (7.17).

Then, for any positive v < 1 and { < 1, there exists L1(C,~) such that for alln > Ly,

IiflfCE (M7 (nto)] > R(1 — ¢)(1 — v)nto. (7.39)
yI<

(Note that we write T™Y in place of T™ to give extra emphasis on the dependence on y.)

Proof. Let {n;} = {(n;,y;)} be a sequence of system scale and relative initial condition
pairs satisfying n; — oo and |y;| < . We invoke the TFL case of Lemma 7.6 by picking

§ so that

Fo [XOI) :=T(¢™'t) = T(t) = MR(C™ — 1)t.

§ is easily seen to be continuous on the topology of uniform convergence on compact

sets. Also note that

Fo X)) =0 Vt>1t|X(0) - he|
by (7.38), and thus Lemma 7.6 yields:

il _
lim (nuto) (Cnuto)

—MR| =0 a.s., 7.40
i ST (7.40)

where we have used the fact that (n;)¢ = n;. The left hand side of (7.40) is bounded

from above by a constant for all I, and thus by the dominated convergence theorem [50]:

il _
lim B (nuto) (Cruto)

lim = O — MR| =0. (7.41)




104

Also note (7.41) holds for any sequence {n;} with (n;) — oo and |y;| < ¢, because these
were the only restrictions for our initial choice of sequence.
Now pick a positive constant v < 1. Observe that there exists a constant

Li(v,¢) such that whenever n > Ly,

E[T™(ntg) — T™(n(t
ly|<¢ n(1—Q)to
for if otherwise we could construct a sequence {n;} that violates (7.41). By the mono-

tonicity of T™(-), we have (7.39). O

7.5 Stochastic System Attracted to Fluid Equilibrium

The objective of this section is to show that the stochastic system is attracted to the
fluid model equilibrium. In particular we show that the expected norm of the state
declines geometrically for starting states outside a neighborhood of the equilibrium. We
also show that the expected norm of the state is small, some fixed time after starting
inside the neighborhood. The proof technique is similar that of Theorem 3.1 of Dai [32].

Before stating the theorem of this section, we define the following notation:

Y™Y(t) & =(X™(nt) — nhe). (7.42)

1
n
Y™Y(t) is a “relative” state of system-n, that is it is re-centered so that the candidate

equilibrium is at the origin and is scaled by 1/n in size, and by n in time. This trans-

formation parallels our definition of relative initial condition y in (5.2).

Theorem 7.8. Suppose that there exists tg such that

X (t) = he Vt > to|X(0) — he| (7.43)
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for any fluid model trajectory X(t) with limiting threshold h > 0 satisfying equations

(7.6) - (7.17). Then the following conclusions are true:

i) For any ¢ > 0, and any positive § < 1 there exists La((,d) such that for all n >

("'Ly and |y| > ¢,

E[Y™¥(toly[)| < dlyl, (7.44)

it) For any ¢ > 0, and any b > 0 there exits L3((,b) such that for all n > L3 and all

lyl <¢,

E|Y™(to)| < b. (7.45)

Proof. We first prove conclusion (i). Pick any sequence of pairs {n;} = {(n;,y;)} satis-
fying ny|y;| — oo and |y;| > ¢ for some ¢ > 0 (A JFL sequence). We invoke Lemma 7.6,

picking § such that

F(t)£F 0 |X(-);T();A();R| () == X(t) — he.

Note that F(|X(0) — he|t) = 0Vt > to by Assumption (7.43), and § is easily seen to be
continuous on the topology of uniform convergence on compact sets. Lemma 7.6 yields

L M({ny)t) — nhe| — 0 a.s
@lX ((ng)t) —nihe| — 0 a.s.

for each ¢t > to. Noting that (n;) = n|y|, and taking t = ¢y we have that

1
—— | X (ny|yi]to) — nihe| — 0 a.s.
|y

By Lemma 7.3, (n|y;|) =2 X™ (ng]yi|to) is uniformly integrable. Therefore

lim

E \X“l(nl]yl]to) — nlhe\ = 0.
l—o0 nl\yl\
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Applying definition (7.42), and noting that our initial choice of sequence {n;} was arbi-

trary, up to some constraints, we have that the following statement is true:
a) For any ¢ > 0, and any sequence {n;} with n;|y;| — oo, and |y;| > ¢,

1
lim —

E Y™ Y (to|ly])| = 0. (7.46)
l—o00 ’yl‘

We claim that this fact implies the following statement is true:

b) For any ¢ > 0, and any positive § < 1 there exists Ly((,d) such that for all n|y| > Lo

and [y| > ¢,

1

Bl < 6 (7.47)

Suppose statement (b) were not true. Then for some ¢ > 0 and some positive J, we
would have that for any Lo there would exist a pair (n,y) with nly| > Lo and |y| >
¢ with WllE Y™ ¥(toly|)| > 6. We therefore could construct a sequence that violates
statement (a), which is a contradiction. A special case of (b) is when n > Lo¢™! and
ly| > ¢. Hence we have conclusion (i) of the lemma.

We now turn to showing conclusion (ii). Pick an arbitrary sequence of pairs
{n;} = {(ny,y;)} satisfying n; — oo and |y;| < ¢ for some constant { (A TFL sequence).

We again invoke Lemma 7.6 by taking § to be the same functional as before,

F(t) 280 | X();T();A(); | (8) = X(t) — he.
Using Lemma 7.6, and the fact that (n;)¢ = n; when |y;| < ¢ we have

1
— | X" (nit) — nihe| — 0 a.s.
ny
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for each t > (ty. Now take t = tg,
1 n
— | X™(nty) — nihe] — 0 a.s.
n
By Lemma 7.3, (n;) 1 X™ (ntg) is uniformly integrable. Therefore

1
lim —E | X™ (nitg) — nyhe| = 0.
l—o0 Ny

Applying definition (7.42),and noting that our initial choice of sequence {n;} was arbi-

trary, up to some constraints, we have that the following statement is true:
c¢) For any ¢ > 0, and any sequence {n;} with n; — oo, and |y;| < (,

Jim B[Y™ % (t)] = 0. (7.48)

We claim that fact (c¢) implies conclusion (ii). Suppose (ii) were not true. Then for some
choice ¢ and b, we would have that for every constant L3, there would exist an n > Lg
and y < ¢ satisfying E [Y™Y(ty)| > b. This would allow us to construct a sequence that

violates statement (c), which is a contradiction. O

7.6 Hitting Times on a Neighborhood of the Fluid Equi-
librium

The objective of this section is to show that the results of Theorem 7.8 imply that the
expected return time of the ¢ ball around the fluid equilibrium is small. Later on we will
combine this with the results of Theorem 7.7 that show that the expected rates, when
starting from within the ball are close to the fluid rates on a compact time interval, to

show the long term rates are close to the fluid rates.
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The proof of Lemma 7.9 is adapted from the proof of Theorem 2.1(ii) of [48],
which was for a discrete time Markov chain.

In the proof of Lemma 7.9, and in subsequent proofs, when we want to express
Y™¥(t) without specifying an initial condition we will write Y (¢) where the choice of
initial condition is implicit by the choice of probability measure. We define P, to be a

probability measure for which
Py {¥Y"(0) =} = 1,
and thus,
Y"(t) =Y"™Y(t) Pyas., and E,[Y"(t)] = E[Y™¥(t)].
Lemma 7.9. If for n fized, we have the following inequalities

Ey[Y"(toly|)| < dly| for all |y| > ¢, (7.49)

E, |\Y"(to)] <b for all ly| < ¢, (7.50)
then Y™ is positive Harris recurrent and furthermore,

sup Ey[75(t0)] < to {1 + iﬂg} (7.51)
yeB -

where B £ {y : [y| < ¢} and T%(to) is defined by
Th(tg) £ inf{t >t : Y™(t) € B}. (7.52)

Proof. That Y™ is positive Harris recurrent follows directly from Theorem 3.1 of [32].
The rest of the argument that follows is adapted from the proof of Theo-
rem 2.1(ii) of Meyn and Tweedie [48]. We will use the following Fact taken from Theorem

14.2.2 of [49):
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Fact 1: (Meyn and Tweedie [49]) Suppose a discrete time Markov chain & =

{®, k € Zt} is defined on a general state space X with transition kernel P(z, A) =

P(dx € A), where A € B(X), the Borel subsets of X. If V and f are nonnegative

measurable functions satisfying

[ Pa.dy)V ) < V(@) - 1@)+ Blala),

then

where

%B:inf{k21:q)k€B}.

zeX (7.53)

We now turn to setting up our problem to make use of Fact 1. We define the following

two mappings, the first mapping each y to a time n(y), and the second mapping each y

to a integer valued Lyapunov function V (y):

(
. ylto  if |y| > ¢
n(y) £ {
ito if |y] < ¢
At
V(y) £ 5l

(7.54)

(7.55)

Substituting our assignment of n(y) into relation (7.49), and adding a term to that

relation’s right hand side so that it holds for y both inside and outside B, we have

Ey[Y"(n(y))]

< dlyl+ <sup Ey\Y”(to)O 15(y)
yeB

1-90

< |yl -

n(y) + (1 =0 +0)15(y).
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We multiply both sides by to/(1 — ) to get

Ey[V (Y™ (n(y)) | < V(y) —nly) +blp(y) (7.56)

to

h b=t
where o+1_5

b. (7.57)
The transition kernel P! for the Markov process Y is defined by
P'(y, A) = Py (Y"(t) € A),

where A is any set in B(Y), the Borel subsets of the state space Y. We define the discrete

time “embedded” Markov chain & = {@)k, k € Z.} with transition kernel P given by
P(y, A) = P"¥(y, A).
Note that

[ Pd2)v ) = [PrOy.aav () = BV (Y (n(w) | (7.58)

Combining (7.58) with (7.56) we have

[ Pl V() < V() = nly) +BLaw). (7.59)

Recognizing this is the form of expression (7.53), we may use Fact 1 to conclude

E, Fin(@)} <V(y) +0, (7.60)

k=0
where 75 = inf{k > 1 : ®; € B} is the first return time of the embedded discrete time
chain @® to the set B. Fix a particular w and initial condition y. If the embedded chain
hits B in 7p discrete steps, then the original chain must also hit B in a time equal to the

sum of the embedded times that those discrete steps correspond to. It is also possible
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that the original chain hits B earlier, in addition to hitting at a time equal to the sum

of the embedded times. Thus the first hitting time of the original chain satisfies
=1
inf{t > 0:Y"(t) € B} < Y_ n(®) Pyas.
k=0
for each y € Y. Furthermore, whenever the initial condition y € B, the first embedded
time is ty seconds by (7.54). Consequently, the time of the first hitting of B after g
seconds expire satisfies
=1
inf{t >ty : Y"(t) € B} < > n(®) Pyas.

k=0

for each y € B. Substituting (7.52), taking the expectation, and using (7.60), we have
E,[mR(to)] < V(y) + b for all y € B.
Taking the sup,cp of both sides, substituting (7.57) and (7.55) we have

to
sup E, [ (t0)] < to + 1
yeB -

[C+0],

which is (7.51). O

7.7 Convergence of Long Term Rates

The objective of this section is to tie together all of the preceding results to conclude
that the long-term rates of the stochastic system are close to the fluid rates for large
enough n. We pick n large enough so that the stochastic system’s rates are close to the
fluid rates for the first ¢y seconds after having started in a ¢ neighborhood and that the

expected time of first return to a ¢ neighborhood, ¢y seconds after having started there
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is close to tg. At this point, intuition suggests that the long term rates must be close to
the fluid rates over the long term. We formalize that intuition with an argument based

on stopping times and the strong Markov property.
Theorem 7.10. Suppose both of the following are true:

e For any fluid model trajectory X(t) with limiting threshold h > 0 that satisfies (7.6)
- (7.16),

X(t)=he  Vt>ty|X(0)— hel. (7.61)

o For any fluid model trajectory X(t) with limiting threshold h > 0 satisfying (7.6) -
(7.16):

M7'T(t)=R  Vt>ty|X(0) — he] (7.62)
where R is a constant K dimensional vector of flow rates.

Then for any € > 0, there exists a system-scale n. such that for all system-scales n > n.

DMY(t)

lim >(1—-¢R as.

t—o00
Proof. We observe that equations (7.62) and (7.61) are the necessary conditions to apply
Theorems 7.7 and 7.8 respectively. Therefore, we may arbitrarily pick the constants ¢, 9,

and b of Theorem 7.8 and the constants ¢ and « of Theorem 7.7 (using the same ¢ value

in Theorems 7.7 as we use when we apply Theorem 7.8), and then fix an n satisfying

n > max[L1(¢,7), ¢~ L2(¢, 8), L3(¢,b)] (7.63)

so that the conclusions of both Theorems 7.8 and 7.7 hold.
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In addition, conclusions (i) and (ii) of Theorem 7.8 allow us to invoke Lemma 7.9

to conclude

sup By [ (to)] < to(1 + %2) (7.64)
yeB

where 77 (tp) is defined by (7.52). Because the constants ¢, b, ¢ could have been selected
to be arbitrarily small, equations (7.64) and (7.63) imply that the expected first hitting
time of B, t¢ seconds after having started in B, can be made to be arbitrarily close to tg
by choosing n large enough. For convenience we collect some of the constants in (7.64)
in the term t{, defined by

¢+b

We have also chosen n large enough so that the following conclusion from The-
orem 7.7 holds,

|i‘n<f<E [T™Y(ntg)] > MR(1 —{)(1 — v)nto. (7.66)

Define the stopping times

00:05

ip1 = inf{t > to+ 0, Y(t) € B}, Vi > 0. (7.67)

Figure 7.1 illustrates how these stopping times are defined. Note that for any initial

condition y € Y (the state space of Y") and index ¢ > 1,

Ey[oit1 — 0i] = Eynu(o [T5(t0)] < sup Ej[r5(t0)] < to. (7.68)
ye

This follows from the fact that Y™¥(o;) € B, the strong Markov property, the stopping

time definitions (7.52) & (7.67), and expressions (7.64) & (7.65). Also, Y™ is positive
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Start in B at time O i Wait to seconds. Record time of return
to Bas G i1
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|
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-

Avg. Time Elapse < to'
Min. Time Elapse = to

Figure 7.1: The top half of the figure illustrates the definition of the stopping times
0i,0i+1,-.- The bottom half illustrates the intuition behind the proof of Theorem 7.10
by plotting the stopping times on a time line, and showing the bound on expected
throughput between such stopping times. That the expected time elapse between o;
and ;41 is upper-bounded by ¢ is a consequence of Lemma 7.9. The lower-bound on
expected throughput between stopping times comes from Theorem 7.7.

Harris recurrent by Lemma 7.9 and therefore,
Eylo1] < o0 (7.69)
for any y € Y. We define a counting process N (t) for the stopping times o; as
N(t) = inf{i: o; < t}.
Because Y™ is positive Harris recurrent, o; < co almost surely, and therefore

N(t) — o0 a.s. (7.70)
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We now turn to bounding the expected “arrival” rate of the stopping times ;. By (7.68)

for each i,

E
< th(1+1/i) + yfl (7.71)

Ey[oi] 23;11 Eyloj11 — o] + Eyor

1 1
Additionally, along any sample path

t < IN@®+1 N(t)+1
N(t) = N(@)+1 N(t)

Thus by taking liminf; .., Ey(-) of both sides, and using (7.70), and (7.71) we have

Also, by Fatou’s Lemma

o 1 o

Recall that the process T™(t) = T™Y(t) is defined in terms of the time scale
of X", and not that of Y, which we defined in expression (7.42) by scaling time by a
factor of n. Therefore we define a re-scaled service process T™Y with time re-scaled to

match the time scale of the Process Y (t) according to the definition
T"¥(a,b) = T™(nb) — T"¥(na). (7.73)

We also define the random vectors p; to track the throughput between stopping times

o; as made precise by the definition

Pi = M_lfn(O'i, o; + O‘i+1), (774)
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where the y superscript in T™Y is omitted because the initial condition will be specified

implicitly by the choice of probability measure. Note that for ¢ > 1 and each y € Y,

Eylpi] > Bynu(oy M T"(to)]

> inf Bg[M~'T"

> inf Byl (to)]

> Rio(1 - ¢)(1—7). (7.75)
This follows from the fact that Y™¥(o;) € B, the strong Markov property, the definition
of o; (7.67), the definition of p; (7.74), and relation (7.66). Figure 7.1 illustrates the fact
that the throughput between stopping times o; and ;41 is lower-bounded according to
relation (7.75).

Because, we have shown that Y™ is positive Harris recurrent, by [33] the fol-

lowing ergodic property holds for every measurable f on Y with 7(|f]) < oo,

t

1
tlim n f(Y"(s))ds = n(f) Py-as. foreachy €Y
—oo ¢ Jo

where 7 is the unique invariant distribution of Y. Assigning the function
fly) == M~T™¥(0)

to be the instantaneous service rates when the process is in state y, (Recall that we

assumed the service rates are a function of the state in Section 5.7.2.) we have,

. 1
lim —
t—oo {

t 1 .
/ FOrm(s))ds = Jim S MIT(E) = R as, (7.76)
0 —00

for some constant vector R.

Consider the random variable

. t
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The random variable A is a P, invariant random variable, and therefore is a constant.

Hence by (7.72),
N is a constant and N < . (7.77)

A more detailed explanation of this argument is provided in the Appendix.

We observe that for any sample path the following inequalities hold,

—~ N 15
t MY (t) - Zj:((t]) Pi ot ON@+1 MT™Y(on ) 41)
N(t) t - N@) T N(@) ot TN (t)+1

. (7.78)

Taking the liminf; . of both sides, and using (7.76), (7.70), & (7.77) we have that
N(t)

.. Zj:() Pj

Now we need to apply the dominated convergence theorem. Before doing so, we note

that

1 fn’y(UN(t)H)

ON(t)+1

M <M1

where 1 is a column vector of 1’s of appropriate dimension. This fact combined with

(7.78) and (7.77) yield that for each i > 0,

k
. j:lpj < Timi L -1 < 1
i == s iminf T ML S to(1+9) ML

and thus the random variables

are dominated by a constant. Consequently, the dominated convergence theorem applied

to (7.79) yields,

1—00 (3

lim inf B [“p”] — NR.
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Also for each i > 0 by (7.75),

E[p > Rig(1 - 4)(1 - 0).

[

Thus,

NR > Ritg(1—~)(1 ().
Substituting (7.72) we have that

(1 =71 —=0to

R > : R.
to
Which by (7.65), (7.73), and (7.76) implies
1 1—7)(1-—
lim — M~ T™Y(t) > %R a.s.
g e

Recall that the parameters v, ¢, b, and d may be chosen arbitrarily close to 0, and still
have all of the preceding development hold by choosing a large enough n according to

(7.63). Thus for a large enough n,
: 1 —17mn
lim —M~"T"Y(t) > (1 —€¢)R as.
t—oo ¢

for any relative initial condition y. By the strong law of large numbers for renewal
processes [50],

1
tlgglo ;Sg’y(t) — my  a.s.

Thus by (5.9),

1
lim ED"’y(t) >(1—¢€)R as.

t—o00
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Chapter 8

Round Robin Network without

Loops

In this section we specialize and consider networks whose flows traverse the
network without splitting and without visiting the same class more than once. For such
networks the routing matrix P is binary and nilpotent, because packets must leave the
network in a bounded number of hops.

Our objective in this section is to show that, starting from any initial condi-
tion, the fluid model of such a network converges to an equilibrium state he, in a time
proportional to the distance of the initial condition from the equilibrium. Furthermore,
we need to show that after reaching equilibrium, the departure rates for each flow are
max-min fair. This will allow us to invoke Theorem 7.10 to conclude that the flows in
the stochastic model of the network achieve close to the max-min fair share rates over

the long term.
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Station 2, p,=1.0 Station 4, p,= 0.6
1 \ 1 V 1 /A\
0 0 0
0 10 20 0 10 20 0 10 20

Figure 8.1: A fluid model trajectory of the example network introduced in Section 5.4.

8.1 Fluid Model Example.

To motivate the techniques we use in our proof, we consider the fluid model of the
example network that we introduced in Section 5.4. We consider the TFL fluid limit
of the example network, found by setting the base thresholds h to 1, and then scaling
the thresholds, time, and space by n — oo. A trajectory of the resulting fluid model
is illustrated in Figure 8.1. The illustrated trajectory has initial condition Q2(0) = 1,
Q5(0) = 2, Q¢(0) = 0.7, and all other queues starting from 0. This initial condition
matches the initial conditions of the stochastic model trajectories pictured in Figure 5.1,
but scaled in magnitude in proportion to the threshold size. Looking at the A = 10 and
h = 100 cases of Figure 5.1, and then looking at the fluid model trajectory of Figure 8.1,
we see that the trajectory of the stochastic system with larger thresholds looks more like

the trajectory of the fluid model.
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As we discussed in Section 5.4, we expect station 2 to be the primary bottleneck,
and therefore its queues should fill to their thresholds. Afterwards, we should expect the
fluid system to enter a sliding mode, (a term we introduced in Section 7.2.1) where the
queues in the bottleneck station stick to their thresholds. Consequently the policing must
throttle the arrivals so that the rates of the thinned arrival process match the service
rate of the bottleneck station. Recall that in Section 7.2.1 we termed this phenomenon
sliding mode policing.

Looking at figure 8.1, we indeed see that the queues at the station 2 do indeed
fill up and eventually stick to their thresholds. After this happens, the rates of the fluid
system exactly match the max-min fair share rates. However, the transient trajectory of
the queues is rather complicated before the system reaches this final state. In order to
apply Theorem 7.10, we need to be certain that the fluid model converges to the desired
state from any initial condition, and in a time proportional to the distance of that initial
condition from the equilibrium state. Therefore, we need a systematic argument that
shows that for all initial conditions, and for all loop free round-robin networks, this
convergence happens.

A natural approach is to find a Lyapunov function on the fluid model state space
that declines to 0. To construct such a Lyapunov function, we need to find a quantity
that declines monotonically along any fluid model trajectory. Intuition suggests that the
queues downstream of the main bottleneck, station 2, should decline. However we see
from the plots in Figure 8.1 that the class 6 queue actually increases for a time. This

is explained as follows. The class 5 queue (queue 5 for short) starts above the policing
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threshold, and thus flow 2 starts off policed. Consequently, the rate of flow through
queue 2 and queue 4 is zero in the beginning. As a result, station 2 devotes all of its
service rate to queue 3, allowing queue 3 to drain into queue 6 at rate 1.0. This is faster
than the service rate of queue 6, resulting in its level rising, and even causing flow 3
to be policed for a short time. This example shows that the queues downstream of the
bottleneck do not monotonically decrease to 0.

However, we claim that there is a quantity that does decrease monotonically to
zero, and that is the sum of all the queues downstream from any queue at the bottleneck
station. In this case, that quantity is the sum of queues 5 and 6. To see this consider the
rate of fluid being expelled from queue 5. Whenever queue 5 is nonempty, fluid leaves
at rate 0.6. When queue 5 is empty, but an upstream queue is nonempty, fluid arrives
to queue 5 at at least the bottle neck rate of 0.5, and as this is a fluid network, there is
no delay in the fluid arriving from the upstream queue to queue 5. Because the service
capacity of queue 5 exceeds 0.5, queue 5 expels fluid at a rate of at least 0.5 whenever
an upstream queue is nonempty. Also, if queue 5 and all the other flow 2 queues are
empty, flow 2 is not policed and thus its fluid arrives to the network at rate 0.8, a rate
that exceeds the bottleneck rate. After passing through the bottleneck, the fluid arrival
rate to queue 5 is at least 0.5, and this fluid arrives without delay. This exhausts all
cases, so the rate of fluid leaving queue 5 is at least 0.5 at all times.

The same observations can be made about the fluid release from queue 6. We
also see that the combined arrival rates to queue 5 and 6 can be no more than 1.0 because

they are constricted by the service rate of station 2. We also note that because queue 5
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and queue 6 can be served at a rate of 0.6 when they are nonempty fluid leaves them at
a combined rate of at least 1.1 when at least one of them is nonempty. Thus their sum
must fall monotonically to zero at a rate of at least 0.1. We will use this same strategy
of considering the sum of the queues downstream of the bottleneck for the general proof
we present later in the chapter.

We continue to look at the evolution of the example. Once the queues down-
stream of station 2 drop below their thresholds, fluid passes through the queue 3 and
queue 4 at a rate of exactly 0.5. To see this, consider the possible cases. Either the
queue 4 is nonempty, an upstream queue is nonempty, or flow 2 is not policed, or some
combination of any of these. In all of these cases, there is either fluid in the queue 4 or
fluid is arriving at faster than the bottleneck rate. The same can be said of queue 3.
Because the queueing discipline is fair and work conserving, the only possibility is for
each flow to be served at rate 0.5.

Once this has occurred, we should expect both queue 3 and queue 4 to rise
monotonically towards their thresholds. Figure 8.1 shows that this indeed happens.
When queue 4 reaches its threshold and activates policing, it continues to rise for a short
time, before eventually falling back down to threshold. This is because the upstream
queue has some fluid left in it. Eventually the fluid in the upstream queue empties, then
queue 4 drains towards the threshold. When it reaches threshold, it enters a sliding mode.
To see this, consider what would happen if the queue were to dip below threshold. There
would be full release of the policing, causing a surge of fluid that would immediately push

the queue back to its threshold. Thus, a sliding mode solution is the only possibility.
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Similarly, queue 3 enters a sliding mode, but it does not “overshoot” the thresh-
old as queue 4 does. This is because there are no queues upstream of queue 3. Once
queues 3 and 4 settle to their equilibrium sliding modes, flows 2 and 3 have rates of 0.5,
throughout the network. Consequently, station 1 has a remaining service capacity of
1.2 — 0.5 = 0.7 to devote to the other flow it serves — flow 1. As flow 1’s arrival rate
is only 0.65, queue 1 drains to 0, and stays there. Flow 1’s final rate is 0.65, and the
governing constraint is its own rate of demand.

The example suggests the following strategy for proving the convergence of a

general network:

e Identify the tightest bottleneck station in terms of rate per flow, or if the flows

have different weights, the rate per unit weight of flow.

e Show that the sum of the queues downstream from the bottleneck empty, using

the argument we gave for the example network.

e Once the downstream queues empty, the queues at the bottleneck station drain at
constant rate. Furthermore, when the bottleneck queue is below threshold it must
be rising monotonically. When it is above threshold, it may continue to rise as an
upstream queue drains into it. However, the sum of the bottleneck queues and the
upstream queues declines, because the flow is policed and new fluid is not being
introduced. Using these two observations, we can construct a Lyapunov function

of the form,

V= Z [Upstream Q’s| + ([Bottleneck Q] —E)Jr + L ([Bottleneck Q] —B)_
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Here L is a large enough number so that the when the bottleneck queue is below
threshold, the effect of the bottleneck queue rising towards its threshold dominates
any contribution of the other queues behavior. Once this Lyapunov function de-
clines to 0 for each bottleneck queue at a bottleneck station, the bottleneck queues
are all at their threshold h. Also, the bottlenecked flows that use these queues all

have been sliding-mode policed to rates that match the bottleneck rate.

e After the rates of the bottlenecked flows converge, they can be treated as constant
rate, and can be removed from consideration by deducting their final rates from
the capacity of the other stations through which the flows pass. Then one finds the
most constrictive bottleneck from the “reduced network”, and repeats the above

analysis.

e At any point in this procedure, a flow’s offered rate (its «) may be less then
the most constrictive bottleneck station in the reduced network. In this case,
one should proceed by considering the flow itself to be a bottleneck. One then
shows that the queues that the flow passes through must drain to zero in finite
time. One then removes the flow from consideration by deducting the flow’s rate
from the stations through which it passes, and then proceeds by finding the most

constrictive bottleneck station or flow in the reduced network.

8.2 Pipeline Notation and Properties

In this section we will need to consider the queues that are either “upstream” or “down-

stream” of a particular queue in a systematic way. To that end, we define an ordered
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set of classes which we call a Pipeline . To make our definition precise, we define the
following notation: We say that k < [ if flow f = f(;) packets pass through the class k
queue before passing through the class I queue, and 1; is a K dimensional column vector

with a 1 at position j and zeros elsewhere.

Definition 1. A Pipeline is an ordered set of classes P = {k1 < ka < ... < ky,} such

that
Plkj :1k]-+1 Vi:1<j<m. (8.1)
Because of the assumptions given in Section 5.1: that only class f receives
exogenous arrivals for flow f, the routing matrix does not mix flows (i.e. Py = 0 if

fky # f)), the sum of any row of P is not more than 1; and because of the additional
assumption that P is binary and nilpotent that we have made in this section, it is easy

to verify that a pipeline P satisfies these additional properties:
[P1]"1,, =0 VI¢gP,Vj:2<j<m (8.2)
ap, =0 Vj:2<j<m. (8.3)
It is also easy to verify that for any class k, there is a Pipeline P[k] that includes class
k and all downstream queues. (i.e. P = {k < ky < ... < kj} where Py, ; =0 for all [.)
We call P[k| the pipeline rooted at k. Because flow f packets always enter as class f,
P[f] is the pipeline containing all the classes that flow f passes through, and thus has
all the elements of K(f). In summary:
P [k] = k U Classes downstream of k

P [f] = All classes of flow f.
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We also define:

H[k] = Pl \ PIE], Classes Upstream of k

T [k] £ P[k] \ k, Classes Downstream of k

where H, 7 are mnemonics for Head and Tail respectively.
We state a series of lemmas to show additional properties of pipelines. In the

lemmas, we use the notation

Qt,P) £ > Qu(t)

keP

to represent the occupancy of the queues in P. The following lemma is a law of conser-

vation of flow for pipelines.

Lemma 8.1. Consider a pipeline P with elements indexed as {k1 < ko < ... < kn}.

Then for regular points t,

Q(t,P) = Ay, (t) = Di,, (0).
Proof. See the Appendix. O

The following lemma says that if fluid arrives to a pipeline at rate greater than
r, and all the queues along that pipeline can offer at least rate r, then fluid passes through

at a rate of at least r.

Lemma 8.2. Suppose a pipeline P with elements indexed as {k1 < k2 < ... < kn}
satisfies the following conditions for some r and T, and for all reqular points t > 7:
i)VkjeP, bkj (t) > r whenever Qy,(t) > 0.

ii) Ag, () > 7.
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Then ijm (t) > r at reqular points t > T.
Proof. See the Appendix. O

The following lemma says that if all the queues along a pipeline have an available
rate of  and one of those queues is nonempty, then fluid is expelled from the pipeline

at a rate of at least r.

Lemma 8.3. Suppose a pipeline P with elements indexed as {k1 < ko < ... < kn}

satisfies the following conditions for some rate r, and critical time T:

i) For all kj € P and reqular t > T,

Dy, (t) > whenever Q,(t) > 0.

J

ii) For some k* € P and some time interval [so, s1] with so > T,
Qk* (t) >0 Vte [50,81].
Then Bkm (t) > r at regular points t € [sg, s1].

Proof. See the Appendix. O

8.3 Max-Min Fair Definitions

We say a vector of flow rates is r is feasible if
Yo <
feF(i]
for each station 7 and ry < oy for each flow f. A vector of rates is r is weighted maz-min

fair if there is no flow rate ry, which can be feasibly increased without decreasing the
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rate of some other flow f” for which %’/ < ;—’; In [28] it is shown that such a rate vector
always exists.

Let r be a weighted max-min fair flow rate allocation. We say that the nor-
malized rate of a flow f is the fair rate ry divided by the weight w;. We say a flow
f crosses a station i if f € F[i]. A station i is saturated if its capacity constraint is
tight in the max-min allocation (i.e. p; = Y pp;Tf). A bottleneck station of a flow f* is
any saturated station ¢ that f* crosses for which the normalized rate of f* is greater or
equal to the normalized rate of any other flow crossing that station. A flow has a unique
bottleneck if it has only one bottleneck station.

If the normalized arrival rate a g« of flow f* is less than or equal to the nor-
malized rate any other flow f that crosses any station that f* crosses, we say that flow
f is demand-limited. Similarly, if the arrival rate a g« of flow f* is strictly less than the
normalized rate any other flow f that crosses any saturated station that f* crosses, we
say flow f is strictly demand-limited. 1t is straightforward to show [28] that a rate allo-
cation vector is max-min fair if and only if every flow either has at least one bottleneck
station or is demand limited.

In our proof that the long term rates of the stochastic network are close to the
max-min fair rates for large thresholds, we will need to assume that each flow has either
a unique bottleneck or is strictly demand limited. The following proposition shows that

this is not a strong assumption.

Proposition 8.4. Consider a network where the following are fized: the arrival rate

vector «, the flow weight vector w, and the routing. For almost all, with respect to
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Lesbesgue measure, choices of station capacity vector u, each flow has either a unique

bottleneck or is strictly demand limited in a maz-min fair allocation.
Proof. See the Appendix. O

For the remainder of this chapter, we fix the K dimensional vector e by making

the following assignment for each entry eg,

(
i 1 if station s(k) is a bottleneck of flow f()
er = { (8.4)

:l 0 otherwise.

We also fix the full candidate equilibrium e by the assignment e := [e; 0y7; Oy; 0] where

0w, Oy, Of are zero vectors of the same dimension as U(t), V (t), and H(t) respectively.

8.4 Fluid Model Rate Lemmas

The following lemma supposes that some subset of the flows that cross a station ¢ have
been shown to converge to stable rates. The lemma concludes that the remaining flows

of the station must share the remaining capacity in proportion to their weights.

Lemma 8.5. Suppose that for some station i, some C[i] C Cli], and some F[i] = {f :

f = f) for some k € Cli]}, it has been shown that

Di(t) = piTi(t) = rg,, Yk € Cli] - C[i]

for all t > 7 for some critical time 7 > max(V(0)). Then for each k* € Cli] and all

requlart > T,

Hi 2
——— whenever Qp~(t) > 0.
P2 W
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where

i = i — Z rf.

FEF[I\F[i]

Proof. See Appendix. O

We will also need the following Lemma, concerning Lyapunov functions that

decline at regular points ¢.

Lemma 8.6. If V(t) : RT — R* is an absolutely continuous function with V(t) < —a

for almost all reqular t for which V(t) > 0, then V(s) =0 for all s > V(0)/a.

Proof. See the Appendix. O

8.5 Demand Limited Flow Analysis

Lemma 8.7. Consider the max-min allocation vector r, a strictly demand limited flow
f*, and all fluid model trajectories X(t) with h > 0. Suppose that for each flow f

satisfying Z)—J; < % it has been shown that for all initial conditions X (0) that
Di(t)=r; VkeP[f]

for all t greater than or equal to some critical time 7(X(0)) > max(U(0)) V max(V(0)).

Then for all k € P [f*] the following hold:

Dy(t) =1y

Qkr(1)

0=ey

for all t > 7% for some critical time 7*(X(0)). Furthermore 7*(X(0)) < a|X(0) — he| +

br(X(0)) for some constants a and b.
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Proof. Let F be the set of all flows f for which rr/wy > 1y« /ws-. For each station i,
define the reduced flow constituency set F[i], the reduced class constituency set CJi],

and the reduced capacity ji; by

Fli)]2Fi{nZF, Cli]2cCl]n {Op[f]} : and
F
i S pi— Y, rg (8.5)
FIi]\F[i]

respectively. Now consider any station ¢ that flow f* crosses. Also let s be the slackness
of the capacity constraint at station i under the max-min allocation. In other words,

$ 1= f1; — Y_p[;) rs- Suppose s = 0. Then there must exist a flow f € F[i] for which

T
U}f* wf

by the following reasoning. If there did not exist such a flow, then f* would have the
highest normalized rate at a saturated station 4, and thus station ¢ would be a bottleneck
for flow f*. As we have assumed that f* is strictly demand-limited, this is not possible.

Additionally, by the definition of the set F[i], it must be that

I < X yf e F]).

wpe T owy
By listing the inequalities for each flow f € ﬁ[z] expressed by the above form and taking

a convex combination of both sides of the inequalities in the list we deduce that

Ty _ 25 _ s R[]\ i’ 2

w2 2 ©f
Furthermore, if s = 0 the above inequality is strict because there would have been a

strict inequality in the list we used to derive the above relation. Thus,

A fi
W X ey WY
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were the inequality is strict.
Let x be the minimum slackness one finds by evaluating the above inequality

across all the stations f* crosses. More precisely,

R { Fs(k) I'f*-l

Additionally it follows from Lemma 8.5 that for any k € P [f*],
whenever Q(t) > 0 for regular t > 7.

Because flow f* is demand limited, a s« = r,. Hence for all k € P [f*]

Dy(t) > o+ & whenever Qy(t) > 0 for regular ¢t > 7.

While jlf* (t) < ayp by fluid model equation (7.15). Thus by Lemma 8.3, which recall
describes the departures from a pipeline that has a nonempty queue, and Lemma 8.1,

the flow conservation rule for pipelines, we have

QL P = -k
whenever Q(t,P[f*]) > 0 and t > 7 regular. Thus by Lemma 8.6,
Qrt) =0 Vk € Pf]

for all t > 7+ |Q(7, P [f*])| /K. Because the queues in P [f*| cannot grow by more than

Tays in the first 7 seconds, the same holds for all
t>7" =7+ (ap7 +1Q0, P [f]])/5

Once the queues in the pipeline have stabilized to 0, the policing must be off

and hence A #(t) = ay by (7.14). Because Lemma 8.1 says that flow is conserved through
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each pipeline {P [f*] — P [k]} for each k € P [f*], we may conclude

Di(t)y=rp  Vt>7" VkeP[f]. (8.6)

8.6 Bottleneck Limited Flow Analysis

Lemma 8.8. Consider the maz-min allocation vector r, a saturated station i*, and all
valid fluid model trajectories X(t) with h > 0. Let B be the mazimum normalized rate of

flows crossing i*. Equivalently let

B = max r—f,
fEF[i*] wy

and also make the following definitions:

F[i*] := arg max Iy
JFEF[i*] wy

C[i*] := {l € C[i] : 3f € Fli*] with f = fy)}

Suppose that for every flow f satisfying ry/wy < B it has been shown that for all initial
conditions X (0) that

Dk(t) =ry Vk e P [f]

for all t greater than or equal to some critical time 7(X(0)) which satisfies T(X(0)) >
max(7(0)) V max(V(0)).

Then for all | € a[z*] the following hold for all k € P [f(l)]

Dy, (t) =TIy,
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for all t > 7% for some critical time 7*(X(0)). Furthermore 7*(x(0)) < a|X(0) — he| +

br(X(0)) for some constants a and b.

Proof. Let F be the set of all flows for which ry /wf > B. For each station ¢ define
the reduced flow constituency set F[i], the reduced class constituency set C[i], and the
reduced capacity fi;, by the assignment rules (8.5). These assignments do not change
the assignment we already made for F[i*] and C[i*] that we made in the statement of
the lemma.

Consider a class | € 6[@*] and a station i # * that flow f;) crosses. Also let
s be the slackness of the capacity constraint at station ¢ under the max-min allocation.
Equivalently, s := pu; — ZF[Z-] ry.

Suppose s = 0. Then there must exist a flow f € F[i] for which

Mo Xf
wy, wy

B:

by the following reasoning. If there did not exist such a flow, then f;) would have the
highest normalized rate at station i, and thus station ¢ would be a bottleneck for flow
fr). As we have assumed that flows may have only one bottleneck and station ¢* is a
bottleneck for flow f(;), this is not possible.

Additionally, by the definition of F[i] it must be that

rs ~
B=—9 <X vfecFj
U)f(l> wf

By listing the inequalities for each flow f € ﬁ[z] expressed by the above form and taking

a convex combination of both sides of the inequalities in the list we deduce that

Ty _ 2T M T S

B= <
Wiy~ Xy W 2 W
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Furthermore, if s = 0 the above inequality is strict because there would have been a

strict inequality in the list we used to derive the above relation. Thus,

Tt < fi
Wiy Vg WS

where the inequality is strict. Let x; be the minimum slackness one finds by evaluating

the above inequality across all the stations that flows in f[z*] cross. More precisely,

K1 := min min { ﬂs(k) — rf(”-l .
1Ci*] keP[f) |\ {1} szef[s(k)] wy “’fmJ

As flows in F[i*] are not demand limited, ry/wyg < oy for each f € F[i*]. Let kg be the

minimum slackness in these inequalities, as made precise by the definition:

. Tfy
K2:= min |ag, — —=
1€C[i*]

Finally we set kK = k1 V Ko.

Thus for each | € C[i*] and all k € P [f(l)} \ I,

Ps(k)

> B+ k. (8.7)
2 (s I

By Lemma 8.5, the departure rates from each queue in k € P [f(l)] satisfy,

bk > Hs(k)

> W, whenever Qy(t) > 0 for regular t > 7. (8.8)
2 s WF
F(s(k)]

Relation (8.7) together with property (8.8) imply that for any [ € C[i*], the departure

rates of the queues upstream or downstream of [ satisfy

Dy(t) = wy,, (B + k) for each k € {73 [f(l)] - l} and any

regular ¢ > 7 for which Qg (t) > 0. (8.9)
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Bottleneck
Station i* \C
";'"': \_/ (Classes w1th a smaller normalized rate

than B in the max-min allocation)

Flow f(l) // Plpehne }[[l]

N ! /

TN )
.ﬁ \ Claﬂ_ ! (11} /
Normalized \Avalldble Rale > wf(l (B+x), Availe & ) )/

Arrival Rate:

af(l)zwf(l)(3+l<)ﬁ ************ / :l/\ B

Available rate, when C(’L*
Arrivals discarded -when .all~0ther queues = wf(l) B (Classes whose normalized rate
Q,(t) > h for some k in Plf,] in C(*) occupied equals B in the max-min allocation)

Figure 8.2: The class I queue at a bottleneck station ¢*, and the available rates of the
upstream and downstream queues.

Also, by the assumptions of this lemma

fi
—— = B.
Zf[i*] w

Substituting the above relation into (8.7), we have

Bl(t) > wy, B for each | € C[i*] and any

regular ¢ > 7 for which Q;(t) > 0. (8.10)

Properties (8.9) and (8.10) describe the available rate at each queue in a pipeline P [f(l)]
and we will refer to them often in the development that follows. An illustration of the
situation described by these properties is shown in Figure 8.2.

Downstream Queues: We begin analyzing the occupancy of the queues down-

stream of each class in 6[2*], with the goal of showing that they drain to zero in some
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f(l1) (b) (&) :—> Class I}» }»“':_» zwf ‘B
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()
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' (5)
Policed )
Available service Maximunm i
rate per flow at > wi(l) Combined flow rate: Nel rale
bottlencck LL o Bzwf(l) of gain downstream:
<-w
fe)"

Figure 8.3: An illustration of why the combined queue depths of queues downstream of
the bottleneck station ¢* decline monotonically to 0. Note that class [y € PD(¢t)NAZ(t),
class lo € PD(t) N AZ(t), and class I3 € AZ(t).

finite time. To help partition the possibilities, we define:

PD(t) 2 {l € C[i*] : Qx(t) > h for some k € P [ (l)}}.

AZ(t) 2 {l € C[i*] : Qi(t) > 0 for some k € T [I]}.

PD, AZ are mnemonic for “Policed” set, and “Above Zero” set respectively. Also Recall
7 [l] is the ordered set of classes downstream of [.

Consider [ € PD“(t) N AZ(t), corresponding flow f(;), and regular ¢t > 7. Class
[y in Figure 8.3 is an example of such a class. Flow f(;) is not policed at time ¢. Therefore
/im (t) = ag,, by fluid model equations (7.14) and (7.9). By (8.7) ag,, > wg, (B + k).
This lower bound on the arrivals to the pipeline P [f(l)], combined with the properties
(8.9) and (8.10) which describe the departure rates of queues in the pipeline P [f(l)],
allow us to invoke Lemma 8.2 to conclude that Dk(t) > wr, B where k is the last class

in P [f(l)]. Note that k is also the last class in the pipeline 7 [{], and class [ empties into
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7 [l] at rate D;. Thus by Lemma 8.1, which recall is the flow conservation lemma,

O(t, T [I]) < Dy — wry, B. (8.11)

Consider | € PD(t) N AZ (), for regular ¢ > 7 and corresponding flow f(;.
Class Iz in Figure 8.3 is an example of such a class. By definition, flow f(;) is policed
at time ¢, and all queues for classes in 7 [l] are empty. Therefore there exists a class
I*ep [f(l)] — T [I] with Q;« > 0. By (8.9), (8.10) and Lemma 8.3, Dk(t) > wg,, B where
k is the last class in pipeline P [f(l)]. Note that k is also the last class in the pipeline

7 [l], and class | empties into 7 [I] at rate D,. Thus

Qt, T [I)) < Di — wi, B. (8.12)

Consider | € AZ(t) , and regular ¢t > 7. Class [3 in Figure 8.3 is an example
of such a class. By definition, Q(t) > 0 for some k € 7 [I]. By (8.9), Lemma 8.3,and

Lemma 8.1

Qt, T [I)) < Dy — wy, B — . (8.13)

Define the Lyapunov function

> QT

1€Ci*]

to be the sum of the queue occupancies downstream of bottleneck station ¢*. Taking the

derivative, and substituting (8.11), (8.12), and (8.13) we have for all regular t > T,

V(t) < S Dit) - we,, B
1eEPDe(t)NAZE(t)

+ > Dl()—wfmzs
IEPD(t)NAZS(t)

+ Z Dl B—l—/@)
I€AZ(t)
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By rearranging terms, we deduce that

OESDY [Du(t) — wr, B] — |AZ(t) s (8.14)
1€Cli*]

where @ £ mingerwy. Using fluid model equations (7.7) and (7.12), as well as the
definition of 7 (8.5), we can bound the combined departure rates from the queues of

station ¢* according to

S i) + Y e Tit) < e

Cli*] Cli*]\Cli*]

> Ni*i(t) < — Y 1y

C[i*] F[i*]nF

3" Di(t) < fuie. (8.15)
Cli*]

Substituting (8.15) into (8.14) we have,

V(t) < ji; — Z wr, B — [AZ(t)|wk vVt > T
1eC[i*]

which reduces to
V(t) < —|AZ(t) ok Vt>T.

Thus by Lemma 8.6, V(¢) =0 for all t > V(7)/(wk). Note that the downstream queues
included in the sum that defines V' can not collectively grow by more than u;7 on the

time interval [0, 7]. Thus
Qrt) =0 Vt>t*andkeT (8.16)

where

T:= |J T[] and t":= (wr) ™ <,uz~7' +> Qk(0)> .

1€Cli] keT
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Upstream Queues: Having found a time for which all the queues downstream
of the bottleneck drain to zero, we now consider the queues upstream of the bottleneck
and in the bottleneck itself. Recall that H [I] is the ordered set of queues upstream from
I, but not including [ itself.

Consider regular t > 7+t*, 1 € PD(t) and flow f;. By the definition of PD(?),
Qr(t) > 0 for some k € P [f(l)] . But we have established that Qy(t) = 0 for all k € 7 [I].
Thus either Q;(t) > 0 or Qx(t) > 0 for some k € H[l]. Thus the drain from queue I
satisfies Bl(t) > wr,, B by (8.9), (8.10), and Lemma 8.3.

Consider regular t > 7 +t*, [ € PD(t) and flow f;). By (7.14), fif(l) = ag, >
wg, B. Thus by (8.9), (8.10), and Lemma 8.2, D, > wr, B.

Thus, we have that for regular ¢ > 7 + ¢* and all | € C[i*], D, > wg,, B. This
implies Zleé[i*} Bl(t) > [1; But by, (8.15), Zmam Bl(t) < fi;. All of this is possible
only if

Dy(t) = wg, B, ¥t > 71 +1*, VI € C[i"]. (8.17)

Now consider the Lyapunov function

Vi(t) = Q(t, H[I]) + (Qu(t) — h)™ + —=—(Qu(t) — h)~ (8.18)

which is equal to the sum of the queues upstream of [, plus the distance of @Q; from
threshold h — where the distance is weighted more heavily when Q; is below threshold.
A level set of this Lyapunov function is illustrated in Figure 8.4. Suppose [ € 6[1] and ¢

regular with ¢t > 7+4¢* We consider three cases, each of which is illustrated in Figure 8.5.

1. Suppose Q;(t) < h. Two subcases are possible. Subcase (1a): Qx(t) = 0 for all
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equilibrium
Bottleneck / a

Queue: ot i O (30D

= s +—-"(h -Q,(t)) = constant
0 7 o s )

Upstream queues: Q(t, H[I])

Figure 8.4: A level set of the Lyapunov function defined by (8.18). The level set is shown
with a thick line. The arrows illustrate the possible state trajectories of the upstream
and bottleneck queues.

Bottleneck
Station 7*
Case 1: —l— Drain Rate State Trajectory:
doer Tl TR
Arrival rate: Class? W~ R
Pipel I Q(t )
af(l)zwfl(BﬂQ teline 71 in() >w; x a
® dt U S (&, 71))
State Trajectory:
Case 2: —+— _—"l_><i>Dra1n Rate
Q,(t) > h boiced Clnes 1 Iy e
| ass
Pipeline #{I] l (
d Aty >z w; (B+x) T
dt Q (t }[[l]u : ) __wf(l)B If fluid u]f)stream, 0 otherwise Q ( ’ }[[ ])
Case 3: —
R il»ﬁ»_w
and Possibly Class [ f
Q(t, H)>0 POHCGC(; Pipeline #1] (B1)
>w +K
& QA 3 " XTI

Figure 8.5: The three cases in analyzing the convergence of the upstream queues are
shown. Also shown are the possible state trajectories for each of the cases. The question
marks on the drawing of Case 3 reflect that it is indeterminate as to whether the back
pressure is on when a queue level is exactly equal to the policing threshold.
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k € H[l] then the policing is off and thus
Afm(t) > wme + Wty K-

Thus by (8.9) and Lemma 8.2,

Ai(t) = wy, B+ wi k.

Subcase (1b): Qx(t) > 0 for some k € H(l), then by (8.9) and Lemma 8.3, le(t) >

wg, B+ wg, k. Thus in either case,

Ai(t) > wf(l)B + Wiy K (8.19)

for regular t > 7 + t*. This combined with relation (8.17), which describes the
draining from class [, imply

Qu(t) > wi k. (8.20)

Also by (8.19) and Lemma 8.1,

Ot H (1)) < ag, — wi, B. (8.21)

Differentiating (8.18), evaluating for the case where Q;(t) < h, and substituting
(8.20) and (8.21) we have

Vi(t) < —wg, B. (8.22)

. Suppose Q;(t) > h Then the policing is on, and by (7.13). fll(t) = 0. By

Lemma 8.3, Lemma 8.1, and (8.9), and (8.10),

Ot H [ UT) < —uw, B. (8.23)
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Differentiating (8.18), evaluating for the case where Q;(t) > h, and substituting
(8.23) we have

Vi(t) < —w, B. (8.24)

3. Suppose Q(t) = h, and Qx(t) > 0 for some k € H[l]. Then Q(t) > & for some
€ > 0. Now consider any positive ¢ < € By Lemma 8.3, and (8.9), /il(s) > wi, B+r
for all regular s € [t,t+ &/ pmaz] Where fimq; = max; p;. This combined with (8.17)
implies that Q;(s) > h for any s € (¢,&/tmaz). Thus for any positive § < €/max
, jlf(l) (s) =0 for all s € (t + 0,/ 1tmaz] because the policing is on in such a period

by (7.13). Thus we have

£ t+5/l’4ma:c . .
Vi (t + ) S Vi) = l As, (5) — Di(s)ds

Hmazx

S Oéf(l)(s - wf(l)BE/,U'max
Since ¢ is arbitrary, we have
Vit + €/ tmaz) — V() < —wi, Be/ tmaz- (8.25)

Dividing (8.25) by ¢ and taking the limit as ¢ — 0 we have

Vi(t) < —wg, B (8.26)

which therefore holds for any I : Q;(t) = h, regular ¢t > 7 + t* with Q(t) > 0 for

some k € H [I].

Thus by (8.22), (8.24), and (8.26) we have Vj(t) < —wi,, B in all cases, for

regular ¢t > 7 + t*.
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To complete the argument that the upstream queues drain to zero in a time

proportional to the initial condition, we define

H .= U H [l] )
1€Ci*]
P21t Y Qu0) — e + ercalr + 1) (8.27)
HUC[i*]

where the constants ci, ¢, c3, and ¢4 are defined by,

A O
cg=1V max —————, co= max afV max
ke{l,...K} Kwg, A1l fe{1,.. F} ie{l,...,d}
c;;éminL, cy = c1/cs.
2_F[i] Wf
We have chosen these constants so that
Vi(r +t*
7 < max MJFTH*.

1eCli*] wf(l)B
So by Lemma 8.6,

Vi(t) =0 YVt > 751 Vi € C[i*]

and thus

Qx(t)

her =0 Vt > 7 Vk € H. (8.28)

Qi(t)

he; =1Vt > 7 Vi € Cli*]. (8.29)

Relations (8.16), (8.17), (8.28), (8.29), and Lemma 8.1 together imply that the
each @ in each pipeline P [f(l)} settle to e, and that the departure rates of each queue

in each pipeline are Bwf<l) after time 7*. Hence
Dy(t) = wiB =1y, Vt>1*, Vf € Fli*] (8.30)

and thus we have shown all of the conclusions of the lemma. O
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8.7 Final Result

Theorem 8.9. Suppose that every flow has either a unique bottleneck station or is
strictly demand-limited. Then for any €, there exists a system-scale n., such that for all

n > ne:

t—o00

where Ry = T forall k € {1,...., K}.

Proof. To prove the desired conclusion, we need to prove the necessary conditions to
invoke Theorem 7.10. Recall that these conditions are that fluid model converges to its
equilibrium in a time proportional to the initial condition’s distance from the equilibrium,
and that when h > 0 the departure rates of the fluid model also converge to steady
rates. We therefore divide the analysis into two cases: the case in which the fluid model

threshold h = 0, and the other case being the h > 0 case.

h =0 case

Suppose h = 0. Consider any flow f and its pipeline P [f]. By lemma 8.5,
any queue k € P[f] has a departure rate of Dk(t) > Wipts(ry/ [ wps(ry Wl at regular
t > max(V(0)). Also, whenever any queue k € P [f] is nonempty, the policing is on
and hence, Zlf(t) = 0. Consequently by Lemma 8.1, Qx(t) = 0 for all + > max(V(0)) +
Q(0, P [f])/rmin where gy = (ming wy) ming(u; /[X g} wrl). The same argument may

be repeated for each flow f in the network. Hence,
Qt)=0 vt > a|X(0) — he

for some constant a.
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h > 0 case

Now suppose that h > 0. We proceed by induction. We make the assignment
F = {1, ..., g} to represent the set of all flows we have not yet analyzed, and thus we will
update F as we proceed. We also define the function 71 (X(0)) = |U(0)| + |V (0)|. As we
proceed, we will define functions 75(-), 73(-),... in a similar fashion. Finally set j := 1.
We will increment j as we proceed through the induction.

Induction Hypotheses: Suppose that the following hypothesis hold:

7 (X(0)) < aj| X(0) — he| for some constant a; (8.31)
Qr(t) = hey, Vt > 7; and forall k € U P(f] (8.32)
feFe
ﬁk(t)us(k) =ry Vt > 7; and for each (f, k) satisfying
feFand keP[f] (8.33)

Note that all of these hypothesis hold for j := 1 and our initial choice of F and 71(+).
Consider the following procedure:

1) Pick f € arg min x

e If f is strictly demand limited use Lemma 8.7. Take 7j41(X(0)) := 7"(X(0)), where
7*(X(0)) comes from the conclusion of Lemma 8.7. Set Fi=F— f,7:=7+1. The
conclusions of Lemma 8.7 ensure that hypotheses (8.31), (8.32), and (8.33) remain

true. Return to step 1 if F # 0.

e If f has a unique bottleneck i* use Lemma 8.8. Take 7j41(X(0)) := 7%(X(0)), where
7*(X(0)) comes from the conclusion of Lemma 8.8. Set F := F — F[i*] where F[i*]

is defined as in Lemma 8.8, and set j := j + 1. The conclusions of Lemma 8.8



148

ensure that hypotheses (8.31), (8.32), and (8.33) remain true. Return to step 1 if
F#0.

Because at least one flow is removed from F at each step, the induction must

terminate in a finite number of iterations. By carrying out this induction exhaustively,

we will have verified all of the induction hypotheses for all flows in the network. Thus

for all classes k

Dy (t) = rf(k>,Qk(t) = hey,

where both relations hold for all regular ¢ > b| X (0) — he|.

Concluding Step:
Combining the results from the h = 0 and h > 0 cases we have that in both
cases,

Q(|X(0) — he|t) =0 Yt > to.

where tg = a VV b. Because ty > 71 > max|[U(0)] V max[V(0)], fluid model equation (7.5)

ensures that the residual inter-arrival service times decline to 0 in the following way:

[U(|X(O) — ﬁe|t)-‘
=0 Vt>t.
V(| X(0) - Be|t)‘

Thus

X(|X(0)—helt)=0  Vt>to.

We have also shown that the departure rates of the fluid model converge to the fair rates

when h > 0, and we may express this fact as

M7'T(|X(0)—helt) =RVt > to,
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where R := I, Thus, we have the necessary conditions to invoke Theorem 7.10, to

X

conclude that for any € > 0, there exists n such that

1
lim ;D"’y(t) > (1—€)R as.

t—o0

8.8 Relaxing the Unique Bottleneck Requirement

Our final result that the flow rates of a round-robin network converge to max-min fair
share rates depends on each flow having a unique bottleneck. We needed this condition
to ensure that the bottleneck queues fill to their thresholds. If flows did have more than
one bottleneck, one of the bottlenecks would still fill to the threshold in the fluid model,
but which of these bottlenecks fills would depend on the initial condition. Consequently,
our technique of showing that the stochastic system is attracted to the unique fluid model
equilibrium would break down. Fortunately, the unique bottleneck condition can always
be achieved by perturbing the weights and or the rates of the stations.

However, we feel it should be possible to eliminate the unique bottleneck re-
quirement entirely. Consider the following intuitive conjectures. We conjecture that if
a flow’s weight were increased that its long term average rate cannot decrease, if we
suppose all other parameters of the network are unchanged. Similarly, we conjecture
that if a station that a flow crosses were increased in capacity, its long term rates cannot
decrease. While these monotonicity conjectures as we call them seem like they should be
true, they are not trivial to prove. If we could show the monotonicity conjectures, then

we would be in a position to make pairwise long term rate comparisons of a network
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to a perturbed network where one parameter, a weight or a service capacity, has been
reduced by an arbitrarily small amount. By making a string of such pairwise compar-
isons, it should be possible to show that the long-term rates of a network without unique
bottlenecks can be made arbitrarily close to the long-term rates of a slightly perturbed
network with unique bottlenecks.

There may be another pathway to relaxing the unique bottleneck requirement.
It might be possible to show that the fluid model of a network without unique bottlenecks
converges to an element in some “equilibrium set” of states — the set where at least one
bottleneck of every flow is filled to its threshold. It may then be possible to show that the
stochastic system is attracted to this same set of states, by showing that some distance

metric between the current state and this equilibrium set contracts in expected value.

8.9 Uniformity of the Required Threshold for Different De-

mand Processes

In an application, a network like the round-robin network we have analyzed would be
used to provide fair rates when the demand from the different flows is unknown and
possibly changing over time. Such would be the case in an Internet packet switch for
example. What we have shown is that there exists a large enough threshold scale factor n
to achieve close to the fair rates for each particular choice of demand process. However,
we have not shown that their exists a single scale factor which would work well for any
choice of demand process.

For example, suppose the all the possible demand processes that the network
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might face are described by some vector of parameters v (i.e. the arrival rates a, and any
other parameters needed describe the distribution of the inter-arrival times) that lives in
some space V. For each such vector v, our result shows that their exists a large enough
scale factor n(v, €) for which the long-term rates are within a factor (1 — €) of the fair
rates. However, we need a stronger result to show that sup,cy, n(v, €) is not infinite. We
feel that it should be possible to derive such a result, but it is not trivial. One approach
might be to show that the long term rate of each flow is monotone with respect to each
component of v. If the space V were compact, then this monotonicity would allow us to

upgrade our point-wise bound to a bound that holds uniformly over V.
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Chapter 9

Conclusion

In this work we have shown how the analysis of the flow rates of a stochastic
network with a particular flow control scheme may be reduced to an analysis of a fluid
model. While we have focused on a particular flow control scheme, we feel that same
analysis could be carried out for many other control schemes. The key feature that
enabled our approach was that our control scheme has a free parameter, n, which when
increased makes the system look more and more like a deterministic fluid system.

In the future, we would like to make this notion more precise, and develop both
a more systematic test to determine if a rate control scheme is amenable to this sort of
fluid analysis, and a more systematic methodology to carry out the analysis.

It would also be desirable to find a way of quantifying how large n needs to
be to have long-term rates close to the fair rates, rather than just knowing that such a
threshold scale factor n exists. It might be possible to approximate the necessary n with

a reflected Brownian motion model for example, but it is not clear that this approach
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would yield a value for n for which the long term rates are almost surely within (1 — €)
of the fair rates.

We feel that in practice the actual size of the thresholds would be best deter-
mined by a simulation study. In this applied context, the methodology developed here
would show whether or not it is possible to find large enough thresholds for a proposed
flow control scheme to work, and therefore wether or not it is worthwhile to carry out a

simulation study.



