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Abstract

The capacity of an arbitrary ad-hoc network is difficult to estimate due to interference between the links. We use a
conflict graph that models this interference relationship to determine if a set of flow rates can be accommodated. Using
the cliques (complete subgraphs) of the conflict graph, we derive constraints that are sufficient for a set of flow rates to
be feasible, yet are guaranteed to be within a constant bound of the optimal. We also compute an alternate set of sufficient
constraints that can be easily derived from the rows of the matrix representation of the conflict graph. These two sets of
constraints are particularly useful because their construction and verification may be distributed across the nodes of a net-
work. We also extend the ad-hoc network model to incorporate variations in the interference range, and obstructions in the

network.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Ad-hoc networks are becoming commonplace in
today’s world as wireless enabled devices prolifer-
ate. This leads to newer applications based on these
networks, and hence the need to support quality of
service. For a broader discussion and motivating
examples, see Chapter 1 in [1].

A vital problem faced by researchers in this field
is to determine the capacity of an arbitrary ad-hoc
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network. This is difficult because neighboring links
using the same channel interfere, and the interfer-
ence relationships between all of the links in a net-
work can be quite complex.

Several researchers interested in the capacity of
ad-hoc networks have modelled the ad-hoc network
using randomized models, and evaluated asymptotic
bounds on the capacity. Other work has addressed
the question of whether a given flow vector is feasible
on a particular ad-hoc network, where “feasible”
means that a global scheduler with access to all the
information in the network could find a link schedul-
ing policy that would achieve the desired rates. In
this work, we are also interested in methods for
determining whether a flow vector is feasible, but
we are particularly interested in methods that are
suitable for distributed control in an ad-hoc network.
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As in [2,3], we make use of a “‘conflict graph”
that models the interference relationships between
the different links of a network. Every link in the
connectivity graph G = (V,E) is represented by a
node in the conflict graph CG = (V<,ES). Two
nodes in CG are connected by an edge if the nodes
correspond to links in G that interfere. In Fig. 1, we
show an example of a connectivity graph in which
the interference between links is marked using dot-
ted lines. The corresponding conflict graph is shown
on the right. The authors of [2,3] show that a set of
necessary and sufficient conditions to whether a set
of flows is feasible is found by a computationally
expensive process of finding all of the independent
sets of the conflict graph, and then writing con-
straints in terms of the independent sets. (We review
the details of the “independent set”” method, as we
call it, in Section 3.2.)

Because the independent set constraints are com-
putationally expensive and require global informa-
tion, they are not suitable to be used in a
distributed scheme. We therefore look to find a dif-
ferent set of conditions that can be computed in a
distributed way and that are at least sufficient,
though perhaps not necessary, for a flow vector to
be feasible.

One such set of constraints we refer to are the
“row” constraints, because they are derived by
using the rows of the matrix representation of the
conflict graph. While they are sufficient conditions
that are relatively easy to compute, they are much
more restrictive than is necessary in many cases.

This motivates us to develop a different set of
sufficient conditions using cliques (complete sub-
graphs) of the conflict graph. While previous work
[3] has used cliques to find necessary conditions
for a set of flow rates to be feasible, we find sufficient

Connectivity Graph

Conflict Graph

Fig. 1. Example of a connectivity graph with its conflict graph.

conditions. We refer to our sufficient clique con-
straints as “‘scaled’ clique constraints because they
are constructed by modifying the necessary clique
constraints by a constant scaling factor. Unlike
the row constraints, the scaled clique constraints
are within a constant bounded factor of being nec-
essary; a factor that is independent of the structure
of the network, or the flows on it.

One potential drawback of a scheme based on cli-
ques is that the number of cliques in a graph can
grow exponentially with the number of nodes. How-
ever, we discuss a technique for identifying approx-
imate cliques that can be implemented distributedly,
and that grows only polynomially with the number
of nodes. We discuss how the sufficiency of the
clique constraints is maintained when using this
approximation.

At first, we model the nodes having a constant
interference range, and utilize the resulting unit disk
structure (defined in Section 5.4) of the graph. How-
ever, to consider more realistic ad-hoc network sce-
narios, we augment the network model to allow for
variances in the interference range, and evaluate its
effect on the scaling factor. We also incorporate
obstructions in the network, and extend the proof
of sufficiency to include this.

Finally, we attempt to validate our theoretical
constraint-based approach by simulating various
ad-hoc networks, and comparing the achieved rates
in the simulation to the theoretical limits predicted
by our model. The results are encouraging at first
sight, as the networks appear to satisfy our
constraint-based approach. However, a deeper study
reveals that in some cases, large inefficiencies in the
underlying MAC protocol may be the primary cause
for the limited throughput achieved; our constraints
are satisfied as a corollary of this effect. We conclude
that the constraint-based framework presented here
becomes universally practicable only when used in
conjunction with an efficient MAC protocol.

This paper does not try to present a new architec-
ture to achieve QoS in ad-hoc networks. What we
propose is a theoretical framework that allows us
to answer questions about the feasibility of a specific
set of flows on an arbitrary ad-hoc network. How-
ever, this framework may indeed be used as tools
to develop new and improved protocols for QoS
routing in ad-hoc networks, as we discuss in Section
2.1.

The rest of the paper is organized as follows. In
Section 2, we describe the related work in the field,
while Section 3 summarizes the network model that
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we base our results upon. Sections 4 and 5 are used
to present the row and clique constraints, and prove
sufficiency and bounds on these. In Section 6, we
compare these two sets of constraints. The applica-
tion of these constraints in distributed algorithms
are described in Section 7. Simulation results are
presented in Section 8, before we conclude the

paper.
2. Related work

Many researchers have looked at modelling the
capacity of ad-hoc networks. In [5], Gupta and
Kumar study how the capacity of an ad-hoc
network scales asymptotically with the number of
nodes 7 in the network. The authors study the prob-
lem under two different models of interference: the
protocol model and the physical model. In the proto-
col model, a receiver can successfully receive a sen-
der’s transmission if the sender is geographically
closer, by some margin, than any other node that
is actively transmitting. In contrast, the physical
model models the transmissions of other nodes as
noise, and assumes a receiver successfully receives
a sender’s transmission if the signal to interference
(SIR) power ratio is above a threshold. The authors
show that under both the protocol and physical
models, the maximum capacity is @(1/y/n) per
node, assuming optimal node placement in a disk
of unit area. They also show that under random
node placement, and under the protocol interference
model, the capacity is @(1/+/nlogn). In [6], the
authors extend this result to show that randomly
scattered nodes can in fact achieve the same
©(1/+/n) per-node transmission rate of arbitrarily
located nodes. Other researchers have also extended
the work of [5] by considering the effects of node
mobility [7], and throughput-delay trade-offs [8].

Li et al. analyze the capacity of specific network
topologies, and run packet level simulations of both
the specific topologies and of random graphs [9].
With a packet level simulator, the authors show that
the maximum throughput achieved in the simula-
tion, where the link schedule is determined by a dis-
tributed MAC protocol (802.11), is somewhat less
than that predicted by the analytical capacity model
which assumes an ideal schedule. For example, for a
network consisting of a chain of nodes relaying a
single flow, analysis suggests that a rate of up to }
the channel capacity should be feasible, but with
nodes using the 802.11 MAC, a rate of only % is
achieved.

Luo et al. [2] as well as Jain et al. [3] study the
problem of finding rate constraints on a set of flows
in an ad-hoc network, modelling what would be pos-
sible if there were a global scheduler. Both works
model the interference between links in an ad-hoc
network using conflict graphs and find capacity
constraints by finding the independent sets of the
conflict graph. The concepts of conflict graph and
independent sets are discussed in more detail in the
next section. In [10], Kodialam and Nandagopal
model the routing and scheduling of flows in an
ad-hoc network as a graph edge coloring problem,
and find necessary and sufficient conditions for the
achievability of a rate vector. The caveat is that this
model only considers conflicts between links incident
at the same node, and does not take into account
interference due to all other neighboring links.

2.1. Extensions

The theoretical framework presented in this
paper has already proved to be vital in our study
of practical algorithms for quality of service in ad-
hoc networks. Our understanding of cliques, and
the crucial role they play in ad-hoc networks, has
been central to the development of a suite of algo-
rithms for the routing and MAC layers.

We have utilized the clique-based framework to
propose realistic admission control and QoS routing
mechanisms for ad-hoc networks. In [11], we
proposed a distributed ad-hoc shortest widest path
(ASWP) routing algorithm, which transforms the
well-known shortest widest path paradigm to the
ad-hoc domain by taking interference into account.
We further proposed IQRouting [12] — a source-
based heuristic mechanism that is able to select
QoS routed paths in a dynamic manner, using only
localized state information. Each of these algo-
rithms relies on the computation of available band-
width (Section 7.2), and utilizes cliques as the
central unit of QoS.

Even after proving the existence of a feasible
schedule, a more important practical problem is to
find a mechanism that can achieve such a schedule.
While a distributed solution may be too difficult to
achieve, it is fair to hope for approximate mecha-
nisms which are able to approach the feasible
network throughput to within a bounded factor of
the optimal. We suggested a novel backoff mecha-
nism in [13] that takes a step in this direction,
achieving a fair distribution of resources between
wireless nodes sharing the medium.
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3. Modelling the ad-hoc network
3.1. Determining conflict graph

We consider a wireless ad-hoc network with N
stations. Each station is equipped with a radio
having communications range p, and a potentially
larger interference radius . Our model of interfer-
ence is similar to that of the protocol model intro-
duced in [5]. A transmission from station i to
station j is successful if both of the following condi-
tions are satisfied:

for every other station k that is simultaneously
transmitting. Here d; denotes the distance between
i and j.

The connectivity graph G is a directed graph
whose vertices correspond to wireless stations and
the edges correspond to the wireless links. There is
a directed link from vertex i to vertex j iff dj; < p.
The nodes of the conflict graph represent links in
the connectivity graph. A pair of nodes, /; and Iy
in the conflict graph are connected by an edge if
they cannot have simultancous transmissions
according to the protocol interference model. This
is similar to the model of the conflict graph as pre-
sented in [2,3].

To avoid confusion in the rest of the paper, we
adopt the convention of using the prefix ‘CG’ (e.g.
CG-node, CG-edge) when referring to the conflict
graph. Additionally, a wireless device participating
in the ad-hoc protocol is sometimes referred to as
an ad-hoc station.

We envision the following technique for comput-
ing the conflict graph. We assume each station
knows its position (e.g. using GPS) and dissemi-
nates its position information to other stations in
the local neighborhood. Each station then geometri-
cally computes which stations are within an interfer-
ence radius; we call such stations interfering
neighbors.

However, the transmission and interference foot-
prints are not perfect circles in reality, due to factors
such as obstacles, multi-path fading, etc. A better
scheme would use measurements, as well as any
available position information from GPS, to deter-
mine which stations interfere. In Sections 5.5 and
5.6, we attempt to augment our model to incorpo-
rate more realistic interference patterns.

In cases where the network’s MAC protocol uses
RTS/CTS (request to send/clear to send) or

acknowledgements, such as 802.11 [14], one might
choose to use stricter rules for identifying conflicting
links than the conditions presented in (1). For a suc-
cessful transmission to occur, these stricter condi-
tions require that dy;> w and dy;> w, for every
other station k that is simultaneously transmitting
or receiving. This is because a receiving station will
be sending acknowledgements or will have sent a
CTS message that silences other stations in the
vicinity.

An alternate approach to constructing a conflict
graph, is to compare the geometric centers of each
link, i.e. the mid-point of a line segment connecting
receiver and transmitter. This is in contrast to com-
paring distances between the stations themselves
[15]. A sufficient condition for a pair of links, /;
and /;; not to conflict would be |¢; — ¢x| > (0 + p),
where ¢;; is the position of the geometric center of
link /;;. Note that this is sufficient whether one uses
the conditions (1) or the stricter RTS/CTS rules, for
a link transmission to be successful. One may then
construct a conflict graph by assuming that pairs
of links that do not satisfy these link-center condi-
tions conflict. However, this approximation would
lead to some pairs of links being modelled as con-
flicting, even though they do not conflict in reality,
and thus would result in a conservative view of
network capacity.

It is useful to note that the discussions about row
and clique constraints presented in this paper are
not dependent on the way the CG is calculated. A
more accurate CG representation is still amenable
to the same analysis as presented here.

3.2. Independent set constraints

One can find a set of necessary and sufficient
conditions for a proposed set of flow rates to be
feasible, by looking at the independent sets in CG
[2,3]. An independent set in the CG is a set of
CG-nodes that have no edges between them. The
idea is to identify all of the maximal independent
sets of CG, calling them Z,,7Z,,...,Z.. Then, the
independent set constraints say that a set of flow

rates Fi,F,,...,F, is feasible iff there exists

non-negative  weights  /11,4,...,4. such that

>4 <1land

Fi<CY A Vie{l,...,n} (2)
iijeZ;

where C is the capacity of the channel.
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Unfortunately, computing all of the independent
sets in a conflict graph is exponential in the number
of CG-nodes [3], so using this method in a large CG
is not practical. Furthermore, the method requires
global information about the entire graph. For these
reasons, we look for methods that require less com-
putation, and that can be done with local informa-
tion at each CG-node.

4. Row constraints

We describe here one set of sufficient conditions
for a set of flow rates to be feasible. We represent
a set of flow rates as the vector F of size nx 1,
where n is the number of links in the network and
F; is simply the flow rate assigned to link i. We also
make use of a conflict graph incidence matrix M
defined as follows:

1 if links j and & are connected by

M = an edge,

0 otherwise.

Theorem 1. A set of flow rate assignments F has a
feasible schedule if

MF <C. (3)

where C is a n X 1 vector, with all entries equal to the
channel capacity C. We refer to expression (3) as the
“row constraints” because each row of the conflict
graph matrix M is used to construct a linear inequal-
ity on the values of Fy,Fy,..., Fn.

Proof. We assume that the entries of the flow rate
vector F are rational multiples of each other. Let
T be the smallest integer such that flow rates F;
are integer multiples of% for all i e {1,...,n}, and
let K be the vector of integers such that
Fi=K; x % We will construct a periodic schedule
with period T.

We begin by transforming the conflict graph CG
by replacing a CG-node i by a clique consisting of
IC; nodes. Each of the new nodes in the replacement
clique needs to be connected to every neighbor of
the replaced CG-node.

Let this transformed graph be called CGg.
Observe that a coloring of CGy implies a schedule
for CG. This is because each node in the clique
replacing 7 has a unique color. Further, if CG-nodes
i and j were adjacent in CG, all the components of
their replacement cliques are adjacent in CGy, and

hence have unique colors. Consequently, by letting
each color correspond to a slot, we can ensure that
CG-nodes i and j ate scheduled for appropriate
durations, which are disjoint.

Next we observe that MF < C implies MK < 7,
where 7 is a n X 1 vector, with all entries equal to 7.
This in turn implies that each CGgnode has strictly
less than 7 neighbors. We may now color the graph
with the greedy coloring algorithm that follows.
Label the CGgnodes with indices {1,...,N} and
begin coloring the nodes in increasing order of
index, by assigning each CGprnode a color with
index in {1,...,T}. For CGnode i, we assign it the
lowest indexed color not already assigned to a
neighbor. We can always find such a color with
index in {1,..., T}, simply because CGrnode i has
less than 7 neighbors. Thus we have a valid coloring
for CGy, which implies the existence of a feasible
schedule for the flow vector 7. [

The row constraints may be evaluated in a local-
ized and distributed manner by evaluating

MF LC, Vi, (4)

where F' and C' are the flow vector and capacity
vector representing only the neighbors of link 7.
Since all the non-zero elements of the ith row of
M lies in the interference neighborhood of CG-
node i, we only need to consider those relevant en-
tries of F and C. Each CG-node only needs local
information from all its neighbors to check the
validity of these constraints.

While the row constraints are sufficient, they are
not necessary constraints. Indeed, in some examples
they can be much more restrictive than is necessary.
Fig. 2 shows a conflict graph that illustrates such an
example. The row constraints imply that

Fa+Feg+Fc+Fp+Fxy <C. (5)

®

©

Fig. 2. Row constraints — star graph.
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However, expression (5) is much stronger than
what is necessary to be feasible. For example, one
could achieve the rates Fpo = Fg=Fc=Fp=C
if CG-node X is switched off. Yet, if we used expres-
sion (5) as our guide (with Fy = 0), we would have
to set all the rates to C/4. Thus, in this case, obeying
the row constraints would lead us to rates that are
only 1/4 of actually feasible rates. In theory, the
row constrained solution could be arbitrarily far
from optimal, as in the case if the star had many
rays instead of 4.

Because the row constraints could possibly be
overly conservative, we are motivated to develop a
different set of constraints using cliques. We
describe the method in the next section.

5. Clique constraints
5.1. Cligues: definition and background

We begin with a few definitions well-known in
graph theory. Consider a bi-directional graph with
nodes and edges. An induced subgraph is a subset
of the nodes together with any edges whose end-
points are both in this subset. An induced subgraph
that is a complete graph is called a cligue. A maxi-
mal clique of a graph is a clique such that it is not
contained in any other clique. In the conflict graph
in Fig. 1, ABC, ACD and ADE are all maximal
cliques.

A clique in a conflict graph is closely related to
the capacity of ad-hoc networks. CG-nodes that
form a clique are all connected to each other — con-
sequently only one CG-node in a clique may be
active at once.

There are two main reasons to utilize cliques in
place of independent sets. First, cliques in a CG
are inherently local structures and therefore amena-
ble to localized algorithms. Second, as we describe
in Section 7.1, we can approximate the maximal cli-
ques around a link in a computationally simple and
distributed fashion.

5.2. Specifying clique constraints

Assume that each CG-node (i.e., link in the con-
nectivity graph) is aware of all the maximal cliques
that it belongs to. This information may be
described by an incidence matrix Q', which is of
order g X n. Here, ¢ is the number of maximal cli-
ques that this link 7 belongs to, and n is the total
number of links. In this matrix,

; 1, if links i and k € clique J,

* {(), if links i or k & clique ;.
Note that this matrix Q' does not include informa-
tion about the entire network — it covers only the
interference neighborhood of link i. The union of
the clique matrices across all the links gives the glo-
bal clique matrix Q.

Since a network must satisfy the capacity con-
straints for all cliques, we can write the ‘clique con-
straints’ in a matrix form. As in Section 4, we denote
the flow vector F and the capacity vector C. Hence
we have,

QF <C. (6)
Consider the conflict graph as shown in Fig. 1.
Let the allocated flow on each CG-node be denoted

by Fa, Fp etc. Then, the clique constraints QF < C
are:

Fa+Fp+Fc<C,
Fa+Fc+Fp <,
Fa+Fp+Feg<C.

5.3. Insufficiency of clique constraints

The clique constraints provide a necessary condi-
tion for a realizable schedule to exist, since there
cannot be a feasible schedule over links that form
a violated clique constraint. One might hope that
these constraints would also be sufficient conditions
for a realizable schedule. Unfortunately, that is only
true for a special sub-class of graphs called Perfect
Graphs [16]. Perfect graphs are those whose chro-
matic number (least number of colors required to
color the graph, such that every adjacent node has
a separate color) and clique number (size of the larg-
est clique) are equal for all induced subgraphs.

As noted in [3], the simplest example of an imper-
fect graph where the clique constraints are insuffi-
cient is the conflict graph shaped like a pentagon,
shown in Fig. 3. Although the clique constraints
suggest a valid flow allocation of 0.5C on each link,
in reality only 0.4C on each link is achievable since
at most two out of the five CG-nodes may be active
simultaneously.

5.4. Sufficiency using scaled clique constraints

In Section 4, we proved the sufficiency of row
constraints for a schedule to exist. In this section,
we demonstrate another sufficient condition — based
on clique constraints, scaled by 0.46.
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Conflict
Graph

Assume all link
capacity = C

Fig. 3. A pentagon conflict graph.

When modelling a link by its mid-point (Section
3.1), the resulting CG has an unit disk graph struc-
ture. A graph is said to be a unit disk graph (UDG)
[17] when there is an edge between two nodes if and
only if their Euclidean distance is at most 1 (or a
constant value w). We then use properties of
UDG to prove the following theorem.

Theorem 2. When the conflict graph is modelled as a
UDG, a set of flow rate assignments F has a feasible
schedule if

OF < C x 0.46. (7)

Proof. Following in the lines of the proof of Theo-
rem 1, we impose an integer flow rate vector K by
assuming a T-periodic slotted time schedule, where
Fi=K; x % Next, we transform the conflict graph
CG by replacing a CG-node i by a clique consisting
of K; nodes. Let this transformed graph be called
CGy. As we observed in the proof of Theorem 1, a
coloring of CGy implies a schedule for CG.

Denote y(CGy) as the chromatic number of CGyg,
and let xk(CGy) be the clique number of the graph.
Then it is well known that y(CGy) = k(CGg), since
we at least need to use a different color for every
member of the largest clique.

We would have a feasible schedule for CG if we
could color CG; using at most 7 colors (i.e.,
%(CGy) < T). This would ensure that all CG-nodes
in a clique are scheduled for disjoint slots, yet the
number of available slots in the periodic schedule is
not exceeded.

In [4], the authors define the imperfection ratio
imp(G) of a transformed weighted graph (e.g. CGy)
as the supremum of the ratio between its chromatic
number and its clique number. They further show
bounds on imp(G) if the graph belongs to the class
of UDG. For a UDG,

) 1(CGy) 1
CG) = <2155~ . 8
mp(CG) = sup L 6y 0.46 ®)

We sketch the proof of this result in Section 5.6.
To complete our proof, we observe that
OF < C x0.46 implies that QK < 0.467. This in
turn implies that x(CGy) < 0.467, since the clique
number 1(CGy) is simply the largest element of QK.
Now applying expression (8), we have y(CGy) <
1

546 (CGr) < T. Thus we have a sufficient condition

for the existence of a feasible schedule. [

Consider the scaled clique constraints of expres-
sion (7): In addition to being sufficient, they are
within a bounded factor of the necessary conditions
of expression (6). Consequently, we are assured that
flow vectors satisfying the scaled clique constraints
are no further than a factor of 0.46 from an opti-
mally feasible flow vector.

It is also worth noting that the clique constraints
may be evaluated in a distributed fashion by
checking

Q'F < C x 046, Vi, 9)

where F' and C' are the flow vector and capacity vec-
tor as known to link i. The only non-zero elements of
the clique matrix Q' lie in the interference neighbor-
hood of CG-node i, and so the only affected elements
of F and C' are the corresponding ones.

5.5. Obstructions in ad-hoc network

Typically, interference regions in a real ad-hoc
network are not shaped like perfect disks, due to
the presence of obstructions. In such situations,
the underlying CG may not be a UDG. Thus, con-
dition (7) may not be sufficient to guarantee the
existence of a feasible schedule, as the proof of The-
orem 2 depends on the UDG property.

One solution to this problem is to construct what
we call a “virtual” conflict graph, where links that
lie within an interference range of each other are
always modelled as conflicting, even if in reality an
obstacle prevents the links from interfering each
other. Note that the virtual-CG is a UDG by con-
struction, even if the underlying CG is not. Using
the virtual-GG we may state and prove the
following.

Theorem 3. A set of flow rate assignments F has a
feasible schedule if

OvF < Cx0.46, (10)
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where Qv is the clique incidence matrix of the virtual-
CG, as defined above. This is valid even if the “true”
CG is not UDG.

Proof. Note that the virtual-CG has the same set of
CG-nodes (corresponding to links in the connectiv-
ity graph) as the true-CG, while the set of CG-edges
of the virtual-CG are a superset of the edges of the
true-CG. We may define integer flow rates /C; where
Ki = F; x &, a virtual-CGy, and a true-CGy in the
same way that we did in the proof of Theorem 1.
By Theorem 2, condition (10) implies that there
exists a coloring of the virtual-CGy with at most 7'
colors. However, a valid coloring of the virtual-
CGg is a valid coloring of the true-CGy as well,
because each node in the true-CGy has a subset of
the neighbors it has in the virtual-CGy. Thus, there
exists a valid coloring of the true-CGy, which in turn
implies the existence of a feasible schedule to
achieve the flow rate vector . [

5.6. Variance in interference range

Often, the interference region may not be shaped
like a perfect disk, but be uneven near the edges, due
to fading effects. Such an interference region may be
modelled as being bounded between two disks. Two
CG-nodes cannot interfere if their distance >1, and
two CG-nodes will always interfere if their distance
<x < 1. But if two CG-nodes are separated by a dis-
tance between x and 1, they may or may not inter-
fere. We would like to take this variance into
account while employing our constraint-based
approach.

In order to present the proof of our extension, it
is useful to sketch the proof of the original imperfec-
tion theorem, as given in [4].

Theorem 4 [4]. For a UDG,
1

o
_|_

imp(G) <

~ 2.155. (11)

S

Proof. The proof uses the ‘Stripe Lemma’ from [17]
which implies that in a UDG, stripes of width v/3/2
are perfect. The technique used in the proof is to
cover the UDG with a large number of randomly
positioned stripe-graphs. A stripe-graph consists of
stripes of width v/3/2 separated by a distance of 1.
Since each stripe is perfect, and their separation is
greater than 1, the entire stripe-graph is perfect.
Then, the probability p that any node is covered

S

by a particular stripe-graph is given by p = “—32+1'
Extending a probability argument, the authors show
that the imperfection of the graph is bounded

above, by the reciprocal, i.e., imp(G) < i. O

We define the ‘connectivity band’ of a node in a
stripe in the CG. In Fig. 4, it follows from geometry
that a node 4 will necessarily be connected to all
other nodes in the stripe which lie within a connec-
tivity band of height 1/2 in either direction (shaded
region in the figure). So if two nodes are not con-
nected to each other, their Y coordinates must be
separated by at least 1/2.

The following theorem now follows from Theo-
rem 4.

Theorem 5. When the interference range w in a CG
varies between % < x < w < 1, the imperfection ratio
is bounded by,

2
imp(CG) < H, where z = /x> — (%) . (12)
z

Proof. In [17], the authors show that the Stripe
Lemma holds if for all nodes located within the
stripe, two nodes on either side of a third node,
but not adjacent to the third node (e.g. nodes B
and C in Fig. 4) are never connected themselves.
This is a corollary of having a connectivity band
of width 1/2 on either side of a node — B and C
on either side of A4 are necessarily separated by a
distance greater than 1.

When the interference range varies between x
and 1, a modification of the Stripe Lemma using

1/2

1/2

17 1/2

1/2

Fig. 4. Connectivity band of a node in a stripe.
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Table 1

Imperfection ratio bound as a function of interference unevenness
X z imp 1/imp

1 0.866 2.155 0.46

0.9 0.75 2.33 0.43

0.8 0.62 2.60 0.38

0.7 0.49 3.04 0.33

0.6 0.33 4 0.25

triangle geometry ensures that the stripe is always
perfect provided z> + (%)2 < x%, where z is the width
of the stripe. Consider Fig. 4 again: We need to
ensure that the band of height 1/2 on either
direction of A4 is within its range of connectivity,
i.e. the diagonal of the connectivity band <x. At the
limit, we get z=1/x2— (1/2)*. Note that since
x < 1, we have z < V/3/2.

Following the proof technique of Theorem 4 [4],
the imperfection ratio in this case is bounded by
imp(CG) <= O

Hence, existence of a feasible schedule is guaran-
teed provided QF < C x T

Table 1 tabulates the values of the bound on
imperfection ratio as a function of the unevenness
in the interference region. As seen, the imperfection
can grow as the interference range varies more.

This extension can also account for the approxi-
mation error introduced by representing a link by its
mid-point (Section 3.1). To account for this, we can
model the interference range as lying between two
discs of radius w and w + p.

Once again it is important to realize that the cli-
que constraints applied to a virtual conflict graph
akin to the one described in Section 5.5 will also
imply a feasible schedule. In this case, the virtual
CG corresponds to the maximum interference range
(i.e., modelling the variance in the interference range
by its upper bound). A feasible schedule in the vir-
tual CG ensures a feasible schedule in the true CG
as well. Depending on the value of the imperfection
bound as given in Table 1, we may choose to use the
clique constraints on the virtual CG(QvF < C X
0.46) or the constraints on the true CG(QF < C x

)

6. Row vs. clique constraints

We have presented two sets of constraints, both
of which may be evaluated in a distributed fashion.
In this section, we discuss the efficacy of using one
set of constraints versus the other.

6.1. Relating row and clique constraints

We have seen that the row constraints are suffi-
cient, but may be arbitrarily far from being neces-
sary, as we observed in Section 4. On the other
hand, the scaled clique constraints are not only suf-
ficient, but also within a bounded factor of the nec-
essary constraints (Section 5.4).

We present a schematic of the relationship
between the various sets of constraints discussed
earlier. Each of the constraint sets defines a poly-
tope in R, describing the feasible range of values
for the flow vector F. We show a two dimensional
representation of these regions in Fig. 5.

The independent set (IS) polytope corresponds to
the necessary and sufficient condition for a feasible
schedule to exist, and is therefore the benchmark.
The outer clique polytope is derived from necessary
conditions and so contains the IS polytope. Scaling
this by a factor of 0.46 gives us the scaled clique
polytope. This corresponds to sufficient conditions
for feasibility, and is hence entirely contained within
the IS polytope. The row constraints also describe
sufficient conditions, and so the row polytope lies
within the IS polytope as well. The row and the
scaled clique constrained polytopes certainly over-
lap (e.g. at the point when the flow vector is 0),
but do not contain one another.

Indeed, there are notable cases (typically simple
networks, and/or few flows) where the row con-
straints are less pessimistic than scaled clique con-
straints. An example is the pentagon CG (Fig. 3),
where row constraints allow a flow rate of C/3 =
0.33C is possible on each link, while scaled clique
constraints only allow a flow rate of 0.46 X

|
|
|
! S
|
|
|
|

Scaled
Clique

\
|
|
|
|

|
—-=d

Fig. 5. Polytopes describing feasible regions for the flow rate
vector, as defined by the row, clique and independent set
constraints.
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C/2 =0.23C. However, as the number of flows
increases, we are likely to get situations where a
CG-node has many neighbors, which do not all
form a single clique. Such topologies make the
row constraints too restrictive, as is often the case
in realistic ad-hoc networks.

6.2. Using both row and clique constraints

Because the row constraints may be less restric-
tive in some circumstances than the clique con-
straints, we would like to give each station in the
network the flexibility to choose to use either the
row constraints or the scaled clique constraints,
depending on which are less restrictive for the situ-
ation. However, we need to be sure that in a net-
work where some stations use clique constraints,
and others use row constraints, the union of the
constraints being checked across the network con-
stitute sufficient conditions for a flow rate vector
to be feasible. We show that this is indeed the case
in the theorem that follows.

Theorem 6. Suppose the CG-nodes are partitioned
into two disjoint sets A and B. Let 0A denote a
reduced clique matrix, containing only the rows of Q
that correspond to cliques containing one or more CG-
nodes in A. Similarly let M® denote a reduced conflict
graph incidence matrix, containing only the rows of M
that describe the neighbors of CG-nodes in B.
The flow rate vector F is feasible if

O*F <046 % C,
MBF < C.

Proof. As in the proof of Theorem 1 we define inte-
ger flow rates K; where K; = F; x &, and we define
the graph CGg by replacing each node i of CG with
a clique of K; “children” nodes. Recall that a color-
ing of graph CGg using at most 7 colors implies the
existence of a feasible schedule. Let CG?* denote the
subgraph of CGg restricted to CG,-nodes whose par-
ents are in A. Theorem 2 implies the existence of a
coloring for CG?. We color the nodes of CG* using
such a coloring, and now we seek to color the
remaining nodes of CGy.

We observe that MBF < C implies MBC LT
which in turn implies that each node in CGP has less
than T neighbors. It is worth emphasizing that each
node in CGP has less than T neighbors in total,
including neighbors in CGP and neighbors in CG2.
We may now color the remaining nodes of CGy by

using the same greedy coloring algorithm as in
Theorem 1. Because the remaining nodes each have
less than 7' neighbors, we can always find a color with
index in {1,...,7T}. Thus we have found a coloring
for all of CGy, and therefore there exists a feasible
schedule to accommodate flow rate vector 7. [

7. Distributed algorithms
7.1. Computing cliques

For our purposes, we would like to compute
maximal cliques in a computationally simple, dis-
tributed and localized manner. General algorithms
to generate cliques (e.g. [18-20]) are centralized in
nature. Also, these are exponential algorithms since
the number of maximal cliques in a graph (even in a
UDG) is exponential. So we aim for a polynomial
approximation algorithm.

The essence of the approximation is to use
slightly ‘super-maximal’ cliques. When the number
of cliques grows large, several nearby cliques will
have a significant intersection, i.e., their member-
ship will differ only at a few nodes. In this case,
the approximation algorithm generates the union
of these as the super-maximal clique. The exact set
of maximal cliques generated depends upon the
location of the nodes.

By using approximate cliques, the constraints are
only strengthened further as multiple individual
constraints are replaced by their union. Thus, the
sufficiency of the approximated clique constraints
implies the sufficiency of the actual set of clique
constraints.

The heuristic algorithm presented by authors of
this paper in [21] distributedly approximates all
maximal cliques that a CG-node belongs to. The
algorithm in fact works on any UDG, a more
general class of graphs than conflict graphs alone.
It makes use of certain key geographic structures
of these graphs. For each edge, we limit the set of
vertices that may form cliques with this as the lon-
gest edge. We then consider several characteristic
shapes determined by that edge, and prove that all
cliques involving this edge are included in one of
the sets of vertices contained in these shapes. The
evaluation of the vertices located within these
shapes may be done in polynomial time, enabling
us to limit the running time of the algorithm.

The algorithm works in O(mA?) time and gener-
ates O(mA) cliques, where m is the number of edges



R. Gupta et al. | Ad Hoc Networks 5 (2007) 429-443 439

in the graph and A is its maximum degree. We also
provide a modified version of the algorithm which
improves the performance in many cases, albeit
without affecting the worst case running time.

7.2. Capacity estimation

We can use the clique constraints to estimate the
capacity of an ad-hoc network, in a localized and
distributed way. Assume that each CG-node is
aware of all its interference neighbors, and their
allocated flows. Using this localized information,
each CG-node can estimate its available capacity
I'" as

' = min{(C' x 0.46) — Q'F'}. (13)

I'' is the available bandwidth on link i, taking into
account flows allocated on i, as well as interference
from neighboring links. We consider all maximal
cliques that i belongs to, and take the worst case
available capacity over all the cliques. This ensures
that the available capacity satisfies the conditions
for sufficiency, as described earlier in the paper.
The value I is a vital commodity for algorithms
involving quality or rate guarantees in a network. In
a wired network, the width or available bandwidth
of a path is determined by the remaining bandwidth
on the bottleneck link in the path. In the case of an
ad-hoc network, it is the bandwidth available on the
bottleneck cliqgue that offers a parallel metric of
comparison. We therefore expect our methods of
computing I" to be utilized frequently, in distributed
algorithms for admission control and QoS routing.

7.3. Admission control

A distributed admission control scheme may now
be overlaid on the capacity estimation framework.
We assume as above that the CG-nodes in the con-
flict graph are aware of all their interference neigh-
bors, and their allocated flows.

Using the approximation algorithm described in
[21], each CG-node (in reality, the node at one
end of this link) keeps track of the maximal cliques
it is part of, and the available bandwidth on them.
The admission control algorithm is effected when a
new flow request {src, dest, path, bw} is received
by the network. The new flow description is sent
out along the path of the flow. Every station that
receives the flow request updates its flow vector F'
with the new flow parameters. And then it recom-
putes I = min{(C' x 0.46) — Q'F'} for all its links.

If I'" <0 for any link i, an ‘admission denied’ mes-
sage is generated.

We assume that the route for the flow is known
ahead of time. This allows us to accept or reject flow
requests based on the ad-hoc bandwidth available in
the network. We can further incorporate routing
techniques that make use of interference knowledge,
as in [12].

8. Simulation results

We present simulation results to test the various
ideas discussed earlier in the paper. We perform
simulations using OPNET [22], which implements
detailed packet level simulation models of channels,
interference, as well as the 802.11 MAC and ad-hoc
routing protocols.

8.1. Feasible vs. actual schedule

In Sections 4 and 5, we have shown that a feasi-
ble schedule exists when the row constraints or the
scaled clique constraints are satisfied. However, it
is important to note that the mere existence of a fea-
sible schedule does not imply our being able to find
it, let alone impose it on all the ad-hoc stations. The
task of finding a distributed scheduling mechanism
that achieves the feasible schedule is a well-known
open question, and is beyond the scope of this
paper.

Instead, we compare our theoretical models with
a practical MAC protocol — the default 802.11b. We
make no changes to the existing 802.11b, and simply
use it to check against the capacity limits predicted
by our model.

8.2. Row constraints

First, we evaluate the row constraints presented
in Section 4. The conflict graph evaluated here is
shaped like a star, as shown earlier in Fig. 2. All
the links A, B, C, and D interfere with link X, but
none of these interfere with each other. Assuming
the effective capacity of the channel to be 5 Mbps,
satisfying the row constraints (at CG-node X)
requires

Fa+Fp+Fc+Fp+Fx <5

In fact, each of the link A, B, C, and D should be
able to achieve close to the 5 Mbps capacity.

The results of this simulation are presented in
Table 2. All rates are in Mbps, and the notation
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Table 2 Table 3

Simulation results — star conflict graph Simulation results — pentagon conflict graph

Comment Generated Received Comment Generated Received
One outer link 5 5 Unsaturated Sx1 Sx1
Two outer link 2x5 2x4.5 Unsaturated S5x1.5 5x1.5
Three outer link 3x5 3x4.5 Reaching saturation 5x2 5x2
Four outer link 4x5 4x4.5 Saturated 5%x2.5 5x1.8
Two outer + center 2x5+5 2x4.5+0.25 Over-saturated 53 >x18
Four outer + center 4x5+5 4x4.5+0.01

Limit outer links 4x25+2 4x2.5+0.85 5/3 =1.67 Mbps per link, and so ‘[hey are again
Limit outer links 4x05+4 4x0.5+3.5

3 X p + ¢ in the table implies that three of the outer
links are all generating/receiving p Mbps, while link
X at the center gets ¢ Mbps.

As seen from the first set of rows of the table, all
four of the outer links can indeed achieve 4.5 Mbps
each — so these rates exceed the row constrained
rates by a large margin. This corroborates the fact
that the row constraints may be overly pessimistic,
as discussed in Section 4.

The conflict graph shown in Fig. 2 is perfect, and
so the unscaled clique constraints of expression (6)
should be sufficient [3]. The clique constraints for
this graph look like Fa + Fx <5, Fp+ Fx <5,
etc. Indeed, as seen from the received rates in Table
2, the clique constraints are always satisfied.

We also observe the unfair nature of the sharing
of links. The second set of rows show that link X is
starved when multiple of its neighbors are transmit-
ting simultaneously. Only by rate limiting the neigh-
boring traffic (third set of rows) can link X hope to
achieve its share.

8.3. Clique constraints and scaling

In order to observe the insufficiency of the
unscaled clique constraints, we need to simulate an
imperfect CG — the pentagon in Fig. 3. The unscaled
clique constraints on this conflict graph suggests
that a rate of 2.5 Mbps should be achievable on
each link (assuming a 5 Mbps channel capacity);
although analysis confirms that each link is limited
to 2 Mbps at most (Section 5.3).

The simulation results presented in Table 3 sup-
port the analysis quite well. When the traffic on each
link is shaped to the predicted limit of 2 Mbps, all
links are able to achieve 2 Mbps each. Increasing
the offered rates further, to 2.5 Mbps on each link,
only makes matters worse — the links get saturated
and the throughput is reduced to only 1.8 Mbps
per link. The row constraints would only allow

too restrictive.
8.4. Randomly generated network

We generate a random ad-hoc network consist-
ing of 50 ad-hoc stations in a 2.5 km x 2.5 km area.
The locations of the stations are fed into OPNET.
Transmission range is set to 500 m, and the interfer-
ence range is 1 km. These numbers roughly corre-
spond to a battalion of tanks in a battlefield, with
powerful radios. We pick five pairs of stations at
random and set up video flows between them (run-
ning for 5min), and alter these rates in order to
change the load on the network.

We use the DSR routing protocol [23] to deter-
mine the routes, and measure the amount of traffic
received at each of the receiving stations in the
OPNET simulation. In parallel, we feed the routes
generated into the theoretical model implemented
in MATLAB [24]. Using Eq. (13), we calculate the
minimum spare capacity I'"" on each link 7, to compare
against the actual rates received by the flows. The
minimum spare capacity 1" in the network is calcu-
lated by taking the minimum of I"” over all the links.

We run simulations involving three, four and five
flows. In many of the simulations, the calculated
spare capacity on the network is negative, which
predicts that some of the flows may be losing traffic.
Each simulation run yields a single point on the
plot, with the rates and the routes of all the flows
together determining the I values for each link,
and thereby 7 for the network. A summary of the
simulation results is shown in Fig. 6. For an individ-
ual simulation run, we assign the same video rate to
each of the three, four or five flows. On the X-axis,
we plot the rate of video traffic sent out on each of
these flows; while the Y-axis plots the average rate
received over all the flows.

By looking at the routes, and interpolating
between the various video rates, we can also deter-
mine the exact transmitted rate at which " =0, as
predicted by our model. We determine this limit
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Fig. 6. Comparing received rates with theoretical model.

for each of the three, four and five flow cases, and
plot these using the dotted vertical lines. As seen
from the figure, the flows appear to receive almost
all their traffic until the predicted limit. In each case,
the flows experience a sharp loss of quality soon
after the theoretical limit is crossed.

8.5. MAC inefficiencies and graph imperfection

Our simulation results indicate that the achieved
throughput in an ad-hoc network is often limited to
a point close to the scaled clique limits. However,
the bound of ﬁ = 2.155 on the imperfection ratio
may be significantly larger than the typical case
imperfection ratio. In fact, [4] states a conjecture
that the imperfection ratio is in fact bounded above
by 3.

Recall that the imperfection ratio is the ratio
between the chromatic number y(CGy) and the larg-
est clique size x(CGy), maximized across all possible
flow vectors. Consequently, for the random net-
works generated in our simulations, it is not possi-
ble to analytically determine that imperfection
ratio. At best, we can find :E(C:g‘f; for particular flow
vectors.

On the other hand, there are several inefficiencies
in the distributed nature of the MAC protocol (e.g.
[9,25]). When graph imperfection is significantly less
than 2.155, our observation that the throughput
falls off soon after the offered load exceeds the
scaled clique constraints, must be because MAC
inefficiency in addition to any graph imperfection
is limiting the achievable rates. In fact, given an
ideal scheduler, the unscaled clique constraints

ought to be necessary and sufficient in Fig. 6, since
we find that % =1 in this specific case. Thus, in
this example, the limits on the throughput is primar-
ily due to the inefficiency of the MAC. We are not
violating the clique constraints here — they are
merely being superseded by the inefficiencies in the
MAC protocol.

The scaling factor of 0.46 is required, to account
for the worst case imperfection in a CG, since we
cannot predict the flow vectors ahead of time. In
simple networks and/or few flows (e.g. Section
8.3), the effect of the graph imperfection is easily vis-
ible. In some other situations however, the effects of
MAUC inefficiency, rather than graph imperfection,
might be the dominating cause for the gap between
a flow vector satisfying the unscaled clique con-
straints and one that is actually achievable with a
distributed MAC. Thus, the constraint-based
framework presented here becomes universally
practicable only when used in conjunction with an
efficient MAC protocol.

9. Conclusions

This paper presents a theoretical model to predict
the capacity of an arbitrary ad-hoc network, with a
given set of desired flows. We model the ad-hoc
network, and the underlying interference between
links, as a conflict graph. We then propose two sets
of constraints — the row constraints and the scaled
clique constraints — to determine if a flow vector is
feasible on this network. Our main contribution is
to prove that each of the above constraints are suf-
ficient for the existence a feasible schedule. We also
discuss the tightness of these constraints under
ad-hoc network conditions.

Our second contribution is to expand the model
of the network to incorporate variations in the inter-
ference range, and consider obstructions (like build-
ings or hills) in the network. We extend the above
proofs of sufficiency to incorporate these changes.

An important motivation to utilize the row and
clique constraints is that they are localized in nature
and amenable to distributed approximation algo-
rithms. Our third contribution is to propose distrib-
uted algorithms for capacity estimation that utilize
these constraints. The estimated capacity may then
be utilized by other algorithms to implement admis-
sion control and QoS routing schemes in ad-hoc
networks.

While this paper does not claim to propose an
implementable protocol for distributed ad-hoc
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QoS routing, it provides the underlying theoretical
frame work that makes it possible to develop such
schemes.
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