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aerial vehicle (MAV) applications is developed. The algorithm

uses Earth’s magnetic and gravity field vectors as observations.

The magnetic field vector measurements are obtained from a

magnetometer triad. The gravity field vector is measured by

fusing information from an accelerometer triad with GPS/WAAS

(wide area augmentation system) velocity measurements. Two

linearization and estimator designs for implementing the

algorithm are discussed. Simulation and experimental flight test

results validating the algorithm are presented.
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INTRODUCTION

Attitude is the term used to describe a rigid body’s
orientation in three-dimensional space. In a more
general sense, it is the description of the relative
orientation of two coordinate frames. In vehicle
guidance, navigation, and control (GNC) applications
near Earth’s surface (e.g., applications involving
airplanes, marine vessels, etc.) the two coordinate
frames of interest are sometimes referred to as the
body and navigation reference frames. The body
frame is rigidly attached to and moves with the
vehicle. The navigation frame is normally a locally
level (or tangent) coordinate frame. That is, it has
an origin attached to Earth’s surface and located
directly below the vehicle’s current position. Its
x-y-z axes are lined-up with North, East, and Down
(along the local vertical) directions, respectively.
Attitude determination systems are used to measure or
estimate the relative orientation of these two frames.
The information generated by attitude determination
systems is indispensable in many GNC applications.
A few examples of applications requiring attitude
information include pilot-in-the-loop control of
manned aircraft, accurate payload pointing on remote
sensing platforms, and autonomous navigation and
guidance of uninhabited aerial, ground, and marine
vehicles.

The recent interest in high performance, micro
aerial vehicles (MAVs) has necessitated the design
of compact, accurate, and inexpensive attitude
determination systems. MAVs are designed to be
disposable and are very small in size and weight
(largest dimensions no greater than 15 cm) [1, 2].
At these scales, the avionics and sensor payloads
can represent a significant fraction of the overall
vehicle dimension and weight. To address this
need, many inexpensive rate-gyro based attitude
determination systems have been developed [3—5].
However, inexpensive and miniature solid-state rate
gyros (< $1000 per axis) tend to be low-performance
sensors which have outputs subject to wideband
noise and rate instabilities on the order of 10 to
100±/hr [6, 7]. In order to determine attitude, the
rate gyro outputs must be integrated to give attitude
and this leads to unbounded attitude errors. Thus,
successful implementation of an attitude determination
system that relies solely on rate gyros requires the
use of sensors with exceptionally accurate and stable
outputs. These types of gyros would have output
errors less than 0:1±/hr and tend to be 1) prohibitively
expensive, 2) have high power consumption, and/or
3) be physically too large for many miniature vehicle
applications.

An alternative to relying on accurate and expensive
rate gyros is to devise a system which fuses miniature,
low-performance (and low-cost and low-power) gyros
with a gyro-free aiding system using a complementary
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Fig. 1. Complementary filter for blending information from
aiding system (like the one discussed in this paper) with rate

gyros. Dashed box encloses system generating drift-free attitude
but perhaps noisy attitude solution.

filter architecture as shown in Fig. 1. The gyro-free
aiding system provides either one of two types of
information. It can provide 1) a noisy but unbiased
direct attitude measurement periodically (i.e., a low
bandwidth attitude update), or 2) it can provide
indirect measurements from which attitude can be
extracted using an observer. The aiding system’s
measurements are used to arrest error growth due the
integration of the gyro biases and also to estimate
these gyro biases in real time. A few examples of
aiding system which provide direct measurements
include multi-antenna GPS attitude determination
systems [9], accelerometer- or inclinometer-based
leveling systems [7] and the novel pseudoattitude
system described in [10]. An example of aiding
systems providing indirect attitude measurements is
a system, shown in Fig. 2, which uses an extended
Kalman filter (EKF) to extract attitude information
from GPS position estimates.

All of the above mentioned aiding systems
have drawbacks which make them unsuitable for
MAV applications. For example, multi-antenna GPS
attitude determination systems require separation
distances between antennas which are too large
(> 16 cm) for use on MAVs [11]. Accelerometer- or

Fig. 2. An EKF architecture for blending INS with GPS information. GPS position solution provides indirect attitude aiding
information.

inclinometer-based systems provide useful attitude
information only when the vehicle is in unaccelerated
flight [7]. EKF-based systems which extract attitude
information indirectly from GPS position estimates
suffer from conditional observability problems, and
they cannot guarantee bounded attitude errors unless
the vehicle follows a prescribed acceleration history.
In certain scenarios the required acceleration history
may be beyond the maneuvering capabilities of small
MAVs.

The purpose of this paper is to present an
algorithm and system design for a gyro-free attitude
determination system suitable for MAV applications.
It is an extension of ideas first presented in [8]
and addresses all the shortcomings of the above
mentioned aiding systems. The hardware and system
architecture addresses the size, weight and power
constraints unique to MAVs while the attitude
determination algorithm and its implementation
address issues encountered when using low-cost (or
performance) inertial sensors. This system derives
attitude without integrating sensor outputs and,
as such, provides a solution which has bounded
errors. In applications where the required bandwidth
is small or output latencies are not problematic
(e.g., postmission data analysis), the algorithm
can be used as a stand-alone attitude solution. In
applications where high bandwidths are required
and latencies are not acceptable, it can be fused
with rate gyros and serve as an aiding system
which continuously calibrates rate gyro biases.
The system developed uses magnetometers,
accelerometers, and GPS (velocity measurements
only) as the primary sensors. The attitude algorithm
is mechanized in terms of quaternions, and the
attitude quaternion is determined using a minimum
variance estimator by processing of two noncollinear
vectors measurements. The two vectors measured are
Earth’s magnetic field and gravitational acceleration
vectors.
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Noting that the vector components of qe are small, the
perturbation to the transformation matrix in (4) can be
rewritten as

n!b
C (qe) =

2

64

1 2qe3 ¡2qe2

¡2qe3 1 2qe1

2qe2 ¡2qe1 1

3

75 (14)

where
~qe = [qe1 qe2 qe3]T: (15)

Let the n0 coordinate frame be the computed (and,
thus, erroneous) navigation frame while n represents
the actual true navigation frame. The superscript b
represents the body frame. Using these definitions we
write the n to b transformation matrix as

n!b
C =

n0!b
C

n!n0

C (16)

=
n0!b
C

n!b
±C (17)

=
n0!b
C

n!b
C (qe) (18)

where
n!b
±C =

n0!n
C =

n!b
C (qe): (19)

This implies that these matrices can be written in
terms of small rotations about the navigation frame’s
coordinate axes. These rotation errors are denoted as
²N (rotation about the north axis), ²E (rotation about
the east axis) and ²D (rotation about the down/vertical
axis). In terms of these angles the attitude error matrix
can be written as

n!b
C (qe) =

2

64

1 ²D ¡²E

¡²D 1 ²N

²E ¡²N 1

3

75 : (20)

These attitude errors are similar to the so-called
psi-angle error models used in error analysis of
inertial navigation systems [27] and they are also
used as accuracy metrics later in the paper. Since
n!b
C (qe) represents a small rotation between the n0 and

n frames, using (14) it can be written as

n!b
C (qe) = I3£3 ¡ 2[~qe£] (21)

where I3£3 is the three-by-three identity matrix and
[~qe£] is a skew-symmetric matrix composed of the
entries of ~qe. That is,

[~qe£] =

2

64

0 qe3 ¡qe2

¡qe3 0 qe1

qe2 ¡qe1 0

3

75 : (22)

Substituting this back into (3) leads to

~ub =
n!b
C ~un (23)

=
n0!b
C

n!n0

C ~un (24)

=
n0!b
C [I3£3 ¡ 2[~qe£]]~un: (25)

Recalling that ˆ is used to denote estimated quantities

and that
n0!b
C =

ˆn!b
C , the previous equation can be

premultiplied by
b!n0

C to yield

b!n0

C ~ub = [I3£3 ¡ 2[~qe£]]~un (26)

~̂u
n

= ~un ¡ 2[~un£]~qe (27)

using the well-known identity that ~a £~b = ¡~b £~a. Let
us define ±~un = ¡~un~̂u

n
. Using this definition leads to

the following:
±~un = ¡2[~un£]~qe: (28)

If the above derivation is repeated for the second
vector, ~v, and the equations for both ~u and ~v are put
together, the following linear measurement equation is
obtained ·±~un

±~vn

¸
=

·¡2[~un£]
¡2[~vn£]

¸
~qe: (29)

This equation can be used in an estimator or observer
to determine attitude. The design of two such
estimators is discussed later in the paper after we
present an alternate body frame linearization of the
attitude equations.

Linearization in the Body Frame

The procedure for linearization of the attitude
equations in the body frame is similar to that for the
navigation frame, above. The major difference is that
the derivation starts by expanding the following

b!n
C =

b0!n
C

b!b0

C (30)

=
ˆb!n
C

b!n
C (qe): (31)

Note that now the b0 coordinate frame is the computed
body frame while b is the true body frame. Similar to
what was done earlier, note the following equivalence
of notations:

b!n
±C =

b!b0

C =
b!n
C (qe): (32)

These matrices represent the error in the body to
navigation frame transformation matrix and now
b!n
C (qe) represents a small rotation between the b0 and
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b frames. It can be written as
b!n
C (qe) = I3£3 ¡ 2[~qe£]: (33)

Even though the above equation for
b!n
C (qe) looks

identical to the expression for
n!b
C (qe) given by (21),

there is a subtle, albeit significant difference: in
(21) and (33), the quaternion q (and its error qe)
are not the same. The quaternions in (33) are the
complements of the quaternions in (21). Equation (33)
can be used to write the b to n transformation as

b!n
C =

ˆb!n
C [I3£3 ¡ 2[~qe£]]: (34)

This relationship is used to write the transformation of
~ub to ~un in the following manner:

~un =
b!n
C ~ub (35)

=
ˆb!n
C [I3£3 ¡ 2[~qe£]]~ub: (36)

Premultiplying both sides by
ˆn!b
C and rearranging

leads to
±~ub = ¡~̂u

b
~ub (37)

= ¡2[~̂u
b
£]~qe: (38)

Once again, repeating the above derivation for the
second vector, ~v, and assembling the equations for
both ~u and ~v yields the following measurement
equation: ·±~ub

±~vb

¸
=

·¡2[~ub£]
¡2[~vb£]

¸
~qe: (39)

ATTITUDE ESTIMATOR DESIGN

Either (29) or (39) can be used in an estimator to
solve the attitude determination problem. To do this
we note that both (29) and (39) can be written as

~z = H~qe (40)

where ~z is the observation vector and H is the
observation (or measurement) matrix. Assuming
linearization in the navigation frame ((29)), then the
observation vector ~z becomes

~z =
·±~un

±~vn

¸
(41)

and the observation matrix H becomes

H =
·¡2[~un]£

¡2[~vn]£

¸
: (42)

We present two minimum variance solutions to
the attitude determination problem. The first is an

iterated least squares solution and the second is an
EKF implementation. The two vectors (~u and ~v), the
way they are measured, and the error models for the
measurement of these vectors is the same for both
estimators. Thus, before discussing the details of the
two estimators, we present details of the vectors used
in the physical system, how they are measured, and
error models for the vector measurements.

Vector Measurement Models

The physical implementation of this MAV attitude
determination system uses Earth’s magnetic field and
gravitational acceleration vectors as the two vector
observations. The vector ~un in the algorithm above is
defined to be equal to Earth’s magnetic field vector
in the navigation frame ~hn. This vector is a function
of geographic location and can be computed easily
using the International Geomagnetic Reference Field
(IGRF) model [30]. Similarly, ~vn is defined to be
equal to Earth’s gravitational acceleration vector
in the navigation frame ~gn. It is also a function of
geographic location and can be computed using a
model such as the World Geodetic System 1984
(WGS-84) gravity model [31]. In the implementation
here, the values of ~hn and ~gn computed using [30] and
[31] are assumed to be exact.

The vector ~ub is defined to be the body frame
measurement of Earth’s magnetic field vector and
is measured by a triad of magnetometers. This
measurement is modeled as

~̂h
b
(tk) = ~hb(tk) +~nh(tk): (43)

The caret above the vector on the left hand side of the
equation indicates a measured quantity. The measured
field value is equal to the true value (i.e., measurement
that would be made by an error-free magnetometer
triad) corrupted by an additive error. We assume
that the magnetometers have been calibrated so that
correlated sensor errors such as null-shift or Markov
biases have been removed. Thus, it is reasonable to
assume that the remaining sensor error term nh can be
modeled as a white noise sequence with covariance Rh
given as

Rh = Ef~nh(tj)~n
T
h (tk)g =

½¾2
hI3£3 j = k

03£3 j 6= k
(44)

where ¾2
h is the noise power.

The vector ~vb is defined to be the body frame
measurement of Earth’s gravitational acceleration. In
a nonaccelerating vehicle, a triad of accelerometers
would provide a direct measurement of this vector.
However, accelerometers are fundamentally sensors
for measuring specific force and not accelerations.
The output of an accelerometer ~f is related to the
gravitational acceleration vector ~g and the vehicle’s
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Note that step 6 represents an incremental rotation
towards the correct solution, as represented by
quaternion multiplication. This is different from the
algorithm in [20] where an incremental update to the
quaternion error is added to the prior estimate.

Given the algorithm developed above, the
following two questions are of interest: 1)
How accurate is the attitude estimate and what
factors influence the accuracy? 2) Does the
algorithm converge, and what are its convergence
characteristics? To qualitatively answer the first
question, we develop a covariance expression for the
attitude estimate and simulation studies are used to
quantitatively answer both accuracy and convergence
issues.

The quality of the attitude estimate generated
by this algorithm is captured in the state covariance
matrix P defined as

P = Ef~qe~q
T
e g = EfH†~z~zTH†Tg: (56)

For linearization in the navigation frame H† is
independent of q̂ (or qe). Thus, (56) can be written
as

P = H†Ef~z~zTgH†T = H†RH†T (57)

where Rz is the covariance of the navigation frame
measurement of ~u and ~v. The magnitude of its
entries depends on the quality of the magnetometers,
accelerometers and GPS velocity measurements

used to construct the two vectors ~̂g
n

and ~̂h
n
. It also

depends on the attitude of the body frame relative to
the navigation frame. From (44), (48), (51), and (55)
it can be shown that Rz is given by

Rz =

2

664

(
ˆn!b
C )Rn(

ˆn!b
C )T 03£3

03£3 Ra + (
ˆn!b
C )Rf(

ˆn!b
C )T

3

775 : (58)

The square root of the diagonal entries of P are the
standard deviations of the quaternion estimates. It is
more intuitive to describe attitude errors in terms of
the small rotation angles about the navigation frame
axes, rather than quaternions. From (20), the variances
of these rotation angles are approximated by

¾2
²N

= 4P11 (59)

¾2
²E

= 4P22 (60)

¾2
²D

= 4P33: (61)

Note that this interpretation of attitude errors is only
valid for linearization in the navigation frame. If the
linearization is carried out in the body frame, the
physical meaning or interpretation of the entries in
the covariance matrix (Pii) will be different.

Extended Kalman Filter Solution

The EKF approach is more efficient than the
iterated least squares solution because it leverages
prior attitude information. Unlike the iterated least
squares soltuion which performs a global search
at each time step, the EKF just refines the attitude
solution from the previous time step using the most
current vector observations. As such, it is better suited
for real-time applications.

In order to implement the EKF, equations
accounting for the dynamics must be included in the
formulation. If angular rate information is available
(from rate gyros), a dynamic model for ~qe based on
the kinematics of the attitude problem can be included
[7]. The dynamic model for ~̂qe can be written in the
standard state space form for dynamics systems as
follows:

_̂
~qe = F~̂qe + G~w: (62)

The matrix F is the system dynamic matrix. The
vector ~w is the process noise vector which models
uncertainties in the dynamic model for ~̂qe and the
rate gyros used. It is a white noise sequence with
covariance Rw. The matrix G is the process noise
mapping matrix. The structures of F and G depend
on the frame used for the linearization (navigation
or body) and the types of rate gyros used. Given the
dynamic model in (62) and assuming navigation frame
linearization of the measurement equation, the EKF
attitude estimator is implemented as follows.

1) At time step tk¡1 sample gyros to propagate q̂.
2) Propagate the state covariance forward in time

using the following:

P¡
k = ©P+

k¡1©T + Cd: (63)

P¡
k¡1 is the a priori state error covariance, © is the

discrete equivalent of F, and Cd is the discrete
equivalent GRwGT.

3) Use the vector observation of Earth’s magnetic
and gravity fields to construct ~z, H, and Rz.

4) Compute the Kalman gain matrix L =
P¡

k HT(HP¡
k HT + Rz)¡1.

5) Compute ~̂qe = L~z.
6) Similar to the iterated least squares approach,

update q̂ using q̂e and normalize.
7) Update the state error covariance by P+

k =
(I3£3 ¡ LH)P¡

k .
8) Return to step 1 and repeat.

The dynamic model given in (62) can be
augmented to include sensor errors as well. In this
instance, the elements of the process noise mapping
matrix G may include parameters for shaping filters
which map the white noise sequence ~w into correlated
sensor errors. More details on this and, in general,
on how to incorporate rate gyros into an attitude
estimator are given in [7] and [25]. We, therefore,
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Fig. 5. Time history for true and estimated (EKF implementation) attitude. Dynamic simulation.

the solution of the attitude problem, errors about the
down axis (²D) are not observable from this vector.
That is, using measurements of only the gravitational
acceleration, heading information cannot be extracted.
All information about ²D comes from the magnetic
field vector ~h. The other two error angles, on the
other hand, are observable from both vectors and the
estimation algorithm uses this redundant information.

Dynamic Simulations

The EKF formulation of the attitude algorithm is
tested on a simulation of the same vehicle in motion.
The vehicle is simulated performing maneuvers
that include accelerations and attitude changes. The
magnetometer and accelerometer triad error statistics
are the same as was used in the static simulation. The
values used in the covariance matrix R _x (which is
used to compute Ra) are based on work in [33] which
characterized the WAAS velocity errors velocity, and
is set to be:

R _x =

2

64

(0:037)2 0 0
0 (0:042)2 0
0 0 (0:098)2

3

75 m/s2:

(68)
The time constant for the quaternion error
correlation was set to 1 s (i.e., ¿ = 1). The process
noise covariance matrix was varied to adjust
the performance of the attitude estimator. More
specifically, Rw was set equal to

Rw = ®I3£3: (69)

The parameter ® was used at the tuning parameter.
With ® set to a small number (low process noise),
the estimator places less importance on the vector
observations. To place more importance on the vector

observations, the value of ® is increased (high process
noise).

Figs. 5—9 show the results for the dynamic
simulations. Fig. 5 shows the true attitude history
and the performance of the EKF formulation with
the process noise matrix set high (® = 0:08727). This
value was established by trial and error and it is up to
the designer of the estimator to select an ® value that
is appropriate. Fig. 6 shows the error in the attitude
estimate or error transient for the first 10 s. It is clear
that that the attitude errors (or residuals) converge to
zero very quickly. Fig. 7 shows the errors 100 s into
the simulation. That attitude residual is noisy and
is time varying. The magnitude of the noise on the
residuals is larger than the static case. This is due
to the GPS derived acceleration signal used in the
dynamic case and it should be noted that this is the
measurement that introduces most of the noise into
the attitude solution. The time-varying nature of the
errors is due to the lag in the attitude solution. That
is, the dynamic model used in the EKF formulation
assumes a correlation time for the quaternion errors
but that does not necessarily reflect the actual attitude
dynamics of the vehicle.

The noise on the residuals can be reduced by
using a smaller process noise matrix. Figs. 8 and 9
show the performance of the EKF estimator when
® = 1:5708 £ 10¡3. From these two figures we see
that the wideband noise on the attitude residual is
reduced. However, this comes at the expense of
introducing a larger lag into the attitude solution.
This lag manifests itself as correlated component in
the attitude residual as shown in Fig. 9. If rate gyros
were used to capture the true attitude dynamics, then
this lag can be eliminated. In this case, the attitude
estimator will also provide a means by which the gyro
errors can be estimated and, thus, result in an overall
higher performance attitude determination system [7].
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Fig. 6. Initial transient of attitude error history for simulation shown in Fig. 5. High process noise (® = 0:08727).

Fig. 7. Steady state attitude error history for simulation shown in Fig. 5. High process noise (® = 0:08727).

EXPERIMENTAL VALIDATION

Experimental validation of the algorithm was
accomplished by postprocessing data collected from
a WAAS enabled GPS receiver, a magnetometer
triad and an accelerometer triad flown on a general
aviation test aircraft. A general aviation test aircraft
and not an MAV was used because the test aircraft
was large enough to carry several high-quality
sensors that were used as a truth references. The truth
reference for attitude was a Honeywell HG-1150
navigation-grade inertial reference unit (IRU) (1 nm/hr
drift). The attitude accuracy of this system was
approximately 0.05 deg in pitch and roll and 0.1 deg
in yaw. The body-fixed accelerometer measurements
(~̂g

b
) were obtained from inexpensive solid state

accelerometers in a Crossbow DMU-FOG. The local
level acceleration ~a was computed by differencing
velocities derived from GPS augmented by the
WAAS. A low-cost magnetometer triad (Honeywell
HMR 2300) was used to measure the Earth’s magnetic

field vector in the body frame ~̂h
b
. The magnetometer

required calibration for misalignment errors, hard and
soft iron errors (bias), and scale factors errors. This
was done after the flight using the algorithm discussed
in [32]. The data from all the sensors was time-tagged
and recorded at 1 Hz for subsequent processing.

A 10 min portion of the flight test trajectory
is shown in Fig. 10. From the trajectory it can be
seen that the aircraft experienced accelerations and
decelerations (several turns) as well as attitude
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Fig. 8. Initial transient of attitude error history for simulation shown in Fig. 5. Low process noise (® = 1:5708 £ 10¡3).

Fig. 9. Steady state attitude error history for simulation shown in Fig. 5. Low process noise (® = 1:5708 £ 10¡3). Oscillations of errors
are due to lag in attitude solution.

changes about all three axes. The 3-2-1 Euler angle
history corresponding to this segment of flight is
shown in Fig. 11. The true attitude trajectory was
recorded by the high quality Honeywell IRU. The
attitude solution determined by EKF implementation
of the attitude algorithm is plotted along with the
true attitude in Fig. 11. As can be seen the EKF
implementation generated an attitude solution that
was generally in agreement with the truth reference.
For this flight, the means and standard deviations
for the attitude errors (computed by taking the
difference between the EKF solution and truth
reference) are summarized in Table I in the row
labeled “Nominal.” This is the nominal performance
of the EKF implementation of this estimator. There
are a couple of points (between minutes 21 and 22

as well as between minutes 29 and 30) where the
EKF solution appears to diverge. This divergence
is due to the fact that the GPS derived acceleration
becomes very noisy. This occurs in prolonged steep
turns and results in the computed ~gn being larger
than its true value. This can be seen by examining the
time history plot for the computed normalized gravity
vector (~̂g

n
=k~̂g

n
k). The norm of this vector should

always be unity but it is seen to exceed this value at
the points where the attitude algorithm generates an
estimate with large errors. If a gyro triad is included
in this estimation scheme, it can easily coast through
these momentary error spikes. If we remove the error
spikes from the error statistics, we get the accuracies
reported in Table I in the row labeled “Best.” Since
the attitude solution described above was generated
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Fig. 10. Trajectory of test aircraft.

Fig. 11. Attitute history for postprocessed flight data.

in postprocess, sensor data latency or asynchronism
was not an issue. In a real-time system where these
are issues, the inclusion of rate gyros will also help
mitigate their negative effects.

Incorporating rate gyros into the system
architecture has another additional benefit.
Considering the frequency content of the attitude
history shown in Fig. 11, the trajectory shown in
Fig. 10 is clearly benign. Maneuvers encountered

in MAV operations will be more severe in that they
will contain higher dynamics or frequency content.
Thus, in real-time MAV applications, the gyro-free
implementation of this algorithm may not be ideal.
The effect of severe attitude dynamics can be dealt
with by incorporating rate gyros into the system
architecture. Architectures which fuse rate gyros with
an aiding system are not new ([7] and [25]) and can
be found in many commercially available systems
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